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In a studf of the reaction V°!(C!, 2n) Cu®! it was discovered that previously published re- 
sults may be inaccurate, owing to the presence of Mn*® among the reaction products. This 


isotope emits radiation similar to that of Cu®!, 


further, more detailed investigation. 


les reaction v>! (c!2, 2n) Cu®! was investigated 
previously, using the stacked foil method. The 
copper was chemically separated from the sam- 
ples. The excitation curve for this reaction has 

a characteristic evaporation maximum at small 
energies. As the energy of the C’” ions increases, 
however, the cross section does not fall off to zero 
but remains roughly constant at 10 mb in the energy 
range of 55 to 75 Mev. This was somewhat unex- 
pected for a heavy-ion reaction, since such an ex- 
citation curve shape is typical of direct knock-on 
processes. These are observed in reactions in- 
volving fast light particles whose energy is sub- 
stantially greater than the binding energy of the 
nucleon in the nucleus. In the experiments de- 
scribed, the energy of the heavy ions did not ex- 
ceed 6.3 Mev/nucleon. Therefore another inves- 
tigation of the products of the V°! + C!? reaction 
has been undertaken. The isotope Cu*!, which is 
obtained when two neutrons are emitted from the 
compound system, was studied first. As in refer- 
ence 1, the method of stacked foils was employed. 
The induced activity was measured in an end- 
window beta counter. The reaction products were 
identified by their half-lives and by the end-point 
energies of the beta spectra. These latter were 
measured by absorption. 


*Deceased. 


The quantitative side of the problem requires 
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The figure presents the yield curve of the prod- 
uct with Ty. ~ 3 hours, formerly ascribed com- 
pletely to Cue: (Ve is the Coulomb barrier of the 
reaction). It is seen that the curve rises to a 
certain extent at large energies. In this connec- 
tion, a careful analysis was made of the experi- 
mental data. It was found that the half-lives and 
energies of beta particles on the right and left 
portions of the yield curve were somewhat differ- 
ent. This difference, although small, is distinctly 
apparent. It is probable that we are dealing with 
two different products here. 

The respective periods and energies are pre- 
sented in the table, where the letter X designates 
the product responsible for the rise of the yield 
curve at E* ~ 60 Mev (E* is the excitation en- 
ergy of the compound nucleus ). 

Thus, at large energies, it is apparently impos- 
sible to attribute the yield of the product with Ty, 
~ 3 hours entirely to the reaction V*! (ee Gyven. 
If this reaction continues to take place, its yield is 
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masked by another activity with a larger yield and 
similar characteristics. According to reference 2, 
only Mn®® among the possible products of the We 
+ C! reaction has similar characteristics: Ty» 

= 2.6 hours, Eg = 2.8, 1.0 and 0.6 Mev. It can be 
formed when an alpha particle, a neutron, and two 
protons are emitted from the compound system. 
The energy threshold for this reaction is approxi- 
mately 55 Mev, which is not in disagreement with 
estimates made from the excitation curve in the 
figure (computations of the threshold energy value 
were based on Cameron’s data (private communi- 
cation) on nuclear masses with different assump- 
tions as to the mechanism of the reaction). But in 
such an event, the source of error in the chemical 
separation! remains obscure. 

Dorofeev and others? tried to detect neutrons 
produced in reactions involving heavy ions. The 
authors made use of secondary reactions caused 
by neutrons in threshold detectors, in particular 
the reaction C!?(n, 2n) C!!, where Q = —18.5 
Mev. If the excitation energy is on the order of 
70 Mev and only two neutrons are emitted as a 
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result of the reaction V*! + C!*, they can have an 
energy of 20 Mev or even more. With a cross 
section of ~10 mb for the reaction V°!(C!, 2n) 
Cu®!, it can be expected that neutrons with E 

> 18.5 Mev will induce a marked activity in the 
carbon. Measurements have shown’ that this ac- 
tivity is considerably smaller than anticipated. 

Reactions involving heavy ions, which at large 
excitation energies lead to emission of two neu- 
trons, require further and more detailed investi- 
gation. It can only be said that the cross section 
for such a reaction on vanadium is known to be 
less than 10 mb. 

It was reported earlier‘ that the cross section 
for the reaction Nb®*(C**, 2n) Ag! is also con- 
stant in the energy inverval 55 —70 Mev and is 
approximately 10 mb. This result is obviously 
also in need of verification. 

The authors are grateful to Professor G. N. 
Flerov for his valuable guidance and advice when 
discussing the results. 


‘Karamyan, Gerlit, and Myasoedov, JETP 36, 


621 (1959), Soviet Phys. JETP 9, 431 (1959). 

2 Strominger, Hollander, and Seaborg, Revs. 
Modern Phys. 30, 585 (1958). 

3 Karamyan, Dorofeev, and Klochkov, JETP 40, 
1004 (1961), Soviet Phys. JETP 18, 705 (1961). 

4A. 8S. Karamyan and A. A. Pleve, JETP 37, 
654 (1959), Soviet Phys. JETP 10, 467 (1960). 


Translated by Mrs. Jack D. Ullman 
266 


SOV Ti TP iy STCS ih Tap 


VOLUME 13, NUMBER 6 


DECEMBER, 1961 


DESTRUCTION OF SUPERCONDUCTIVITY IN THIN TIN FILMS 


A. M. KOLCHIN, Yu. G. MIKHAILOV, N. M. REINOV, A. V. RUMYANTSEVA, A. P. SMIRNOV, and 


VoUN. LOTUBALIN 


Leningrad Physico-Technical Institute, Academy of Sciences, U.S.S.R. 


Submitted to JETP editor December 3, 1960; resubmitted December 27, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 40, 1543-1550 (June, 1961) 


It is shown that the destruction of superconductivity in thin tin films [of order (1—8) x 10m: 
cm] by current pulses of different shape and duration is not isothermal because of heating of 
the sample by the measuring current and eddy currents. The destruction time of the super- 
conducting state depends on the current pulse amplitude and at sufficiently large currents it 
is of the order of 5 x 107° sec. The first traces of resistance appear for currents which are 
much smaller than the values at which the resistance increases rapidly. Hysteresis, both of 
a thermal and nonthermal nature, has been detected in the transition from the normal to the 


superconducting state. 


1. INTRODUCTION 


In line with the possibility of the use of supercon- 
ducting phenomena for practical purposes,’ the 
study of the destruction of superconductivity of thin 
films of superconducting metals by a current is of 
interest. In references 3 and 4, the values of the 
critical field and the currents were determined for 
films of tin in the form of discs and cylinders in 
measurements with direct current or with pulses 
of comparatively long duration. The effect of 
heat on the values of the critical currents was 
noted by the authors. This effect can be decreased 
considerably if the measurements are carried out 
with pulses of very short duration. Only recently 
have the first reports appeared in the literature!.?, 
558 on a detailed study of the transition from the 
superconducting to the normal state with the use 
of short pulses. 

The present research was undertaken with the 
purpose of making clear the laws of destruction 
of superconductivity by a magnetic field and by a 
current passing through a film, and also the study 
of the laws of return of the film to the supercon- 
ducting state on removal of the field (current) 
over a wide range of temperatures for films of 
different thicknesses. The paper is limited to a 
statement of the results of investigation of the 
character of the destruction of superconductivity of 
tin films in the form of strips of thickness (1—8) 
x 1075 cm under the action of current pulses of 


various shapes and duration, at temperatures close 
to the critical.* 


2. SPECIMENS, APPARATUS, AND METHODS 
OF INVESTIGATION 


Films for the investigation were prepared by 
the method of vacuum evaporation, for which a 
special apparatus was constructed. Eighteen 
films of different thickness and width could be ob- 
tained simultaneously in a vacuum chamber at a 
pressure of 10-° mm Hg by use of nitrogen traps 
for the oil vapor.’ The tin was evaporated from 
a long tantalum vessel, which guaranteed identical 
film thickness over the whole sample. The speci- 
mens were sputtered on the substrate through 
masks and had the shape shown in Fig. 1. Silver 
contacts were first imbedded in the substrate; 
lead conductors were later soldered to these. To 
make a satisfactory superconducting contact be- 
tween the film and the leads at the silver contacts, 
a lead film was evaporated in a vacuum after ap- 
plication of the tin specimen. Glass or mica, was 
used as the substrate. It was first chemically 
cleaned, and was heated for a long time in the 
vacuum before evaporation. 

The thickness of the film was estimated by 
weighing control glasses, evaporation on which 
was carried out simultaneously with obtaining of 


*The results of the research were reported at the Seventh 
All-Union Conference on Low Temperature Physics at Kharkov 


in June, 1960. 
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FIG. 1. Specimen with 
current and voltage con- 
tacts. ji 


the specimens. The results given below were ob- 
tained on films of thickness (1—8) x 107° cm and 
width 0.10 —0.25 mm. During the time of evapo- 
ration, which lasted from several tens of seconds 
to several minutes, the temperature of the base 
layers did not exceed 45°C. The films obtained 
under such conditions had a resistance of 30 — 130 
ohm at room temperature. 

The study at direct current at comparatively 
low currents through the specimen was carried 
out by means of a potentiometric system with a 
galvanometer or with a slide-wire resistor, which 
gradually changed the current in the circuit of the 
specimen. The values of the current through the 
specimen and the voltage on it were recorded by 
automatic potentiometer recorders of the type 
EPP-09M or EPP-11M. 

The transition of the specimens from the super- 
conducting state to the normal one and back was 
also studied with the aid of an oscillographic ap- 
paratus which made it possible to observe visually 
and photograph the volt-ampere characteristics of 
the specimen. Two ENO-1 oscillographs were 
used, so connected that the vertical-deflection 


Specimen f 


Input Y 


Input X 


FIG. 2. Circuit for observation of volt-ampere character- 
istics: 1 — generator of triangular pulses, 2 — triggering gen- 
erator, 3 — audio oscillator, 4 — millivoltmeter or oscillo- 
scope for control of pulse amplitudes, 5 — polarized relay 


which serves to produce the coordinate axes on the screen 
of the oscilloscope. 


Al Me *KOLGHINee taal: 


amplifier of one played the role of the horizontal - 
deflection amplifier of the other. Both sinusoidal 
current and triangular pulses with different rise 
times and repetition frequencies from several to 
hundreds of cycles per second, could be applied 
to the specimen. The minimum length of the rise 
time of the pulse in these experiments was 0.1 
millisecond. The block diagram of this apparatus 
is shown in Fig. 2. 

For a study of destruction of superconductivity 
with much shorter pulses, generators of the type 
GIS-2 and GI-3M were used with a rise time of 
0.15 and 0.05 microsecond, respectively. The 
lengths of the pulses were varied from 0.1 to 10 
microseconds. The current through the specimen 
and the voltage across it could be recorded si- 
multaneously by means of a two-beam oscillo- 
graph of the type DESO-1. To observe small 
signals, amplifiers of the type UR-1 were used. 
Studies on short pulses were carried out in a spe- 
cial cryostat with coaxial leads. The specimen on 
the substrate was mounted at the end of the coaxial 
lead so that together with the matching impedance 
it served as a continuation of the central conductor. 
Use of a superconducting lead screen located near 
the specimen made it possible to observe an undis- 
torted picture of the transition of the specimen 
from the superconducting state to the normal one, 
since the lead screen decreased the inductance of 
the specimen (in our case, by a factor of 10). 


3. RESULTS OF INVESTIGATIONS AND THEIR 
DISCUSSION 


a) Direct current. At a temperature of 4.2°K, 
the resistance of the film studied amounted to 
1—6 ohms, andthe specific resistance to 0.4 — 1 mi- 
crohm-cm. The transition temperature of the speci- 
mens from the normaltothe superconducting state 
for a measurement current of 40a was in the re- 
gion of 3.75 —3.85°K, i.e., it was displaced in the 
direction of higher temperatures in comparison 
with the critical temperature for bulk specimens. 


FIG. 3. Initial por- 
tions of the specimen 
resistance vs. current 
curve (direct current). 
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FIG. 4. Dependence of the 
resistance on the current in 
the transition of the specimen 
from the superconducting 
state to the normal (direct 
current). 
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The temperature interval of the transition was in 
the range 0.02 —0.05°K. 

Measurements have shown that with increase 
in the current in the specimen a very slow increase 
takes place in the resistance, up to a value of the 
order of 10~? of the total resistance of the speci- 
men (Fig. 3). A region of faster growth of the re- 
sistance withincrease intemperature follows there- 
after. A similar character of the initial stage of 
the transition was observed by Bremer and New- 
house.® At temperatures close to critical, and 
consequently at low currents, a non-monotonic 
increase in the potential on the specimen is ob- 
served, and consequently a similar increase ap- 
pears in the resistance for a relatively large range 
of currents. A similar phenomenon was observed 
for thin tin wires by Galkin and others.® 

For very low temperatures and, correspond- 
ingly, higher currents, the transition picture 
changes. The increase in current leads to a rapid 
appearance of a certain fraction of the resistance. 
Upon further increase of the current, the resist- 
ance is almost unchanged; thereafter, a second 
jump in the resistance takes place, etc. Some- 
times, after a stage of smooth increase in the 
resistance, only one sharp jump is observed in 
the resistance, up to 0.95 of the full value; after- 
wards, a gradual increase to the total value occurs 
(Fig. 4). 

A similar character for the change in the re- 
sistance can be explained by the inhomogeneity of 
the specimens. First traces of the resistance ap- 
pear upon destruction of the superconductivity of 
the ‘‘weak points’’ of the specimen, which have a 
low value of critical current. Upon further in- 
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a 
FIG. 5. Volt-ampere characteristics of the specimens: 

a — current of sinusoidal shape, b — current obtained as the 

results of half-wave rectification. 
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FIG. 6. Volt-ampere character- 
istic of a specimen for large current 
amplitude. The resistance of the 
specimen in the normal state changes 
as the result of heating. 


crease in the current, resistance appears in re- 
gions which have a high critical current while the 
principal effect on the velocity and character of 
the transition is produced by the generation of 
heat in the normal parts of the specimen. The 
heating can be very pronounced and can lead to 
burning of the specimen. 


b) Pulses of triangular shape. The volt-ampere 
characteristics of specimens taken with the help of 
the apparatus whose circuit is shown in Fig. 2 make 
it possible to study in detail the character of the 
transition from the superconducting to the normal 
state upon increase of current through the speci- 
men. The possibility of change within wide limits 
of the pulse repetition frequency, and of the rise 
times of the pulse and its amplitude allow one to 
elucidate the effects of thermal action on the char- 
acter of the superconducting transition. The volt- 
ampere characteristics of a specimen obtained by 
passage of current of sinusoidal shape (Fig. 5a), 
and a current obtained as the result of half-wave 
rectification (Fig. 5b) show that the specimen has 
a much higher temperature in the first case, al- 
though the bath temperature was the same in both 
cases. Heating of the specimens by the current 
can be so great that a significant increase is ob- 
served in the resistance of the specimen in the 
normal state (Fig. 6). 

To decrease the effect of heating, experiments 
were carried out on current pulses of triangular 
shape with the length of the leading front of 0.1 to 
2 milliseconds. The repetition frequency of the 
pulses was set so that the specimen which was 
heated by the previous pulse managed to take on 
the temperature of the bath before the arrival of 
the following pulse. Thus the transition from the 
superconducting state to the normal can in first 
approximation be regarded as isothermal.® Even 
for the case of very short pulses (rise time 0.1 
millisecond and decay time 0.1 millisecond) the 
specimen is heated during the time of transition 
from the superconducting to the normal state. 
Films mounted on a mica substrate made it pos- 
sible to reduce the repetition frequency of the 


FIG. 7. Volt-ampere characteristics of a 
specimen. The stepwise character of the 
transition is seen. 
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pulses without change in the character of the 

transition to higher values, which is explained 
by the better thermal conductivity of the mica. 
In a number of specimens, a stepwise increase 
in resistance was also observed here (Fig. 7). 

The existence of hysteresis in the transition 
from the normal state to the superconducting 
state is partly due to the heating of the specimen; * 
moreover, the existence of hysteresis of a non- 
thermal origin was observed. The character of 
the transition of the film from a normal state to 
the superconducting state upon decrease in cur- 
rent through the specimen depends essentially on 
whether the specimen was completely transformed 
to the normal state. If only a part of the specimen 
is transformed to the normal state under the action 
of the current in the pulse, then the intermediate 
state which is formed is so stable that in the action 
of the next pulse the film still preserves the value 
of the resistance which appeared under the action 
of the previous pulse (Fig. 8a). 

Only upon increase of the current pulse ampli- 
tude to a value sufficient for transition of the en- 
tire sample to the normal state does the specimen 
become superconducting before the start of the next 
pulse (Fig. 8b). The existence of hysteresis can 
even be due to the small content of superconducting 
phase in the layer when the resistance of the spe- 
cimen differs slightly from the total value of the 
resistance in the normal state. This manifests 
itself on the branch of the volt-ampere character- 
istic (corresponding to the transition from the 
normal state to the superconducting state) ina 
decrease in the duration of existence of the normal 
phase with increase in the current amplitude of the 
pulse (Figs. 8b, c). 

The rate of increase of current in the pulse has 
a significant effect on the character of the devel- 
opment of the intermediate state in the film. Upon 
decrease of the rise time from 2 to 0.5 millisec- 
onds, the initially more rapid growth of the resist- 


*A work recently appeared’ which confirms these results. 
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FIG. 8. Volt-ampere characteristics obtained by triangular 
pulses for different current amplitudes in the pulse. The rise 
time of the current in the pulse was 0.5 millisecond, the 
decay time was 0.1 millisecond, the repetition frequency of the 
pulses was 50 cps. a—I,ax = 85 ma, b—Imax = 105 ma, 
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ance shifted in the direction of higher currents as 
in the research of Alekseevskii and Mikheeva,? but 
upon further increase in the growth rate—for a 
change of the growth time of the current from 0.5 
to 0.1 millisecond—the initially faster growth rate 
of the resistance shifts in the direction of smaller 
currents (Fig. 9). 

The character of this change makes it possible 
to assume the existence of two different mechan- 
isms of propagation of the normal phase, depend- 
ing on the growth rate of the current in the pulse. 
For a sufficiently slow growth of the current, the 
propagation of the normal phase is essentially de- 
termined by the motion of the heat front from the 
normal regions, which are heated by Joule heat.® 
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FIG. 9. Volt-ampere characteristics of specimens for dif- 
ferent current rise times for constant amplitude (current pulses 
of triangular shape). Repetition frequency 50 cps. The curves 
correspond to the following rise times of current: 1—1 milli- 


second; 2—0.5 millisecond; 3—0.2 millisecond; 4—0.1 milli- 
second. 
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FIG. 10. Oscillogram of the transition of the specimen 
from the superconducting state to the normal under the action 
of rectangular pulse of 2 milliseconds duration. The upper 


curve is the current pulse, the lower is the voltage across the 
specimen. 


Beginning with a certain rate of change of the cur- 
rent in the pulse, the process of propagation of the 
normal phase takes place chiefly under the action 
of the magnetic field of the increasing current and 
the heat which is generated in the normal regions 
by the eddy currents due to the appearance of a 
field in this region. 

The overheating of the specimen and the rate 
of its cooling are essentially determined by the 
thermal conductivity of the substrate which, in 
this case, is a heat radiator, since the heat re- 
moval through the helium is very small. It was 
shown in reference 1 that even putting the film 
specimens in He II has no significant effect on the 
dissipation of the heat released in the specimen 
during the action of the pulse. 

c) Pulses of rectangular shape. Investigations 
with current pulses of rectangular shape of dura- 
tion from 0.1 to 10 microseconds, with rise times 
of 0.05 and 0.15 microsecond, have made it pos- 
sible to disclose new laws in the character of the 
transition from the superconducting to the normal 
state. On passage of the current pulse through the 
specimen, the change in the resistance during the 
time of action of the pulse takes place in double 
fashion. Initially, a sharp rise in resistance was 
observed in our specimens during the rise time of 
the current in the pulse. Analysis of the oscillo- 
grams shows that, for a given temperature, a defi- 
nite value of resistance of the specimen corre- 
sponds to each particular value of the current am- 
plitude in the pulse. With increase in the growth 
rate of the current, the start of the more rapid 
growth of resistance continues to be displaced in 
the direction of lower currents, which indicates 
the very large effect of the eddy currents. More- 
over, although the current through the specimens 
is not changed, the resistance of the specimen 
continues to grow. Increase of the resistance of 
the film with time in this case takes place as a 
result of current heating of the part of the speci- 
men, which is already in the normal state, and 
goes more slowly than according to a linear law 
(Fig. 10). 


FIG. 11. Effect of the amplitude of the current in the pulse 
on the transition of the specimen from the normal state to the 
superconducting. The length of the pulses was 0.5 and 1.5 
microseconds, respectively. a—I, =0, b—I, = 100 ma, c—I, 
= 190 ma, d—I, = 200 ma. 


The existence of phase delays of the normal 
state was again confirmed with the help of two 
successive current pulses also with short pulses 
in the case of a decrease in the current. Upon 
passage of two pulses through the specimen, the 
amplitude of the second pulse was so set that this 
pulse did not transform the specimen to the nor- 
mal state in the absence of the first pulse (Fig. 11a). 
The presence of resistance in the film in the case 
of the second pulse was detected when the ampli- 
tude of the current of the first pulse only was in- 
creased (Fig. 11b). If now the amplitude of the 
first pulse is increased so that the specimen goes 
over entirely into the normal state during the time 
of action of the pulse, then the normal phase is not 
observed in the specimen in the second pulse and 
the specimen continues to remain superconducting 
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FIG. 12. Dependence of the times of transition from the 
superconducting state to the normal on the amplitude of the 
current in the pulse at different temperatures of the helium 
bath. 

(Fig. llc). Upon further increase in the amplitude 
of the first pulse, the amplitude of the second 
pulse is shown to be sufficient for transformation 
of the specimen to the normal state (Fig. 11d). 

Analysis of the oscillograms shows that the 
reasons for the appearance of the normal phase 
during the time of action of the second pulse are 
different in the cases shown in Figs. 11b and d. 

In the first case (Fig. 11b), this is brought about 
by retardation of the normal phase in the specimen 
after cessation of the action of the first pulse. The 
time of existence of the normal phase is shown to 
be appreciable and reaches tens of microseconds. 
If the same specimen were completely transformed 
to the normal state, then the transition to the super- 
conducting state is completed in a time less than 
the decay time of the current, i.e., 0.05 microsec- 
ond. In the second case (Fig. 11d), the increase of 
amplitude of the first pulse led to heating of the 
specimen to a temperature at which the amplitude 
of the second pulse was sufficient for appearance 
of the normal phase in the specimen. It then fol- 
lowed that the structure of the intermediate state, 
which is formed upon destruction of the supercon- 
ductivity by the current, differs essentially from 
the structure of the intermediate state in the spon- 
taneous formation of the superconducting phase. 

Measurements of the transition times of the 
specimen from the superconducting state to the 
normal state were carried out with these same 
pulses as a function of the amplitude of the current 
in the pulse. The transition time was determined 
as the time between the instants of achieving half- 
maximum by the current through the specimen and 
the voltage across it. The character of the depend- 
ence of the transition time on the current amplitude 
(Fig. 12) is the same as in references 1 and 10. The 
time of transition for the specimens from the super- 
conducting to the normal state for sufficiently high 
current amplitudes in the pulse was 7 <5 x10? 
sec. 
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4, CONCLUSION 

The results set forth above were obtained on 
films of such thickness for which the values of the 
currents which destroy superconductivity depend 
weakly on the thickness of the specimens. For 
thinner films, one can expect other laws! both for 
destruction of superconductivity by the current and 
for the transition of specimens from the normal to 
the superconducting state. 

Recording of the first traces of resistance upon 
increase in the current depends significantly on the 
sensitivity of the measuring apparatus. 

In the action of very short current pulses, the 
principal effect on the character of the transition 
is supplied by Joule heat and the heat generated by 
eddy currents. 

In addition to hysteresis of a thermal character, 
which is brought about in the transition from the 
normal to the superconducting state, a hysteresis 
was observed which was brought about by the ex- 
istence of superconducting regions in the normal 
phase. The time for spontaneous transition to the 
superconducting phase is appreciably less than the 
time for destruction of the intermediate state 
formed in the destruction of the superconductivity 
by the current. 

For films of the thickness investigated, the 
transition time from superconducting to normal 
state depends materially on the current amplitude 
in the pulse. For sufficiently large current ampli- 
tudes in the pulse, the transition time is T < 5 X 
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An array consisting of 128 ionization chambers with total area 10 m2 was employed to study 
ionization bursts equivalent to the traversal of 1000 or more relativistic particles through 
the chambers. The exponent of the integral spectrum of bursts recorded by the large-area 
array y=1.71+ 0.04. For the individual particles the spectral exponent is Yy 

= 1.96 + 0.03. The causes of this disparity and the nature of the large ionization bursts 


are discussed. 


INTRODUCTION 


Lwreraction processes in the 104 = 10 ey-re— 
gion have been studied during the last few years 
mainly by two methods, exposure of emulsion 
stacks to cosmic rays at great altitudes and by 
means of ionization chambers. A sharp disparity 
in the results of investigations by these methods 
has been observed. This disparity involves the 
following. 

The emulsion method indicates that y quanta 
(and consequently, n° mesons, too) are produced 
in air with a rapidly dropping spectrum [integral 
spectrum exponent ~3 (see reference 1) in the 
region of energy = 10” ev]. At the same time, it 
follows from the ionization method that the spec- 
trum of ionization bursts, which should coincide 
with the spectrum of nuclear-active particles in- 
cident on the apparatus from the air, has an ex- 
ponent of 1.5—1.6 (see references 2 and 8). 

In our opinion, the experimental results pre- 
sented below can explain the reason for this dis- 
parity. 

The present work was performed on an array 
designed for the study of interaction proc- 
esses involving particles of energy 10:40 nev 
with the aid of photographic emulsion.’ A large 
number of ionization chambers in this array, 
along with a combination of lead-graphite 
filters, acted as an ionization calorimeter,‘ and 
at the same time was designed to determine the 
coordinates of the shower passing through the 
emulsion. 


This array was recently assembled at 
an altitude of 3200 m above sea level on Mount 
Aragats. Before its installation on the mountain, 

a simplified version of this array was used 

in experiments in Moscow at a height of 50 m above 
sea level. In the experiments at sea level, data was 
obtained on the character of the ionization bursts 
produced by high-energy particles, on air showers 
associated with high-energy particles, and on the 
energy of the nuclear-active components in exten- 
sive air showers. 

Comparison of the results of the measurements 
at sea level with the analogous results obtained at 
mountain altitudes with the same equipment is un- 
doubtedly of interest, since later on in the analysis 
of the experimental data, it is possible to eliminate 
effects due to apparatus factors, which sometimes 
cannot be taken into account correctly when a com- 
parison is to be made of data obtained at different 
altitudes on nonidentical arrays. 


1. APPARATUS 


The array used in Moscow is shown schemat- 
ically in Fig. 1; 

It consisted of four rows of ionization cham- 
bers I-IV (32 chambers in each row) between 
which were lead and graphite filters (the filter 
thicknesses are shown in Fig. 1). Each chamber 
consisted of a brass cylinder 330 cm long, 10 cm 
diam, and 2 mm wall thickness. The collecting 
electrode was made from a brass tube of 4 mm 
diam.® The chambers were filled with pure argon 
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to a pressure of 5 atm and operated with a poten- 
tial difference of 1000 volts between electrodes. 
Special control measurements showed that satu- 
ration in the collection of electrons in the cham- 
ber occurred at a potential difference of 200 — 300 
volts. During operation, the volt-ampere charac- 
teristics of all the chambers were taken periodic- 
ally, and when contamination of the gas was de- 
tected (manifested by an increase in the poten- 
tial at which the saturation of the ionization cur- 
rent occurs), the chambers were refilled with 
pure argon. Over the entire 7 months of opera- 
tion, 26 of the 128 chambers in the apparatus 
were refilled. 

The chambers of rows I and II, as well as the 
chambers of rows III and IV, were placed perpen- 
dicularly to one another. This arrangement of the 
chambers made it possible to determine the co- 
ordinate of the shower produced by the recorded 
bursts. 

Each chamber was connected to an amplifier 
which permitted the measurement of the pulse 
amplitude for the individual chambers over a 300- 
to 400-fold range. 

For rows I and II, the minimum registrable 
ionization pulse corresponded to the traversal of 
200 relativistic particles. For the chambers of 
rows III and IV, the minimum pulse corresponded 
to 50 relativistic particles.* The pulse amplitudes 
were recorded on photographs of the screens of 
four single-sweep oscillographs to which each am- 
plifier was connected, in turn, by means of mechan- 
ical commutators.° 

The oscillograph was triggered by a special 
circuit which was actuated only if the total ioni- 
zation exceeded a given threshold value simulta- 
neously in each of any two rows. 

These threshold values corresponded to a total 
ionization of 1200 relativistic particles for rows I 


*Here and in what follows the magnitude of the ionization 
pulse J is expressed in terms of the corresponding number of 
relativistic particles traversing simultaneously a path of length 
equal to the chamber diameter. 
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FIG. 1. Schematic diagrams of the arrange- 
ment employed. I-IV cylindrical ionization 
chambers. 
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and II and 2400 relativistic particles for rows III 
and IV. 

To sum up the ionization pulses within each 
row, the pulses from each amplifier were fed to 
a summation unit and then to a summation ampli- 
fier. The pulses from the summation amplifer 
were fed to the control circuit of the apparatus 
and, at the same time, their amplitudes were re- 
corded along with the pulses from the individual 
amplifiers. 

The apparatus was installed in a special loca- 
tion with ~ 2 g/cm? of material of low atomic 
weight above it. A total of about 3 g/cm?” of mate- 
rial, including counter units, was located above 
the apparatus. 

During the operation of the apparatus, all am- 
plifiers were calibrated electronically twice daily. 
Experience showed that the amplification of the 
great majority of amplifiers (=>90%) changed by 
less than 2—3% during one day. 

To check the stability of the apparatus, the op- 
erating frequency distribution for each chamber 
was plotted during the entire period of measure- 
ments. It turned out that, within the limits of sta- 
tistical accuracy, all chambers of a given row 
operated the same number of times. 

The operating rate of the apparatus during the 
entire period of the experiment also remained 
constant. During the first half of the entire pe- 
riod of measurement, the frequency of bursts of 
size J; = 1200 relativistic particles in row I was 
(1.27 + 0.03) x 107! hr-! m-* and during the sec- 
ond half of the period, the frequency of such bursts 
was (1.25 + 0.03) x 107! hr7! m=. 


2. RESULTS 


a) Nature of ionization bursts in chambers. 
under 60 g/cm? of graphite. Data on the ionization 
bursts in chambers under 60 g/cm? of graphite 
(chambers of rows I and II) were obtained during 
2640 hours of operation of the apparatus. 

The system of recording the ionization bursts 
(it was required that pulses from two rows of 
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chambers be in coincidence and exceed 1200 rela- 
tivistic particles in each row) practically ex- 
cluded the recording of bursts from nuclear disin- 
tegrations in which the ionization in the chambers 
is produced by strongly ionizing particles of small 
range. 

The recorded bursts could be produced only by 
cascade showers developing in the lead filters lo- 
cated over the chambers and between the cham- 
bers of rows I and II. One of the characteristic 
signs of electron-photon showers is the shift in 
the maximum of the showers to the region of 
larger thickness with an increase in the energy 
of the ‘‘primary’’ photons (electrons) producing 
these showers, i.e., with an increase in the size 
of the burst. Three centimeters of lead (~6 
shower units) was above the second row of cham- 
bers and five centimeters of lead (~ 10 shower 
units ) was above the first row; it should therefore 
be expected, firstly, that for the selected bursts 
with 1200 or more relativistic particles (which 
corresponds to an energy of =>2 x 10!! ev for the 
electron-photon component of the shower) the size 
of the burst in the first row will be bigger on the 
average than in the second row (J, > J»), and, 
secondly, that the mean value of the ratio (J,/J,) 
will increase with the size of the recorded bursts. 

The experimental data obtained actually give 
(J,/Jg) = 1.5 + 0.1 for showers with 1200 to 2400 
relativistic particles and (J,/J,) =3.4 + 0.8 for 
showers with more than 12 000 particles. 

The same data indicate that the electron-photon 
component responsible for the bursts in the first 
and second rows of chambers is generated inside 
the apparatus and, in any case, does not come 
from the air. In the latter case, rows I and II 
would record showers far from the maximum of 
their development (a total thickness of ~ 22 shower 
units of lead was placed above the second row from 
the upper boundary of the apparatus) and the ratio 
(J,;/J.) would be ~ 0.5. 

At sea level, the following two processes can 
lead to the production of an electron-photon com- 
ponent in the apparatus. 

1. Interaction of high-energy nuclear-active 
particles in the graphite block (partially in the 
lead filters) of thickness ~ 0.8 —0.9 of the inter- 
action mean free path. Produced as a result of 
such an interaction are 7? mesons whose decay 
gives y quanta responsible for electron-photon 
showers in the lead. 

2. Electromagnetic interactions of high-energy 
u mesons in the filters of the apparatus (brems- 
strahlung and high-energy 6 electrons) can also 
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FIG. 2. Integral spectra of ionization bursts recorded in the 
lower rows of chambers: circles with errors —in row I with the 
control system operating at a threshold 2 1200 particles and 
O—at a threshold 2 600 particles; A— in row II with a thres- 
hold 2 1200 particles. The quantity J for the measured burst 
is laid off on the abscissa axis (without corrections); the num- 
ber of bursts of size 2 J is laid off on the ordinate axis. 


lead to the production of showers containing a 
large number of particles. 

Despite the small probability of the latter proc- 
esses, a considerable excess of high-energy u- 
meson flux over the flux of nuclear-active par- 
ticles at sea level leads to a considerable contri- 
bution from p mesons to the recorded bursts. 
However, some conclusions on the properties of 
the interaction of high-energy nuclear-active par- 
ticles can also be drawn from an analysis of the 
experimental data obtained by us. 

b) Spectrum of bursts recorded by arrays with 
large area and spectrum of individual particles. 
To construct the spectrum of ionization bursts, we 
took the total ionization recorded by all chambers 
in a given burst for the first and second rows, 
separately. 

Figure 2 shows the integral spectra of the bursts 
recorded in the first and second rows of chambers. 

If the obtained distribution is represented in the 
form of an exponential law of the type N (=J) 
= AJ~Y, then we obtain for the exponent y, by the 
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method of least squares, the values: yy = 1.71 

+ 0.04 for the first row and yyy = 2.00 + 0.04 for 
the second row. The steeper spectrum for the 
second row of chambers reflects the fact that with 
an increase in the size of the burst the electron- 
photon showers do not have time to attain their 
maximum development in the filter of 3 cm Pb 
above the second row of chambers. 

A deviation of the spectrum of bursts from the 
exponential law in the region of J ~ 10° relativ- 
istic particles is an apparatus effect associated 
with the recording threshold of 1200 particles in 
both rows land II. The apparatus operated with 
a recording threshold of 600 relativistic particles 
in rows I and II for 600 hours. The intensity of 
bursts with 1200 or more particles obtained dur- 
ing this period is denoted by the circles (without 
the errors) in Fig. 2. 

Using the cascade curves for lead,® one can es- 
tablish that, for a wide energy interval of electron- 
photon cascades, the showers recorded by the first 
row of chambers will be close to their maximum 
development. Therefore the further analysis of the 
bursts will refer to the first row of chambers. 

The exponent of the spectrum obtained by us for 
the first row of chambers y;= 1.71 + 0.04 is in 
good agreement with the results of other authors, 
despite an important difference in the areas of the 
apparatus employed. It should be noted that the 
data obtained by us do not confirm the change in 
the exponent in the region of large bursts which 
was observed by Murzina, Nikol’skii, and Yakov- 
lev.! 

Usually, the spectrum of ionization bursts is 
identified with the spectrum of nuclear-active 
particles at the level of observation (if the con- 
tribution from mesons in the recorded bursts 
is small). But the correctness of this identifica- 
tion essentially depends on the type of array em- 
ployed. If the area of the array is so small that 
the nuclear-active particles recorded by it never 
arrive in groups, then in this case the spectrum 
of the bursts will correspond to the spectrum of 
the particles. 

If the array has a large area, groups of nuclear- 
active particles will pass through it quite fre- 
quently and produce ‘‘bursts with a structure;’”® 
in this case the spectrum of the bursts will no 
longer reflect the spectrum of the individual 
nuclear-active particles. Then, with an increase 
in the energy, the distance between particles in 
such a group diminishes,® and, consequently, the 
probability that the apparatus is recording sev- 
eral particles or an entire group of particles and 
not the individual particles of the group increases. 


2 


J BA BEL ISlae tesa 


7 Row I ui Row II 
2000 2000 
1000 1000 


Lda 


FIG. 3. Distribution of the ionization in chambers of rows 
I and II in one of the cases of a burst with ‘‘structure.’? The 
number of the chamber is laid off on the abscissa axis and the 
amount of ionization in the chambers, on the ordinate axis. 
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Owing to the large number of chambers in our 
array and independent recording of the ionization 
in each chamber, we were able to obtain experi- 
mental data on the influence of groups of nuclear- 
active particles on the shape of the spectrum of 
the bursts. 

When ionization occurred in several chambers 
of row I or II, and was absent in chambers between 
them or was significantly less than in the neighbor- 
ing chambers, we assumed that in these cases sev- 
eral nuclear-active particles were incident on the 
apparatus. Since these cases differed by a non- 
monotonic distribution of the amount of ionization 
in the chambers, we say that such bursts have a 
*‘structure.’’ A typical example of one such burst 
is shown in Fig. 3. 

The contribution of bursts with structure to the 
total number of bursts of different size is shown 
in Table I (the data refer to the first row of cham- 
bers ). 

A similar picture occurs for bursts recorded 
by the second row of chambers. 

In order to see how the mean distance between 
particles of a group varies with their energy, we 
determined the mean distance J between chambers 
recording the maximum bursts due to the individ- 
ual “‘structures’’ in the bursts with structure. Here 


Table I 
ee eR a nN a re 
“5 Total Numberon Percentage 
urst size (in number number | bursts with of bursts 
of rel. particles) of bursts| structure with 
structure 
1,.2-108< J <2,4-408 AAT 79 i 
2,4-10°< J <3,6-108 5026 70 13 
3.6-108°< J <6,0-103 408 83 20 
6,0-108< J <8,4-103 144 39 27 
8.4-108< J <41,2-404 80 Ai 24 
1.2-104< J <2,4-104 62 19 32 
2.4-104< J <3 ,6-404 141 6 55 
3,6:104< J <6,0-104 6 5 84 
J>6,0-104 6 i) 84 
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Table II 

oo eeseseSsSSSSSsSsS— 

Burst size tT, cm Burst size Z, em 
M2 OP <<a DRA AGS 97 1.2:10!< J <2.4.104 56 
2.4-108< J< 3,6-108 105 2 Ge 6 Als 49 
3,6-108< J< 6.0-108 93 3,6-104< J <6.0-104 42 
6,0-108< J< 8.4-103 We J >6,0-104 36 
8.4-108< J <1 2-408 58 r 


we considered the two largest structures under the 
condition that the amount of ionization of one was 
less than twice the other. 

The dependence of 7 on the size of the total 
burst with structure is shown in Table II (the data 
refer to the first row). 

A similar dependence of the distance I on J 
also occurs for bursts recorded by the second row 
of chambers. 

Since with an increase in the size of the burst, 
the transverse dimensions of a shower of nuclear- 
active particles decreases (see Table II), i.e., 
an increasing fraction of the energy of such a 
shower is incident on the apparatus, then the spec- 
trum of the bursts is gradually transformed (with 
an increase in J) from the energy spectrum of 
particles into the energy spectrum of nuclear show- 
ers (showers of nuclear-active particles ). 

In order to obtain the spectrum of bursts pro- 
duced by individual particles, we proceeded as 
follows. Each burst with structure was subdivided 
into the individual bursts of which it was com- 
posed (‘“‘structures’’). These individual bursts 
were added to the single bursts (without structure ) 
of corresponding size. 

The spectrum of bursts from individual par- 
ticles obtained in this way is shown in Fig. 4 (for 
the first row). As is seen, it also can be described 
by the law 
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with y = 1.96 + 0.03 (the value of y and its error 
were obtained by the method of least squares). 

As is seen from the obtained data, the spectrum 
of the bursts (y = 1.71 + 0.04) measured by an ap- 
paratus with a large area differs significantly from 
the spectrum of individual particles (y = 1.96 


+ 0.03) observed at a given level in the atmosphere. 


The obtained exponent of the integral spectrum of 
bursts from individual particles may be somewhat 
lowered, since owing to the finite diameter of the 
ionization chambers (10 cm) it was possible to 
record a large burst as one without structure, al- 
though it was produced by a group of nuclear- 
active particles traveling at distances of < 10 cm 
from one another. 


19% 


10% 


10° 


Frequency of bursts, cm7? secu} 


10” 


10" 
107 10 10° 
J, rel. particles 
FIG. 4. Integral spectrum of bursts from individual parti- 
cles. Axis of abscissas — size of burst J; ordinate axis — num- 
ber of bursts of size > J. 


3. DISCUSSION OF RESULTS 


As we have shown, the spectrum of the ioniza- 
tion bursts measured by an array with a large area 
does not reflect the true spectrum of the individual 
particles at a given level in the atmosphere. This 
is connected with the fact that if the ionization 
burst is of a sufficiently large size, the recorded 
burst is produced by a group of nuclear-active 
particles incident on the apparatus simultaneously. 
The size of the burst is then proportional to the 
total energy of the particles in the group. 

The experimental data shown in Table I indicate 
that the large bursts (under conditions of an ap- 
paratus with an area of the order of several square 
meters) are produced by several nuclear-active 
particles, i.e, by a shower of nuclear-active par- 
ticles. Of course, for a burst of sufficiently large 
size, practically the entire energy of such a shower 
will fall on the apparatus. Consequently, in this 
case, the size of the burst J will be proportional 
to the energy of the nuclear shower reaching the 
level of observation, i.e., the depth X g/cm? in the 
atmosphere. The altitude curve of such large bursts 


will now be determined by the altitude curve of the show- 


ers of nuclear-active particles with a given total 
energy and not at all by the altitude curve of the 
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individual nuclear-active particles. What will be 
the altitude curve of the bursts in this case? 

We assume that 1) the primary particles inci- 
dent on the boundary of the atmosphere expend all 
their energy on the production of ™ mesons in a 
single interaction with the nuclei of the air atoms; 
2) in each interaction, 7 mesons give up an av- 
erage of ¥, of their energy to nm” mesons; 3) the 
interaction mean free paths of the primary par- 
ticles and 7 mesons are the same and are equal 
to L; 4) the spectrum of the primary particles 
is exponential: 


F (SE,) = A/ES. 


We denote the energy flux of all nuclear-active 
particles reaching the level X g/cm? by S(E;X). 
This energy flux will consist of the energy flux of 
the primary particles S,(E); X) not experiencing 
any interactions in a layer of X g/cm? of the at- 
mosphere andofthe ™-meson energy flux S,(X). 

Let Ny particles of energy Ep, be incident on 
the boundary of the atmosphere. An average of 
N(X) particles reach the layer X, where N(X) 
= Nye7-X/L (since their inelasticity coefficient 
can be taken equal to unity ). 

Since 


Sy (Bos X) = N(X)Eo = NE e7*/-, (1) 
then 
Sn (Eo; X) = Sn (Eo; 0) e-*/4, i 


The change in the 7-meson energy flux in the layer 
dX will be (we neglect decays) 


1 dX 7 dx 
from which we have 
SVS)i— Sy (Bo 0) (E48 —— e472). (4) 


Hence the total energy flux of nuclear-active 
particles resulting from primary particles of en- 
ergy Ep, will on the average vary with the depth X 
according to the law 


(20) Sa (Ee; X) Sn (A) = Sy) (E530) e484, = 5) 


or 
§ (X) = Nok pe */LE = Soe LE , (6) 


where Lk is the mean free path for the absorption 
of the energy flux in a nuclear shower and is equal 
ey SO? 

If it is assumed that, at a depth of X g/cm? in 
the atmosphere, the number of showers with a 
total nuclear-component energy =E is equal to 
N(>E;X), then, since these showers were pro- 
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duced by primary particles of energy = EeX/LE, 


we have 
N (> E; X) =F ( Ee **2) a 
=A/(Ee */E£)v = (A/EY) e—*E. 

From this expression it follows, first, that the 
shape of the spectrum of larger bursts resulting 
from the recording of showers of nuclear-active 
particles coincides with the shape of the spectrum 
of primary particles incident on the boundary of 
the atmosphere. Second, the number of bursts 
with total energy =>E decreases with an increase 
in the depth of the atmosphere as e-X/La, where 
the absorption mean free path Lg = LE /y = 3L/y 
does not depend on the energy of the burst if this 
energy is sufficiently large. Thirdly, we have the 
numerical value La = 3L/y © 200/1.7 = 120 g/cm’, 
i.e., the same as in the region of low-energy bursts 
when the bursts are produced by individual par- 
ticles hitting the apparatus. 

Hence, in the regions of small and sufficiently 
large ionization bursts, all the characteristics of 
these bursts are the same: the spectrum is expo- 
nential with the same exponent as for the primary 
particles and the variation of the number of bursts 
with altitude also does not depend on the size of 
the burst (at least, for the two extreme groups of 
bursts: very small and very large). This fact led 
some authors!”"! to conclude that the elementary 
act of interaction of primary cosmic particles in 
the energy range from 10" to 10! ev is invariant. 

However, aS was shown above, the fact that the 
shape of the spectrum and the absorption mean 
free path Lg are independent of the size of the 
bursts can be explained even with the basic change 
in the character of the elementary act: a low in- 
elasticity at energies of ~ 10! ev and complete 
inelasticity at energies of ~ 10" ey. 

It thus follows that the conclusion!!! on the in- 
variance of the elementary act over a wide range 
of energies based on an analysis of bursts without 
taking into account the above-mentioned proper- 
ties of large bursts is, at least, ambiguous. 

As is indicated by the data of Table II, the av- 
erage distance between particles in a group de- 
creases with an increase in the total energy of the 
particles of the group (size of the burst), and, 
consequently, the effect of recording groups of 
particles arriving from the air will be inherent 
in apparatus of any size. The difference between 
different arrays reduces only to the value 
of the ‘‘critical’’ energy of the group of particles 
Eq beginning with which a given energy release 
in m™ mesons within the apparatus (for a burst 
of given size) involves, with a probability close 
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to unity, a group of particles and not a single 
particle. 

If bursts with structure are recorded and the 
nuclear-active particles are 7+ mesons, then the 
entire discussion above should also refer to 7° 
mesons, i.e., to y quanta reaching the apparatus 
from the air; hence both the spectrum of nuclear- 
active particles and the spectrum of y quanta will 
reflect not only the spectrum of primary particles 
but also the conditions of production of these par- 
ticles in the shower. 

Under certain assumptions, which seem to us 
to be natural ones, it is found that, only owing to 
the increase in the multiplicity of the secondary 
particles in the shower with the energy of the pri- 
mary particles, the spectrum of individual par- 
ticles will be softer than the primary particle 
spectrum for a constant inelasticity coefficient. 

In fact, we assume that the mean number of 
particles n of energy ¢€ ina shower whose total 
energy is E depends on E in the following way: 
n~ E™, where «= E/n. 

The spectrum of showers at a given depth in 
the atmosphere has the form 


> 


E(EV GE = BE OT Ode. 


From this we readily find that the observed 
spectrum of individual nuclear-active particles 
has the form 


N(e)de~ e fde, B=(y+1—2m)/(1—m). (8) 


The exponent of the integral spectrum of the 
particles is 


y*=8—1=(y—m)(1—m), ) 


where y is the exponent of the integral spectrum 
of the showers, or, what is the same thing, of the 
primary particles. Therefore 


i= Wy a )/y* = 1). (10) 


The data obtained by us indicates that the spec- 
trum of individual nuclear-active particles is 
steeper than the shower spectrum. Unfortunately, 
we cannot make a quantitative estimate of the 
value of m from our measurements, since at sea 
level the main contribution to the number of re- 
corded bursts comes from mesons. Owing to 
this, the exponent y does not coincide with the 
spectrum of nuclear showers. But if we draw 
upon the mountain altitude data obtained by the 
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Japanese group,” and assume that the integral 
spectrum of the showers at mountain altitudes 

has the exponent y = 1.7 (in the energy region 
> 10! ev), then one would have to take m = 0.5 
to explain the softness of the spectrum of indi- 
vidual nuclear-active particles. 

It should be emphasized that m is not the mean 
multiplicity of particles produced in an elementary 
act, but associates the particle multiplicity in a 
Shower with the shower energy at a given depth 
(the inappropriateness of the value m = 0.5 can 
be seen only after accurate calculation of the par- 
ticle spectrum for a nuclear shower at various 
depths ). 

The authors thank V. Trush for his great help 
in the reduction of the experimental data. 
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The temperature dependences of the magnetization, magnetostriction, modulus of elasticity 
and internal friction of dysprosium and gadolinium have been measured. ; 
Large anomalies, which are strongly affected by a magnetic field, have been detected in 

the modulus of elasticity and internal friction of dysprosium in the region of the ferromag- 
netism-antiferromagnetism transition (@, = 85—88°K). In the same temperature region 

dysprosium possesses a very large magnetostriction (A ~ 1000 x 10-°) which is of an iso- 
tropic nature (Aj; and A, are of opposite sign). It was established that in distinction to the 
antiferromagnetism-paramagnetism transition (@, = 178°K), the transition at 88°K is con- 
nected with a change in the nature of the magnetic interaction between the magnetic sublat- 


tices in dysprosium. 


In gadolinium a maximum magnetization and minimum coercive force and residual mag- 
netization are observed near the temperature 210°K. Magnetostriction vanishes at the same 
temperature. An anomalous behavior of gadolinium (compared with Ni and Fe) is observed 
near the Curie point (290.5°K). It is suggested that in the interval 210 — 290.5°K an antifer- 
romagnetic state exists in gadolinium which is, however, destroyed by a weak field. 


(Srear interest has arisen recently in studying 
the magnetic properties of the rare earth metals 
and alloys. This interest is aroused by the two 
following reasons: 

a) A complicated ferromagnetism -antiferromag- 
netism-paramagnetism transition is observed in a 
number of rare-earth metals (Dy, Ho, Er, Tb and 
Tu). A study of such a complicated magnetic tran- 
sition is of interest from the point of view both of 
magnetic theory and of the theory of phase tran- 
sitions. 

b) In the rare earth elements, as distinct from 
the elements of the iron group, the uncompensated 
electron spins are in a shell which is screened by 
the higher lying 5s and 5p electron shells. Be- 
cause of this, direct exchange interaction between 
the 4f-electrons of neighboring atoms is evidently 
made very difficult or completely prevented. 

It is assumed that indirect exchange via the 
free electrons takes place in rare earth metals. 

In addition, Vonsovskii and Izyumov! consider that 
the 5s and 5p electrons may take an active part 
in this exchange. 

These circumstances must influence the mag- 
netic behavior of rare-earth ferromagnets. In 
fact, their magnetic behavior is very varied. How- 
ever, so far we still have very scanty information 


about the properties of these interesting sub- 
stances. 


It is especially important to study in detail the 
magnetic and nonmagnetic properties of the rare 
earth metals in the temperature regions of the 
ferromagnetic-antiferromagnetic transition (the 
point ©,), antiferromagnetic-paramagnetic transi- 
tion (@,) and in the intervening temperature range 
from @, to @». 

At present we have fairly detailed data on the 
magnetic properties of Dy, so that it is appropri- 
ate to start our consideration with this metal. 
Trombe? and Elliott, Legvold and Spedding® have 
studied the magnetic properties of Dy. These au- 
thors established that for dysprosium @, = 85 — 
90°K and @, = 178°K, i.e., Dy is inthe ferromag- 
netic state below 85°K, in the paramagnetic state 
above 178°K, and in the intermediate region from 
85 to 178° K dysprosium shows antiferromagnetic 
behavior, which is strongly influenced by an exter- 
nal magnetic field. In strong magnetic fields the 
magnetization curve I(T) has the usual Weiss 
form. However, in weaker fields a rapid fall in 
magnetization is found on heating to a certain tem- 
perature (in zero field this fall in magnetization 
takes place at ©, = 85°K). Further, at @, = 178°K 
a small increase in magnetization is found and a 
final decrease, as is usual at the Néel point of 
antiferromagnets. 

Néel‘ has proposed the following hypothesis to 
explain the properties of Dy. The hexagonal lat- 
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FIG. 1. Temperature dependence of Young’s modulus (curve 
1) and of internal friction (2) for dysprosium. 


tice of Dy is subdivided into two magnetic sub- 
lattices. In each of these there is a strong posi- 
tive exchange interaction i.e., both sublattices 
are ferromagnetic. However, there is a weak 
negative interaction between the sublattices on 
which the influence of magnetic interaction forces 
can act (magnetocrystalline energy). As a result 
of this, a parallel or antiparallel configuration of 
the magnetic moments of the sublattices may be 
set up. According to Néel, a change in this con- 
figuration of the magnetic moments depends on 
the nature of the temperature variation of the 
anisotropy constant K, at the point @,. 
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FIG. 2. AE-effect hysteresis 
loop for dysprosium at 85°K. 
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FIG. 3. Internal friction, QO, 
hysteresis loop for dysprosium 
at 85°K. 
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On the basis of the suggested hypothesis, Néel 
has given a qualitative explanation of the magneti- 
zation curves between @, and @,. Enz° has re- 
cently suggested that in the Dy crystal the spins 
situated in neighboring basal planes are turned 
at some angle relative to one another. According 
to Enz, this arrangement of spins in Dy is ex- 
plained by the ‘competition’ between the positive 
exchange interaction between the spins in neigh- 
boring planes and the negative exchange interac- 
tion between spins lying in next nearest neighbor 
planes. The existing experimental material on its 
magnetic properties is insufficient to verify these 
suggestions about the structure and the nature of 
the magnetic transformations in Dy. Additional 
experimental data are essential for this. 


1. THE MAGNETOELASTIC PROPERTIES OF 

DYSPROSIUM 

For a more detailed investigation of the prop- 
erties of dysprosium we undertook measurements 
of its magnetoelastic characteristics: the magneto- 
striction A, the modulus of elasticity E and the 
internal friction Q7! (a quantity proportional to 
the damping decrement of oscillations) near the 
points @, and @, and in the temperature interval 
between them. 


| 
-2000-1000 0 


TA 


1000 


A,:10° 
FIG. 4. Temperature dependence of the magnetostriction of 
dysprosium in constant magnetic field: curve 1 — longitudinal 
magnetostriction Aj in a field H = 15,000 oe; 2 — Ay in a field 
H = 9,500 oe; 3 — Ay ina field H = 6,500 oe; 4 — transverse 
magnetostriction | in a field H = 15,000 oe; 5— Al ina 
field H = 9,500 oe. 
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FIG. 5. Isotherms of longitudinal, A), and transverse, A1, 
magnetostriction for dysprosium. 


Figure 1 shows the results of measurements of 
the temperature dependence of the modulus E and 
of Q7! ina polycrystalline specimen of Dy, made 
by a radio-frequency method (at 128 kc/sec).° 
Similar dependences are obtained for the shear 
modulus and internal friction for torsional oscilla- 
tions. The curves of Fig. 1 confirm the existence 
of two points @, and @, for Dy. In our case these 
are @, = 175°K and ©, = 88°K. 
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FIG. 7. Temperature dependence of 
the coercive force of gadolinium. 
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It can be seen from Fig. 1 that the nature of the 
anomalies in E and Q™ in Dy at @, are the same 
as in the antiferromagnetic compound Cr,03,'? 
i.e., @, is a Néel point. The anomalies in E and 
Q7! at the point ©, are of quite a different nature. 
From Fig. 1 it is seen that the anomalies in E 
and @"! at @, are very great, much larger than 
at @,. In addition, as distinct from the point @,, 
a magnetic field has a strong influence on the 
modulus E (AE effect) and on the magnitude 
of Qa 

Further, irreversible changes in the magni- 
tudes of E and Q™ are observed on applying and 
removing the magnetic field. Figure 2 shows the 
hysteresis loop of the AE effect, measured for 
dysprosium in the region of @;. An analogous 
loop is also found for the internal friction (Fig. 3). 
All this points to ©, not being a second-order 
phase transition; rather it recalls a first-order 
magnetic transition. This transition is not related 
to any structural transformation, since x-ray 
studies® established the absence of changes in the 
crystallographic symmetry and lattice parameters 
of Dy in this temperature interval. 

The results of measurements of magnetostric- 
tion are shown in Fig. 4. We must consider the 
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FIG. 8. Temperature dependence 
of the remanent magnetization of 
gadolinium. 
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FIG. 9. Isotherms of the longitudinal magnetostriction, XI, 
for gadolinium. Inset — temperature dependence of Aj in fields: 
curve 1 — H = 1,700 oe, 2 —H = 2,500 oe. 


following facts in this respect: a) the magneto- 
striction in the neighborhood of ®, reaches a 
record high value (greater than 1000 x 107°) and 
is still not saturated in a field of 15,000 oe. The 
magnetostriction decreases on departing from ©, 
into both the ferromagnetic and antiferromagnetic 
regions; b) the magnetostriction at @, is aniso- 
tropic; Aj; and A, have different signs and are 
different in magnitude; c) from the form of the 
magnetostriction isotherms taken in the tempera- 
ture interval from ©, to ©, (Fig. 5), it follows 
that at every given temperature there exists some 
critical field He at which A starts to increase 
rapidly. The value of Hg increases as @, is ap- 
proached; d) there are no signs of the existence 
of volume magnetostriction near @,, which usu- 
ally accompanies the ferromagnetic Curie point. 
It thus follows from the data presented on mag- 
netostriction (and also from the data on E and 
Q7!) that ©, is not a ferromagnetic Curie point 
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FIG. 10. Relative spontaneous mag- 
netization of gadolinium near the Curie 
temperature. 
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in the usual meaning of that phrase. The spon- 
taneous magnetization of dysprosium is not de- 
stroyed there. Since the magnetostriction is aniso- 
tropic at @,, it follows that magnetic interaction 
forces play an important part and in this way con- 
firm Néel’s hypothesis. However, the question of 
the role of the temperature variation of the aniso- 
tropy constant K; at @,; remains uncertain (the 
measurement of the temperature dependence of 
K, has not yet been carried out for dysprosium ). 
On the other hand, our data show that the maxi- 
mum value of magnetostriction occurs at @,;. The 
question arises as to whether a change in the tem- 
perature variation of the magnetostriction constant 
does not play an important part in this transition. 
This question can be resolved after measuring the 
temperature dependence of the constant K,; in Dy. 


2. MAGNETIC AND MAGNETOELASTIC PROP- 
ERTIES OF GADOLINIUM 


Although the ferromagnetism of gadolinium was 
found earlier than that of the other rare earthelements, 
less attention has been paid to its properties, evi- 
dently because a transition point ©, was not found 
for it. Gadolinium is considered a ‘‘normal’’ fer- 
romagnet. In fact, in fields from hundreds of oer- 
steds upwards, the temperature dependence of mag- 
netization shows the usual ‘‘Weiss’”’ curve (Fig. 6). 

However, we found anomalies in the tempera- 
ture variation of magnetization in weak fields 
(measured on a toroid, Fig. 6) also a coercive 
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FIG. 11. The dependence of 
magnetization on H 4 at the Curie 
temperature: curve 1—Fe, 2—Gd, 
3 — Ni. 


force Hg (Fig. 7) and remanent magnetization oy 
(Fig. 8). The minimum values of Hg and oy and 
the maximum magnetization in weak fields occur 
at a temperature of 210°K. Above this tempera- 
ture the magnetization falls rapidly, and the values 
of Hg and o, increase sharply up to the Curie 
point (@ = 290.5°K). We should remark that the 
existence of these anomalies is not connected with 
the presence of impurities in the Gd specimens 
and with their thermal treatment. Our experi- 
ments were carried out on Gd specimens of 99.5 
and 99.8% purity with different thermal treatment, 
and the anomalies were invariably found at 210°K. 

There is also a magnetostriction minimum at 
210° K which here changes sign (see Fig. 9). 

In considering all these experimental facts one 
could limit oneself to the statement that a tem- 
perature is found in Gd (similar to the 217° point 
for Ni and 294°C for Co) at which there are tem- 
perature anomalies in the permeability uw and in 


He, and that these anomalies are apparently brought 


about by an anomalous temperature variation of the 
magneto-crystalline anisotropy constant K, (the 
temperature variation of K, in Gd has not yet been 
measured). We should note straight away that in 
Gd, as distinct from Ni and Co, there are two 
singularities in the behavior of the magnetic prop- 
erties in the region of the Curie point ©. 

First, the magnetic transformation for Gd near 
the point © has an exceptionally ‘‘spread-out’’ na- 


ture. The slope of the decrease of spontaneous mag- 


netization with temperature is very small. 


This slope can be measured! by the value of the 
coefficient — in the formula 


(55/69)” = (1 — 7/0). 


While =6—7 for Ni and Fe, it is 1.17 in Gd 
(see Fig. 10 and the table). Such a small value of 
€ usually occurs in ferrites!* and in some alloys. 
Second, one would expect that the paraprocess 
at ® should be very large in Gd, since the mag- 
netization is especially high and the Curie temper - 
ature low. One can estimate the magnitude of the 
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FIG. 12. Magnetocaloric effect near 10 
the Curie temperature: curve 1 — Fe, 
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paraprocess from the slope of the true magnetiza- 
tion curve oj right at the Curie point: oj = aH?!/3, 
From theory? it follows that the value of a ~ 0)/ 
@¥3. i.e., the greater oy and the smaller 0, the 
greater is the slope of the straight line o;(H¥3) 

at the point ©. 

Table I shows the calculated values of o) /® 
for Gd, Fe and Ni. It can be seen that this ratio 
is considerably larger for Gd than for Ni and Fe. 
However, experiment gives other values for a. It 
can be seen from Fig. 11 that the value of a for 
Gd is less than for Fe and slightly larger than 
for Ni. In Gd we thus have a sort of ‘‘depressed’’ 
paraprocess. 

This is confirmed by the results of measuring 
the magnetocaloric effect, AT, near the Curie 
point, shown in Fig. 12 for a field H = 5000 oe for 
Gd (our data), for Ni (data of Weiss and Forrer"') 
and for Fe (data of Potter!®). For Gd the mag- 
netocaloric effect at © is smaller than for Fe and 
slightly greater than in Ni (see Table ]). 

We are at present not clear about the nature of 
the magnetic anomalies of Gd at 210°K and of the 
unusual behavior of its magnetic properties in the 
temperature interval from 210° to ©. 

It is possible that it is to be explained by Gd, 
like Dy, being in the antiferromagnetic state be- 
tween 210 and 290.5°K which is destroyed by a 
weak field. 

We express our indebtedness to Professor 
E. M. Savitskii, V. F. Terekhova, and I. V. Burov 
for providing the gadolinium specimens for our 
experiments, and to A. S. Borovik-Romanov for 
his participation in the discussion of the results. 
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The azimuthal asymmetry of neutrons from the reaction c!2(d, n) N® scattered on helium 
was measured. The measurements were carried out on the neutron group corresponding to 
the formation of N' in the ground state. The deuteron energy was 11.8 + 0.8 Mev. The po- 
larization values of neutrons emitted at various angles from the carbon target are calcu- 
lated with the Seagrave phase shifts for the scattering of neutrons on He’. 


Whrrz the aid of a helium analyzer, described 
earlier in detail in reference 1, we measured the 
azimuthal asymmetry in the scattering of neutrons 
from the reaction C! (Gl, im.) N38, The measure- 
ments were carried out on the neutron group cor- 
responding to the formation of N‘8 in the ground 
state. 

A 12.3-Mev deuteron beam from the cyclotron 
at the Institute of Theoretical and Experimental 
Physics, Academy of Sciences, U.S.S.R. was fo- 
cused by a system of magnetic quadrupole lenses 
onto a graphite target obtained by depositing an 
ammonia solution of aquadag on a gold base. The 
thickness of the graphite layer corresponded to 
the range of 1.6-Mev deuterons; the beam cross 
section at the target was 3 x 5 mm; the average 
beam current was 1.5 wa. The proportional helium 
counters of the analyzer operated under a pressure 
of 6.26 atm. The pressure was maintained con- 
stant to an accuracy of +0.5 mm Hg. A stream of 
commercial helium (99.8%) flowed continuously 
through the counters at a rate of 40 cc/sec. 

The helium analyzer consisted of a battery of 
three counters (7 mm diam and 66 mm long) 
lying in a plane perpendicular to the rocking 
plane (plane of the reaction). The distance from 
the target to the rocking axis was 150 mm. The 
rocking axis passed through the center of the ef- 
fective volume of the counters, whose length 
varied with the angle of emission of the neutrons 
in the limits of 15 —25 mm. For a counter rocking 
angle of +19°, the size of the angle within which the 
neutrons from the target entered the effective vol- 
ume of the counters was 3°, and the angular spread 


of the helium recoil nuclei recorded by the analyzer 
did not exceed 10°. Therefore, the correction to the 


observed asymmetry due to the anisotropy in the 


distribution of neutrons from the reaction was small 


(~2—3%), and instead of integrating over the ef- 


fective volume in the calculation of the polarization 
of the analyzer, it was possible to limit the calcu- 
lation to one point at the center of rocking. Hence 
the parameters of the arrangement ensured (in 
contrast to the experiment of reference 1) that 

the measurements were made under conditions of 
‘‘sood geometry.’’ 

The recorded helium recoil nuclei corresponded 
to neutrons of energy 20.8 Emax (Emax is the 
maximum energy for a given angle of observation ). 
In this interval, there were no neutrons associ- 
ated with the production of N® in the excited state. 
We thus actually measured the asymmetry for the 
group of neutrons corresponding to the formation 
of N' in the ground state in a deuteron energy in- 
terval determined by the target thickness (~1.6 
Mev). The background of spurious pulses in the 
analyzer channel from neutrons produced in the 
base, diaphragms, etc. did not exceed 10 —15% 
and was eliminated by special measurements. 

The counters were calibrated in the same way 
as in reference 1, i.e., on neutrons from the re- 
action under study emitted at an angle 6p = 60°. 

We obtained the following values for the ratio R 
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of counts at a rocking angle gq = +19° to counts 
at a rocking angle gq = —19° for various angles 
of emission of neutrons from the carbon target 


Gn (lab), deg 10 30 40 45 50 
R 


(only the statistical errors of measurement are 
shown ): 


70 80 


1.05+0.03 4.00+0.03 41.24+0.44 4.454+0.12 1.94+0.08 1.7940.13 1,.234+0.09 0.66=0,06 


The calculation of the polarization of the reac- 
tion from the asymmetry data was carried out by 
means of Seagrave phase shifts for the scattering 


of neutrons on He‘ (see reference 2). The values 


obtained for the neutron polarization are given in 
the table and in the figure (for Eg = 11.8 + 0.8 
Mev). The positive value of the polarization was 
taken in the direction n = Ky x kg. 


0, (lab), deg 20 30 40 45 50 60 70 80 
En (lab), Mev 11.4 44.2 10. 9 10.8 10,6 10,3 9.92 9,54 
Pa % 2.644,5 O44.7 12.845.2 24.644.6 26.4424 29.123.9 11.744.2 —22.644.9 


The authors express their deep gratitude to the 
cyclotron crew of the Institute of Experimental and 
Theoretical Physics, Academy of Sciences, U.S.S.R. 
for the smooth operation of the accelerator, to F. A. 


Pavlovskii for aid in the preparation and adjust- 
ment of the electronic equipment, and to V. A. 
Smotryaev for aid in the reduction of the experi- 
mental data. 
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A double focusing mass spectrograph was employed to measure the masses of stable isotopes 
in the region 84 < A < 104. The average resolving power of the instrument was 50 000 — 60 000. 
Twenty-five isotope masses were measured. The measurements were performed by checking 
the ‘‘internal consistency’’ of the results. For this purpose, 60 mass doublets were measured. 
Most of the isotope masses were determined from measurements of 3 —4 doublets of different 
organic composition. Besides the 25 stable isotopes, the masses of 59 radioactive isotopes 
were determined. The binding energy per nucleon, binding energy of the last neutron (Bn) 

and proton (Bp), and the neutron (Py) and proton (Pp) pairing energies were calculated on 
the basis of these data. The sharp break in the nucleon binding energy curve and the disconti- 
nuities in the energies By and Py in nuclei containing 50 neutrons definitely confirm the ex- 
istence of the ‘‘magic’’ number N=50. Furthermore, anomalously large values of By and 
Py have been found in nuclei with N = 48. On the other hand, no nonmonotonic variation of 

the above-mentioned parameters has been observed for Z = 40, which signifies that no sub- 


shell exists for Z = 40. 


‘Tue measurement of the masses of nuclei in the 
region from strontium to ruthenium is of interest 
from the viewpoint of elucidating the variation of 
the nuclear binding energy close to the magic num- 
ber N=50. To measure the masses of the isotopes 
of strontium, yttrium, zirconium, niobium, molyb- 
denum, and ruthenium, we used a double focusing 
mass-spectrograph. The average resolving power 
of the intrument was 50000 — 60000. 

We measured the doublets formed by an organic 
compound and the isotope under study. We calcu- 
lated the instrument dispersion in each separate 
case by using fragments of the organic compounds 
with a mass difference of one mass of hydrogen. 
The use of this method made it possible to improve 
the accuracy of the measurements in this mass re- 
gion by a factor of about 10 —15 times, i.e., to ob- 
tain AM/M x (2—5) x 107". A considerable part 
of the isotope masses in this region has not been 
measured on a mass spectroscope (Zr*!, Zr, 
Mo®*, Ru’, and others ); the values of the masses 
of the isotopes Ru!” and Ru!! were measured 
for the first time. 

It is of interest to study the energy variation in 
the region Z = 40, which, in the opinion of several 
authors, is a ‘‘semi-magic’’ number.!~4 Conclu- 
sions based on the values of six isobaric pairs and 
one isobaric triplet can be compared with those 
based on the region of heavier masses (A ~ 200). 


MASS MEASUREMENTS 


1. Strontium. We measured the masses of the 
strontium isotopes by comparing the masses of 
strontium evaporated in atungsten vessel withthe 
organic compounds toluene (C7Hg, M = 92) and 
isoamyl alcohol (C;H,.O, M = 88) and their frag- 
ments. In the first case, the vapor pressure of 
the toluene was sufficient to maintain the arc of 
the ion source. In the case of isoamyl alcohol, 
the ion-source arc was maintained on helium, 
and the standard organic compound C,;H,,0 was 
introduced additionally into the ion source. The 
values of the doublets and the isotope masses of 
strontium were calculated with the ‘‘weights”’ for 
the measurements shown in Table I. 

2. Yttrium. The yttrium ions were obtained 
by evaporation of a metallic powder of yttrium in 
a tungsten vessel. The discharge in the ion source 
was maintained on toluene vapors (C,Hg, M = 92). 
A toluene fragment (C,Hs, M = 89) was used to 
measure the mass of the yttrium isotope. The 
values of the doublet and mass of yttrium are 
shown in Table I. 

3. Zirconium. To obtain the zirconium ions, 
we evaporated zirconium chloride in a crucible 
and introduced the vapors into the discharge arc. 
We measured the zirconium masses by compari- 
son with organic compounds of aniline (C,H,N, 
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Table I 


$e 


Isotope Mean I 
value | Isoto Sotope mass 
ae pe mass from 
Doublet AM, 107° amu mass, of mass, mass-spectro- from 
z ’ 
| | amu amu scopic data, amu Wapstra iY 
; = : | : | _ data,> amu 
C;H,O = 50 83. 940088-+24 
GiB — SE 83. 94004126 | 88. 940070417 83.939924 + 150* (¢ 83, 939860-++-250 
C;H,,0 — sre 164. 039-+-0,024 | 85.936481-++26 35, 936658 + 110° - 
Hee 039-40, 02 85 .936481-+-26 eee . 85, 936658 +110* [¢ 
HO — 8 i089 02) 36481} 85. 92049719! 80, 8+ [ Ge 
C,H, — Sr*6 106. 482-F0,042 | 85, 986542-E44 y ROHNER Ae 85.9353304430 [7 85.936620-+200 
85.936670+ 50 [8] 
C,H, ©: — Sr" 172.251+0,021 | 86,9364! 
=§ | 172.251-+0,021 | 86.9364 EGG a RAs , 
CH, — Sr | 114.6283-0.024 | 86.93603 869304724242 86.936612+ 80* [° 86,936576-+150 


C,H, — Srss 125, 862-40.038 
Cyt 125 .$22--0.080 


Gurie= = Veo +0,007 | 88. 93414715 
C;H, — Zr® | 024 
C.C#H, — Zi 036 
CoHyN — Zr 0.050 
GH, — Zrt | 4149.184+-0.028 | 90.934550-430 
€,H;N — Zr" | 136.626-£0,087 | 90,9345314-40 
C,H, — Zi” || weuayy -O.049 
C,C8H, — Zr | 158.078350.025 
C,H,N — Zr™ | 45 QU6-E0 029 
Cre, <= Pau 72, 074-0 .063 
SHO Ace | 167. 608-40.036 
C,H,O — Zr’ 35 ,626--0 022 
C;C"H,N — Zr 154 .877-£0. 028 


C,H, — Zr* | 485.576-0.044 


+().020 
-024 
.029 


054 


7H, — Mo% 
«C!H, — Mo® 


— Mo*4 0.046 | 93.934955-+50 
U.070 | 93,935200--75 
“£0,088 | 93.935003--90 


0.030 | 94,936031--35 
=-0.040 | 94,935988-F45 


022 | 95 .935112-4+-30 
aeE0.U10 | 95, 93506175 


-£0.023 | 95 ,935252-++30 


C,H,;, — Mo | 
C,H,O — Mo’ 


C:Hy2. — Mo* 


C,H,O — Mo 


C,C¥H,y,— Mo | 


C;Hy, — Mos? | 195.804+40.040 | 96.936782-L45 
C,H,O — Mo”? 159, 502-F0.060 | 96,936696-+-65 


C,Hy — Mo*% 
C,H,20 — Mo* 
C,C##H,, — Mo* 


GC, Agg— Mot 


+ 044 97.936508-4 
-U.070 | 97, 936581 
+0.046 | 97,936572 


EDU 


0.0381 | 99.939291-++35 


7.933454-+16 


3. 934147415 


QQ897 


93327120 


934543 +20 


93432222 


3. 936126-125 


938858 +46 


2.935862 +25 


,936098-142 


3, 935024-+52 


-936015-415 


-935173-+-44 


.936755-+-30 


-936543-+-16 


9,.939291-+35 


CH» — Ru 0.062 

C,H,O — Ru” 124 95937865 +15 
C,H,,N — Ru* +0094 

C,H, — Ru® .301 | ¢ 

C,H,,O — Ru® | 422 F ; 
GHyN — Rue | 402 | 97.9: 97.935871 +60 
C,H, — Ru’ 20.220 | 97.935803--220 | 

C,H; — Ru® 214 2 -165 | 98.937277-4165 

G,Hy,©O — Ru 75.4138-+-0.068 | 98.937069-+-70 | 98.9371 ig 
14, Hgi* — Rue 77.765-£0:302 | 98.937091--302 | 00-560 
C;H,, — Rut” 220 964-40 094 48-95 

C.HyN — Ru” 208 .2644-0.234 (eS 

C,H, — Rut” E0298 5¢ 99, 935932 + 74 
1/y Hg? — Ruro ae 129 fF 

C,H; — Ru 134,076+-0,104 |100,937194-+-405 

C,H,,0 — Rutt 191.356--0.150 |100.937410+-150 |100.937271--44 
1/, He? — Rute 80.1820 ,088 |100,937294-4+90 i 
C,H, — Rus? 142,973-+0.070 }101,936439-+-72 |104 ,936439-72 
C,H, — Ru’ | 157.576-+-0.082 |103,938120+84 |. 

C;H,.N — Rut 444.939--0.167 |103.938180--167 |103.938132--23 


33956-+110* [¢ 
3740-530 [7 
34-+ 13 [4] 
88.933998-+110* [¢ 
932932-+-250* [° 
: 630 [» 
89.933500+-200 [8 


oy 
to 


2.935208+4- 90* [°] 


93,934300+800 [*] 


95 .935970+390 [9] 


97,936100+-400 [7] 


[Ja] 
oOo 


938600400 [°] 


101,9359004600 [1] 


103,938000+-500 [19] 


eal 


7, 933750 +200 


88 934080 +200 


oo 


9. 932840-+-200 


90,934140-+-200 


91 933820 +210 


93 ,935800-+-350 
95 .938530 = 500 
93 ,935260-++240 
94 .935210+290 


93 ,934330+-270 


94935700 + 400 


95 .934900--430 


96.936470-+500 
97.936560-+-500 
99, 938280-+500 


95.937920 +500 


97.937130-++650 


‘) 


co 


-938200--900 


10 


= 


. 936410-+-500 


103 ,937800+ 700 


4 *The mass values were recalculated for the auxiliary standard values H = 1.008142 
= 1, C = 12.003820 + 5. The value of the error remains unchanged. 


M = 93), cumene (CyHy,, M=120), and their 
fragments. In a number of cases, it was possible 
to use ions containing the carbon isotope ©* for 
the mass measurements. 

The measured doublets, the zirconium isotope 
masses obtained from each individual doublet, and 
the mean values of the masses calculated with a 
‘‘weight’’ for the measurements are listed in 
Table I. 


4. Niobium. The niobium ions were obtained 
by evaporation of metallic niobium in a tungsten 
vessel and subsequent introduction of the vapor 
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into the discharge arc of the ion source. We used 
aniline (CgH,;N, M = 93) to measure the mass of 


Nb®3, The instrument dispersion was determined 


from the aniline fragments. The values of the dou- 


blets andthe niobium mass are given in Table I. 
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5. Molybdenum. We used molybdenum chloride 
to obtain molybdenum ions. This compound is un- 
stable and decomposes in air. We had to use it, 
however, since it was the only volatile molybde- 
num compound at our disposal. We determined 
the molybdenum isotope masses by checking the 
‘internal consistency’’ of the measurements, i.e., 
the masses of the six molybenum isotopes were 
measured by comparison with organic compounds 
of different composition. We employed heptane 
(C,;Hig, M = 100), cyclohexane (HgHi)O, M = 98), 


and their fragments. 


The data on measurements of the isotope 


masses of molybdenum are shown in Table I. 

6. Ruthenium. The ruthenium ions were ob- 
tained by evaporation in a tungsten vessel (M 
= 101, 102, and 104) and from ruthenium chloride. 
Owing to the fact that the melting point of ruthen- 
ium is high (~ 2000°C), only the most abundant 
isotopes (M = 101, 102, and 104) could be ob- 
tained from the evaporation in a tungsten crucible. 
The masses of these isotopes were measured with 
the aid of the organic compound sytrene (CgHg, 
M= 104). To obtain the less abundant ruthenium 
isotopes, we used ruthenium chloride and organic 
compound heptane (C,Hi.,, M= 100). With heptane 
it is possible to obtain doublets for the masses 100, 
99, 98, and 96; also, one may use the compound 
C,CH,, to obtain a doublet for the mass 101. 

Admixtures of organic fragments containing 
c}83, and, consequently, producing the doublets 
CH—C** require a resolution of 45000 for a mass 
of 100. Owing to the fact that the resolving power 
of the mass spectrograph was equal to 50000 — 
60000, it was not necessary to correct for the cB, 


since the doublet, for example, C7Hg—CgCH;, is 
fully resolved. Hence there is no error associated 
with an unresolved admixture of c}8 in a standard 
base. 

Most of the measured isotopes were obtained 
from 2—4 different doublets (organic compounds 
of different composition). The masses of three 
ruthenium isotopes, Ru®®, Ru!, and Ru!®! were 
also measured by means of the doublets formed 
by doubly ionized ions of mercury, }Hg!®, 5Hg’”, 
and 4Hg?”, respectively. In this case, as well as 
in the case in which organic compounds were used 
to obtain the doublet, the base was computed from 
fragments of organic compounds with a difference 
of one unit mass (H?). 

The relatively good agreement of the results 
makes it possible to state that the measurements 
are ‘‘internally’’ consistent, i.e., there are no sys- 
tematic errors within the limits of the experimen- 
tal accuracy. The errors in the values of the doub- 
lets were calculated in the standard way as the 
weighted mean square error. The mean value of 
the error over the entire range of measured 
masses is ~30 um, which corresponds to a rela- 
tive accuracy of AM/M ~ 3 x 107%. 

For the determination of 25 isotope masses we 
measured 60 doublets. Moreover, we made a qual- 
itative check of the measurements by measuring 
the doublets CH—C, CH,—N, CH,—O, and 
OHg—C, for masses of 92 to 104. The results of 
the measurements of these doublets are shown in 
Table II. Comparison of the mean values of these 
mass differences with similar differences meas- 
ured for masses 13, 14, and 161!>!2 show that the 
data are in fully satisfactory agreement. This con- 


Table II 
Value of doublet, mmu 
Mass . S 
CH — C1 CH, — N NH, — O CH= 0 G,— OH: 
84 5 
57.557-+0,050 
a3ST 86 57.504 40,029 
36, 427-40, 017 
90 4. 459+0,035 12.565+0,054 
3 94 12.558+0.042 
woZt 92 4.466+0.012 12.533+ 0.035 
94 4.466 +0:073 36, 434+0,061 
92 4.517+0.032 
94 4519-0. 100 36, 428-+0.140 
36.355 +£0.06 
«Mo 6 4.528+0,013 eat 
98 4463-40. 034 36 610-688 
96 12,613+0,046 23,876+0.168 | 36,354+0,144 
7 98 12.598 +0.031 23.723+0.043 | 36.430-E0°315 
uRu 99 36320-0092 
400 12.578-+0.070 = 
104 12.551-0.068 
Mean with () f 2+0.068 | 36 
ay 4, 488-+0, 008 12.5720,007 23.762+0,068 | 36.444+0.022 | 57,517-L0,019 
Data from ref. ¢ Gi 0 ‘ 0.00 
Ae 4, 474-+0.003 12,578-+0,004 23,808-+-0,008 | 36.388+0.004 | 57.496-++0,006* 


*Calculated. 
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Table II 
Isotope Bindi 
Isotope mae 
Pp Z N mass, energy, Br» Mev By, 12 Py, 
amu Mev Mev Mey Mev 
Rb* 47 | 83.941090-L25 728.58: 
y 7 941090 28.583 = 
Leo 48 | 84940175465 | 737.801 9,218 EX = ss 
ne 49 | 85.938387-£25 747,832 10.031 ze a =) 
ae 37 | 20 | 86.936522:£170 | 757,935 10.103 es “072 ie 
Rbe 7 | 51 | 87,93903%+80 | 763'962 6.253 Be ees a 
ae 52 | 88,9398874115 | 771.535 7.573 = 799 = 
ae 93 | 89.942510+340 | 777.458+40.316 5,923 ee ss 
) 54 | 90,943120 785.257 7.799 Es 1.876 zi 
‘79 Es 876 a 
Sr 46 | 83,940070-+17 | 728,748 
nerd 47 | 84°940428400 | 736.780-+0.372 8.197 ae = 
Si 48 35 936497 +2: S| ; ie xe 
Gene aC 85, 936497 +23 748 80 7 11.006 2 
sr 49 36472442 | 757.197 9368 Dist = 
Sr** 38 50 33454-+16 768.37: He) a < 
Sree 87, 933454-+16 768.373 10.603 786 
oy 51 | 88,935717£20 714.632 {0.670 pers me 
a 52 | 89,936410+100 | 782.354 10,819 1462 = 
BF 53 | 90.939053+20 788.259 10804 ay = 
St 54 | 94.940232480 | 795.527 10,270 1.363 = 
86 7 S tie a 
Ne 47 | 85,942947+65 742,046 = 5,236 
ven 48 | 86,938490220 | — 754'533.0,205 12.516 5,726 = = 
Yee 49 | 87,937400+300 | 763914 £0.80 9,381 6.717 a - 
xo go | 20 | 88:984147415 | 775.310 11.395 6.936 2.044 = 
Yer 9 | 51 | 89.935840+100 | 782099 6,790 7,467 ny x 
v2 52 | 90.936193-112 790.137 8.038 7.783 1.24 = 
y3 7 ie ee (aa 796.664 6.524 8.402 Pag = 
92939586 +2: 803.710-+0.260 750 3, 0,526 
Yee 55 | 93.941896-4320 | 09.926 +0.298 bm48 Pee oe = 
Zr? 47 | 86.942250+260 | 750.247+-0.242 8,230 
88 9 SURE ae 247 = 0.242 ~- 8,2. = 2,99! 
rae 48 | 87.937835-£300 | 762'724-+0.280 12.477 3101 68 
zr: 49 | 88.937136150 | 771.741 9,017 7.827 = Tito 
oo 50 | 89.933271420 | 783°706 11.965 2.9 ; 
Zi { 90. 93454: : 8.397 2.948 1,461 
Zi 51 | 90.934543+10 | 790.888 7.182 8.789 ee 1.322 
gre no | 22 | 91-934322422 | 799. 460 8.572 9.324 1,390 1.540 
Ds 40 | 53 | 92.9362664120 | 806.017 6,556 9,356 a 0,954 
Zr" 54 | 93.936126-525 | 814/514 8,497 10.803 1,944 2.620 
Zr 55 | 94.930208+25 |  820°010 5.496 10.084 aS a 
Zu 56 | 95.93886846 | 828.690 8.680 = 3184 = 
Zr 57 | 96.940635-£70 | 835.414 6,724 = si a 
No® 48 | 88.944286+200 | 767,092 4,36 
Nbt 49 | 89,939894 776,757 e016 = = 
Nb? 50 | 90:936063+50 | 788.688 4,982 2.266 
Nbe | 51 | 91.936046-£50 | 797.070 6,182 =e = 
Nbe 44 | 52 | 92.935862425 | 805.608 6.147 0.156 — 
Nb" 53 | 93,93718280 812.745 6.728 ao — 
Nb 54 | 94.937008+20 | 824.274 6.760 1.391 - 
Nb** 55 | 95.938523+50 | 828.929 8.219 = - 
Nb®? 56 | 96.938795+60 | 836.342 7,652 1.157 = 
Mo” 48 | 89,942614 773.440 = 6.348 986 
Mor | 49 | 90.940813+200 | 783,480 10,044 6.723 = 1907 
0% 50 | 91,936098+42 | 796.237 42.757 7.549 2,746 2.567 
Mo* 51 | 92.936520+100 | 804.210 7,973 A aes ; 
es 2.936520 B04 24( : 7,140 = 0,958 
Mos 52 | 93.935024+52 | 813.970 9,759 8.362 1,786 2.245 
Moe* 53 | 94.936015+15 | 821.413 7.443 8.668 =a 1,940 
Mot 42 | 54 | 95:935173--44 830,564 9.150 9.290 1,707 2,530 
Mo%* 55 | 96.936755--30 | 837,457 6,893 9,228 i 1,009 
Mo 56 | 97.936543--16 | 846,024 8.564 9.678 1,671 2.026 
Mo 57 | 98.93888455 | 852/207 6.186 = = = 
Motoo# 58 | 99.939201+35 | 860.194 7,987 = 1.804 = 
Mo™ 59 | 100.942031+80 | 866.010 5.815 = = ~ 
Toes 51 | 98: 808.923 = 4.113 = : 
Tess 52 | 94.93 818.780 9.857 4.810 0,097 — 
en" 5S || 95. 826, 836-0. 303 8.056 5,423 = o= 
rer 54 | 96. 836.630 9.794 6,066 1.738 — 
Tom 55 | 97, 844,167 7.537 6.710 = — 
Tc 43 | 56 | 98937414+50 852.794 8.624 6.770 1,087 = 
Tew 57 | 99.938812+250 | 859.856-+-0,233 7,065 7.648 “ -- 
Tein 58 | 100.939021-+60 868.027 8.172 7.833 1407 -- 
Tcto2 59 | 101,940719350 | 874.812-0.325 6,785 8,803 = - 
Ru’ 51 | 94.940570+300 | 815,602-+0.280 = 6.679 a 1,966 
Rue 52 937865 +15 826.487 10,885 7.107 = 2807 
Ru’? 53 937238 835,437 8,950 8.604 = 3.178 
Rus* 5h .935871-+60 | 845.076 9.639 8.446 0,689 2,380 
Ru 55 7100-E50 852.298 7,222 8,182 _ 4.422 
R ytoo« 4h 56 9.935932 74 864.752 9,454 8.961 2,232 2.194 
Ru 57 | 100.937274 + 44 868,872 7.120 9.016 = 4,368 
Rute 58 | 101.936439+ 72 878.013 9.144 9,986 2,02 2,153 
Rue 59 | 102.9379214 884,999 6.986 10.187 = 1.384 
Rutes* 60 | 103.938132+23 893.169 8.170 = 1,184 — 
Rhe 53 | 97.940534+180 | 839,952 = 4.515 = = 
Rh 54 | 98.939330+70 | 849.437 9,485 4.364 = _ 
Rhto 45 | 55 | 99.939700+250 |  857.459-+0.233 8,022 5.160 = = 
Rha 56 | 100.939188+350 | 866. 302-F0. 325 8.845 4.550 0.824 = 
Rhw 57 | 101.938560+300 | 875.2530. 280 = 954 6.384 = - 
Rhtes 58 | 102,937124 884,959 3,706 6.946 0.755 = 
Rhios 59 | 103, 938320 899 269 7,250 7.240 = — 


*Isotopes measured in the present experiment. 


clusion also applies to the calculated doublet 


OHs—Cy 


As is seen from Table I, half of the isotope 


masses reported in the present article have not 
been measured with a mass spectroscope. 


The 


masses of the isotopes Ru! and Ru! were 


measured for the first time. 
Comparison of the values of the masses ob- 
tained in the present experiment with the mass 


UILOY 


spectroscopic data and the data of Wapstra’ (col- 
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umns 5 and 6 of Table I) indicates that there is 
no systematic deviation of one group of measure- 
ments with respect to the other. In most cases, 
the differences fall within the combined error of 
measurement. The exceptions are the isotopes 
Nb”, zr®°, and Zr”. The best agreement occurs 
for the results of Isenor et al.® (1960). There is 
satisfactory agreement on the masses of molybde- 
num and ruthenium with the data of Duckworth et 
al., but the errors in the measured masses are 


large (0.4—0.8 mmu).4%9,10 


BINDING ENERGY OF NUCLEONS IN THE 
NUCLEUS 


The mass values of the nuclei obtained in the 
present experiment make it possible to determine 
with better accuracy the binding energy of nucle- 
ons in the nucleus, the binding energy of the last 
neutron and proton, and the pairing energy of neu- 
trons and protons. 

Besides measuring the masses of 25 stable 
isotopes of Sr, Y, Zr, Nb, Mo, and Ru, we cal- 
culated the masses and binding energies of 59 
radioactive isotopes. The calculation was made 
by means of the Q values measured in nuclear 
reactions and a and £ transitions.'!4 The iso- 
tope masses measured in the present experiment 
served as reference values. The masses were 
calculated from all the data available in the sources 
already referred to. Wherever possible, we calu- 
lated the masses by several independent methods. 
The final value was obtained by averaging the re- 
sults with a ‘‘weight’’ for the measurement. In 
all, 86 Q@ values were used. In six cases, the Q 
values were discarded as incompatible with the 
results of other reactions and mass-spectroscopic 
measurements. 

From these data, we calculated the binding en- 
ergies of the nuclei, the binding energies per nu- 
cleon (E/A), the binding energies of the last neu- 
tron By and of the last proton Bp, and the pairing 
energies of neutrons P, and protons P). The re- 
sults of the calculations are listed in Table III. 
Column 4 of this table gives the masses of the 
measured and calculated isotopes with the corre- 
sponding errors of measurement. Where the er- 
rors are not shown (eight cases), only the upper 
or lower limit of the Q value for the given reac- 
tion was known. The errors in the binding ener- 
gies of the nuclei (column 5) are given only if 
they exceed 200 kev. The values of By and Bp, 
in most cases, have errors not exceeding 0.3 Mev. 
Correspondingly, errors in the values of Py and 
Pp do not exceed 0.4 Mev. As auxiliary standards, 
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&/4,Mev 
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FIG. 1. Binding energy per nucleon in the range 84=< A < 104. 


we used the following masses:'}>?2 Ny = 1.008985 
+1; H! = 1.008142 + 1; Cl = 12.003820 25; C™ 

= 13.007491 + 3; N!4 = 14.007527 +4. For the con- 
version from atomic mass units to energy units, 
we used the relation: 1 amu = 931.145 + 0.010 Mev. 
The symbols H, C, N, and O everywhere denote 
the isotopes occurring with greatest abundance, 
news H!, ce Nit and o}8, 

The binding energy per nucleon gives a general 
characteristic of the binding energy of nucleons in 
the nucleus. A graphical picture of the average 
binding energy per nucleon for stable nuclei in the 
region 84 < A < 104 is shown as a function of A 
in Fig. 1. Binding energies of isotopes with the 
same Z are joined by solid lines. The binding 
energies of nuclei with odd Z (Y, Nb) are de- 
noted by circles and are joined by broken lines 
to elements with odd A and even Z. The maxi- 
mum errors in the values of E/A are 0.6 —0.8 
kev, i.e., they were too small to show in the fig- 
ure (on the corresponding scale). 

The mass region 84 < A < 104 is of interest 
in connection with the fact that it includes the 
‘‘magic’’ number N=50. There should be a 
break in the curve of binding energy per nucleon 
in the region of the ‘‘magic’’ number. As seen 
in Fig. 1, a sharp break in the curve of binding 
energy per nucleon is observed at N = 50 for 
both even and odd Z (nuclei s,Sr$8, ,,Y88, and 
49Z13))- In this connection, it should be stressed 
that certain patterns of variation in the curve of 
binding energy per nucleon noted in previous stud- 
ies»'6 are observed in the nuclear range under 
consideration. Thus, in particular, there is a 
marked difference in the binding energies of the 
nucleons between nuclei with even and odd mass 
numbers. The curve of binding energy per nu- 
cleon for odd A and Z = const nowhere inter- 
sects the curve for even A. 

A jump of about 3 — 3.5 Mev in the binding en- 
ergy of the (N+1)th neutron after the neutron 
shells are filled (N= 50) is clearly observed. 
This is 30 —40% (depending on the nucleus) of 
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the value of the binding energy of the nearest even 
neutron. It is of interest to analyze the numerical 
data for the values of le Bp, Py» and Py in this 
mass region. Over the entire range of measured 
and calculated masses, the average binding energy 
is 8.470 Mev for the last neutron and 7.670 Mev 
for the last proton. Consequently, the observa- 
tion that the binding energy of the last neutron 

is greater than the binding energy of the last pro- 
ton is valid for this mass region, too. The aver- 
age binding energy of the last neutron By is 8.480 
Mev for even Z and 8.440 Mev for odd Z, i.e., 
equal within the limits of measurement error. The 
picture for the average binding energy of the last 
proton is quite different: Bp, is equal to 8.960 Mev 
for even Z and 6.380 Mev for odd Z. As we see, 
the difference (~ 2.580 Mev) is far beyond the 
limits of experimental error. 

The average pairing energy is Py = 1.580 Mev 
for neutrons and Pp = 1.930 Mev for protons. Al- 
though the difference lies within the limits of ex- 
perimental error, it is nevertheless seen that the 
average proton pairing energy is higher than the 
average neutron pairing energy. 

The obtained experimental data permit one to 
calculate the mass difference for seven isobaric 
pairs. In Table IV, the resulting values of the 
mass differences are compared with those avail- 
able in the literature. The binding energies of 
the isobars in which two protons are replaced by 
two neutrons are not always large, as was noted 
earlier. In the region under study, the following 
two isobars are exceptions: 


ay 2038 ae ioMozy and a2Mozg, — saRuge 
This result can be explained qualitatively by con- 
sidering the parabolic curves of the binding ener- 
gies of the isobars constructed for mass numbers 
A = 92, 94, 96, 98, and 100 (see Fig. 2). A group 
of parabolas corresponding to isobaric pairs is 
shown in the figure. The value of the symmetric 
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FIG. 2. Binding energy of nucleus as a function of the neu- 
tron excess Ty. 


term Ty, is laid off along the abscissa axis and 
the value of the binding energy of the nucleus in 
Mev is laid off along the ordinate axis. 

In addition to the parabolas for even-even nuclei 
(solid lines), we constructed parabolas corre- 
sponding to radioactive odd-odd nuclei (dotted 
lines). For the construction of the parabolas, we 
used the experimental data for the binding ener- 
gies of nuclei measured in the present work. More- 
over, we used an expression for the calculation of 
the symmetry energy T, = (N-—Z)/2 in the semi- 
empirical formula for the binding energy® at 
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FIG. 3. Binding energy of the last neutron as a function of 
the number of neutrons N: a — for even Z; b — for odd Z. 
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which the binding energy is at a minimum for a 
given mass number A. Following reference 18, 
we use the expression 
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to obtain the value of T,, for the isobar. The val- 
ues of the binding energies T, and Ty min are 
listed in Table V. The values of the parameters 
Uc = 0.177 Mev and U,; = 23.7 Mev were taken 
from reference 19. As is seen from Fig. 2, the 
position of the isobaric pairs relative to the ver- 
tex of the parabola (Ty = min) changes with A. 
Thus, for example, molybdenum shifts from the 
left branch of the parabola (A = 92; excess of 
protons with respect to neutrons) through the 
center of the parabola (A= 96) to the right 
branch (A = 100; excess of neutrons with respect 
to protons). Similar variations occur for zirco- 
nium and ruthenium. 

All comparisons of isobaric pairs made in 
earlier studies'»!® were based on the left branch 
of the parabolas, since in the region of heavier 
masses (A ®& 200) there are no stable isotopes 
corresponding to the right branch of a similar 
parabola, owing to the instability of the nuclei 
as regards 6 decay. 

From an analysis of Fig. 2, it is readily seen 
that there is a difference 6 equal to the difference 
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FIG. 4. Binding energy of the last proton as a function of 
the number of protons Z (N = const). 


in the binding energy for even-even and odd-odd 
nuclei. The mean value of 36 for this mass re- 
gion (A = 92—100) is 1.05 Mev. This value is 
in very good agreement with the value of the term 
taking into account the pairing effect in the semi- 
empirical formula for the nuclear binding energy. 
This term, according to reference 19, is expressed 
in the form: CpairA*/4 6, where Cpair = 34 Mev 
and 6=+1 or —1, depending on the parity of the 
nucleus. The mean value of this expression for 
the given mass region is 1.11 Mev. The differ- 
ence between the experimental and theoretical 
values is equal to 0.06 Mev, which lies within the 
limits of experimental error. 

Figure 3 shows the values of By as functions 
of N for Z=const for even and odd Z. As seen 
from Fig. 3, the value of By is a maximum at 
N = 48, and not at N= 50. The difference is 
rather considerable (~1.0 mmu) and exceeds 
the measurement error. Nuclei with N = 50 have 
somewhat smaller values of Bn, but these values 
are significantly larger than any even or odd num- 
ber of neutrons for N >50. There is good agree- 
ment with the parity rule: the binding energy of 
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FIG. 5. Binding energy of the last proton as a function of 
the number of neutrons N: a — for even Z; b — for odd Z: 
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the last neutron is always greater for nuclei with 
even N than for neighboring nuclei with odd N. 
With an increase in the number of neutrons in the 
nucleus, the values of By decrease for both even 
and odd Z. The values of By increase with Z. 

Figure 4 gives the dependence of the binding 
energy of the last proton on the number of protons 
for N=const. In this case, too, the parity rule 
is strictly fulfilled. The character of the curves 
shows no change whatsoever as a function of the 
number of neutrons. There are no visible changes 
as one goes from the region with unfilled neutron 
shells (N = 48, 49) to the region of filled shells 
(N= 51, 52). Figure 5 shows the dependence of 
Bp on the number of neutrons for Z = const. 
There is a visible monotonic decrease in Bp 
(for both even and odd N) with an increase in Z. 
The values of Bp(N) for even and odd Z increase 
with the number of neutrons. This increase, how- 
ever, is not always monotonic (Z = 42, 44). 

The neutron pairing energies for the ‘‘magic’’ 
number N = 50 haveamaximum for Z = 39, 41, 
and 42. At the same time, the value of Py for 
N = 48 attains values higher than the maximum 
for N = 50. 

In some nuclei with N = 50 (4 Zr2?, 4,Nbzd, 
12Mo22), the values of Bn and Pp are the maxi- 
mum values as compared to nuclei which do not 
have a ‘‘magic’”’ number of neutrons. It is of in- 
terest to note, however, that nuclei with 48 neu- 
trons have anomalously high values of Bn and Pn 
(539138, 3933, 4oZr9e), higher than for nuclei with 
the magic number of neutrons N = 50. 

The proton pairing energies, in the great ma- 
jority of cases, are greater in the case of even- 
even nuclei, but there are two exceptions (4)Zr%! 
and ,,Ru2/). It is possible that these exceptions 
are connected with the fact that the calculation 
of the proton pairing energy for even-odd nuclei 
is not entirely valid, since in this case, owing to 
the presence of an odd nucleon of a different type 
in the nucleus, a so-called residual np interac- 
tion occurs. It is not appropriate to identify this 
interaction with pairing energy.”° 

Analysis of the data in Table III and Figs. 3, 4, 
and 5 for the binding energies of the last neutron 
and proton and the values of the pairing energies 
makes it possible to state that there are no appre- 
ciable changes of these parameters for Z = 40. 
Consequently, the suggested existence of a ‘‘sub- 
shell’’ or ‘‘semi-magic’’ number at Z = 40 is not 
confirmed by the experimental data. A similar 
conclusion was already made in a number of 
papers of a statistical character.2»?! 
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Using a thermal flow method, measurements have been made of the effective thermal conduc- 
tivity coefficient Kore for He®-He‘ solutions over a range in He? molar concentration from 


10> to 102°. 


The thermal conductivity coefficients « and diffusion coefficients D have been 


derived from these values of Kegs. The thermal conductivity coefficient increases as the tem- 
perature is decreased; for any given temperature, x becomes smaller as the solution concen- 
tration increases. Various quantities characterizing the interaction of the impurity and ther- 
mal excitations have been computed on the basis of the data obtained. The results are found 
to be in satisfactory agreement with the Khalatnikov-Zharkov theory. 


Landau and Pomeranchuk have shown! that 
impurities (He® atoms) dissolved in liquid helium 
below the A point do not take part in superfluid 
motion, but enter into the normal component of 
the solution. For weak solutions, in which the 
interaction of the impurity particles with one 
another is negligibly small, the solution can be 
treated as a mixture of three gases of elementary 
excitations: a roton gas, a phonon gas, and a gas 
of impurity excitations. The thermal (rotons and 
phonons ) and impurity excitations, which transfer 
energy and momentum upon colliding with one an- 
other, are responsible for the kinetic processes 
in the solution. 

In the present work a thermal flow method 
was uSed to investigate the phenomena of diffu- 
sion and thermal conductivity in weak He®-He! 
isotopic mixtures. From the results of experi- 
ments to study these processes one can compute 
certain quantities characterizing the interaction 
and scattering laws for the impurity and thermal 
excitations. 

The processes of heat transfer and diffusion 
of He® in He! below the A point may be repre- 
sented in the following form: at the initial mo- 
ment, when the heat flux is zero, the impurities 
have a uniform distribution throughout the thermal 
excitation gas; the partial pressures of the im- 
purity and thermal excitation gases are every- 
where the same. When power is applied to the 
heater, the thermal and impurity excitations will 
move to the cold end of the reservoir. The heat 
carried by them is 


Oj = je IEG , (1) 


where p is the density and o the entropy per unit 
mass of the mixture, and Vy is the velocity of the 
normal component of the liquid. As a result of this 
process there is developed a concentration gradi- 
ent Vc. In the steady-state condition it is neces- 
sary that the osmotic pressure arising as a result 
of the presence of a concentration gradient be bal- 
anced by the thermomechanical pressure (thermo- 
osmosis ): 


(kT/ms) Vo=— oy vT;, (2) 


where m3 is the mass of the He® atom, oy is the 
entropy per unit mass of pure He’, k is the Boltz- 
mann constant, and c = Ngm3/(N3m3 + Nym,) is 
the concentration (my, is the mass of the He! 
atom; N; and Ny are the numbers of He® and He! 
atoms per unit volume); for weak mixtures, c 

= N3m3/Nym, = €m3/my, where ¢€ is the molar 
concentration. 

The phenomenon of thermo-osmosis has been ob- 
served experimentally. The most complete quanti- 
tative measurements have been made by Wansink 
and Taconis.” 

Thus, in the presence of a thermal current there 
appear in the reservoir that contains the mixture a 
concentration gradient Ve directed from the cold 
to the warm end, and a temperature gradient VT 
in the opposite direction, which give rise to in- 
verse processes — diffusion of the impurities and 
of the thermal excitations. The additional thermal 
flow arising from the transfer of heat by the diffu- 
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FIG. 1. Diagram of apparatus for thermal conductivity and 
diffusion measurements in He* —He* solutions. 


sion of the thermal excitations is characterized by 
a thermal conductivity coefficient k. 

A theory of diffusion and thermal conductivity 
for weak He*-He‘ solutions has been developed by 
Khalatnikov and Zharkov.® In the general case, the 
total heat flux Q is related to the temperature gra- 
dient by the following expression: 


(3) 


where D is the impurity diffusion coefficient, and 
Pno is the fraction of the solution normal compo- 
nent density (p,) contributed by the rotons and 
phonons. 

The proportionality coefficient between the heat 
flux Q and VT is the effective thermal conductivity 
coefficient of the mixture 
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HW = Xy -H- (4) 
In this expression, the first term, ky, character- 
izes the heat transfer due to motion of the elemen- 
tary excitations as a whole (i.e., motion of the nor- 
mal component of the solution), and the second 
term, kK, is associated with the heat flow arising, 
- as in the case of ordinary condensed bodies, from 
diffusion of the thermal excitations (the thermal 
conduction process). 

Under stationary conditions, it is the effective 
thermal conductivity coefficient ke¢p which is de- 
termined experimentally. Only in the limiting case 
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FIG, 2. Interior portion of apparatus: a — side view; b—top 
view. 


K >> Ky is it possible to find separately the thermal 
conductivity coefficient x, while under conditions 
for which ky > « the diffusion coefficient D can 
be determined. 


METHOD OF MEASUREMENT 


Several kinds of apparatus were tried out in the 
course of the present studies; two of these are rep- 
resented in the results given here. Figure 1 illus- 
trates the apparatus with which the preliminary 
experiments were conducted, and results obtained 
in the temperature region from the A point to 
1.5°K. In this case, low temperatures were at- 
tained by pumping He* vapor (a second system 
was used to produce ultra-low temperatures, with 
the aid of He®). 

The reservoir 1, in which the mixture under 
study was held (inside diameter 19.52 mm, height 
6.57 mm), was turned from a single piece of stain- 
less steel and had a wall thickness of 0.2 mm. In 
order to provide good thermal contact with the he- 
lium bath, the cover 2 of the reservoir was made 
of copper. To the cover was soldered a small 
valve 3, communicating with a tube 4 through which 
the mixture was introduced into the volume 1. The 
valve was operated within the Dewar by means of 
a Stay-bright rod 5; the latter could be decoupled 
from the valve and raised, in order to prevent heat 
conduction along it to the reservoir. 

Four resistance thermometers were assembled 
for measuring the temperature gradient. The sup- 
port for the thermometers consisted of three flat 
disks (shown in cross-section in Fig. 2a) consist- 
ing of smooth and corrugated ribbons coiled to- 
gether. Parchment was used as the material for 
the ribbons; in addition to its poor thermal conduc- 


V1 14 


tivity, this substance possesses another essential 
property — its linear dimensions change little with 
temperature. Inasmuch as the thickness of each 
disk determines the distance between thermom- 
eters, which must be accurately known, the prep- 
aration of the disks presented certain difficulties. 
However, since the disks were prepared in pre- 
cision-made forms, their dimensions can be guar- 
anteed to an accuracy of 0.01 mm. The thermom- 
eters were made of 35-micron phosphor bronze 
wire, laid out in a flat zig-zag pattern across the 
surfaces of the disks, and fixed in place with BF 
cement (Fig. 2b). 

After preparation of the thermometers the max- 
imum error in the value of Ax (the distance be- 
tween thermometers) was found to be 0.05 mm. 

Current and voltage leads for the electrical 
circuit were carried out of the reservoir by means 
of a platinum glass seal 7 with platinum wires 6 
bonded into the glass. The seal terminated in a 
platinum ring 8 and was closed off by a copper 
plate 9. A glass block 10 ground to match its 
interior dimensions was placed within the seal, 
making its volume negligibly small (it amounted 
to 1% of the reservoir volume). 

The heat flow in the mixture under study was 
generated by a plane constantan heater. To avoid 
convection, the heater was placed at the bottom 
of the reservoir. 

The experimental volume 1 was surrounded by 
a vacuum jacket formed by the cover 2 in conjunc- 
tion with a cylindrical copper vessel 11. The tube 
12 served for evacuating the jacket. 

The experiment was carried out in the following 
manner. With the aid of a Toepler pump a known 
quantity of the He’-He* mixture was condensed 
into the reservoir 1 through a small charcoal trap 
cooled by liquid nitrogen. Condensation proceeded 
at a temperature somewhat below that of the A 
point. When the necessary quantity of the mixture 
had been condensed, the valve 3 was immediately 
closed. Thus any danger of variation in the con- 
centration in the liquid due to He® enrichment of 
the gaseous phase was completely avoided. Any 
surplus of the mixture above the valve was then 
pumped off with the Toepler pump; the presence 
of a vacuum in the tube 4 was regulated by a ther- 
mometer lamp. The inner helium bath was brought 
to the specified temperature, which could be main- 
tained constant to an accuracy of 107° °K with the 
aid of the stabilizing apparatus developed by 
Vetchinkin.4 Temperature measurements were 


then carried out for various thermal fluxes from 
the heater. 
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FIG. 3. Apparatus for ultra-low temperatures. 


The magnitude of the thermal flux was deter- 
mined from the known resistance of the heater and 
the current flowing through it. Since the reservoir 
1 had thin stainless-steel walls, heat leakage along 
its walls was negligibly small, amounting to 0.5% 
of the total power supplied to the heater. 

The thermometer resistances were measured 
with an ordinary potentiometer. For convenience 
in measuring the resistance, a high degree of sta- 
bility in the currents (to 10-° of their net value) 
in both the potentiometer and measuring circuits 
was insured by use of the weak-current stabilizer 
described by Vetchinkin.° 

So far, we have described the apparatus used 
to obtain data in the temperature region from the 
A point down to 1.15°K. Temperatures below 
1.15°K were attained by pumping He® vapor. All 
experiments with He® were carried out in an ultra- 
low temperature cryogenic system constructed 
under the supervision of Peshkov.® 

The apparatus employed for the measurements 
in this temperature range is illustrated schemat- 
ically in Fig. 3. The chamber for the mixture to 
be studied was a thin-walled stainless steel res- 
ervoir having an inside diameter of 20 mm and a 
height of 6.67 mm. The copper cap 2 served as 
the bottom of the chamber. The reservoir was 
in contact with the He® bath 4 through the copper 
cover 3. The volume was filled with the mixture 
by means of the capillary 5 (of 0.4 mm i.d.), 
the valve 6, and the thin-walled tube 7. The rod 
8 by which the valve was operated could be dis- 
engaged. Since liquid He? has extremely poor 
thermal conductivity, an additional copper lattice- 
work 9 was silver-soldered to the bottom of the 
copper-walled bath 4. This significantly improved 
the thermal contact between the warm lower and 
cooler upper layers of the liquid. 
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The temperature of the cold surface 3 was held 
constant with the aid of the electronic stabilizer 
mentioned above. The phosphor bronze thermom- 
eter 10, the signals from which, amplified and 
transformed, were applied to the heater 11, served 
as a temperature sensing device. The thermom- 
eter 10 was incorporated into a bridge circuit; the 
ballast resistance 12, placed in helium, served as 
its other branch. This arrangement made it pos- 
sible to maintain the temperature of the He? bath 
constant to an accuracy of 107-4°K. The He?® bath, 
together with the mixture reservoir, was sur- 
rounded by a vacuum jacket. 

Four resistance thermometers of 35-micron 
phosphor bronze wire (such thermometers pos- 
sess a linear characteristic from 2°K to 0.7°K) 
were prepared, in the manner described above 
(Fig. 2), for measurement of the temperature gra- 
dient in this apparatus. The thermometers were 
calibrated against the He® vapor pressure, which 
was measured with a MacLeod gauge. In addition, 
to provide standardization of the calibration curves, 
two resistance thermometers, made of 50-micron 
aluminum (13) and 53-micron cadmium wire (14) 
were wound onto the outside of the He® bath. The 
temperatures of the transitions of aluminum and 
cadmium into the superconducting state served 
as reference points. 

The heat flow was generated by the heater 15. 

In the work described here, measurements were 
carried out for solutions having three different con- 
centrations. The purity of the He® used in prepa- 
ration of the mixtures was determined mass-spec- 
trometrically,* and was not less than 99.9995%. 
The relative error in concentration of a mixture 
was 1% for the lowest concentration and 0.5% for 
the higher ones. 

Before passing on to a consideration of the re- 
sults obtained with the systems thus described, it 
is necessary to explain why it was required that 
the interior volume of the reservoir containing 
the mixture be divided into the cells formed by 
coiling the corrugated ribbons into flat disks. In 
the initial experiments the thermometers were 
wound onto flat rings of ivory. The coils in each 
of them were strung through specially-cut notches 
in the rings in such a manner that they lay in one 
plane. Joined together, the rings formed a cylin- 
der 18.2 mm in inside diameter. The thermal 
current was generated by a plane heater. The 
framework containing the thermometers and the 


*The He? mass-spectrometer analysis was carried out in 
the laboratory of N. E. Alekseevskii (Institute for Physics 
Problems, Academy of Sciences, U.S.S.R.). 
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heater was placed within the apparatus illustrated 
in Fig. 1, with the heater, to avoid convection, sit- 
uated at the bottom of the reservoir 1. The experi- 
ment was carried out in the same fashion as that 
described above. 

The results achieved in the measurements with 
thermometers of this construction were, briefly, 
as follows. With no power applied to the heater, 
no temperature differences were observed in the 
experimental volume. With heat flow present, a 
temperature gradient VT did appear, but this 
temperature distribution varied from experiment 
to experiment in such a way that for a given initial 
bath temperature and heat-flux the results varied 
by a factor of ten. The results of the measure- 
ments were so chaotic that it was difficult to dis- 
tinguish any regularity in them, save only that a 
dependence of VT on power was observed; the 
greater the power supplied to the heater, the 
smaller the temperature difference as compared 
with that to be expected for the given heat-flux. 
The impression was formed that some sort of sec- 
ondary convection currents were established in the 
reservoir, which led to a reduction in the concen- 
tration and temperature gradients. Inasmuch as 
for the solutions under investigation, below the A 
point, the density falls with decreasing tempera- 
ture’ —i.e., the denser layers of the liquid were 
located further down in the reservoir — these could 
not be currents due to natural convection. To avoid 
these secondary convection currents, therefore, the 
volume of the reservoir was divided into cells, of 


average cross-section area 0.6 mm?. 
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RESULTS OF THE MEASUREMENTS 


Preliminary results of the present work have 
already been published.’ In this article a more 
detailed treatment of these results will be carried 
out, and data obtained for a new mixture of con- 
centration € = 1.39 x 10~* He will also be pre- 
sented. 

As already mentioned, several thermometers 
were prepared for measurements of the tempera- 
ture in the experimental volume. This made it 
possible to clarify the nature of the temperature 
distribution along the direction of the heat flow. 
At high temperatures, for which heat transport 
takes place principally through the motion of the 
normal component of the liquid (Ky >a mn aXe) 
temperature varies along the direction of the 
heat flow in accordance with the formula? 
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where d is the height, To the temperature of the 
cold wall of the reservoir (at which x= 0), and 


K(T) is a function independent of concentration 
for which 
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Ky = K (Te. (6) 


Figure 4 shows several typical curves (a,b,c) 
obtained in this temperature region for various 
values of the power supplied to the heater (the y 
coordinate is the temperature difference AT in- 
dicated by the thermometers with and without the 
thermal current present, while the x coordinate 
is the distance of the thermometers from the cold 
wall). For comparison, curve d in the same fig- 
ure shows the function AT (x) characteristic of 
the opposite limiting case, in which heat is trans- 
ported chiefly by a mechanism analogous to ordi- 
nary thermal conductivity: for a power input the 
same as that for which curve c was obtained, a 
linear variation of AT with x is now observed. 

For control purposes, several experiments 
with pure He* were carried out using each appa- 
ratus. In these cases no temperature gradient 
was observed when the power was turned on: the 
thermometers all indicated a uniform rise in the 
temperature of the helium within the reservoir. 
This temperature rise resulted from the Kapitza 
discontinuity at the boundary between the liquid 
helium and the reservoir cover. For a given ther- 
mal flux the difference between the final and ini- 
tial (power-off) temperature of the helium in the 


reservoir increased as the bath temperature was 
lowered. 
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FIG. 5. Variation of the effective thermal conductivity of 
solutions of He*® in He* with temperature and concentration: 
cCurvesslu—se1— 1. 39) 10s curves! 2).— © = 1-32)< 10a: 
curves 3 — € = 1.36 x 107”; dashed curves are theoretical. 


The time required for establishment of the 
steady-state condition never exceeded 10 — 12 
minutes for any of the temperatures and concen- 
trations employed in the experiments. For a given 
mixture concentration and thermal flux this time 
decreased as the initial temperature in the reser- 
voir was lowered. Below 1°K, equilibrium was 
reached, practically speaking, in 1—2 min. For 
a given temperature, the equilibrium time also 
decreased with decreasing solution concentration. 

Knowing the temperature gradient and thermal 
flux, one can obtain the effective solution thermal 
conductivity coefficient kerf. Values of Keg for 
various temperatures and concentrations are given 
in the table.* 

The computations of Kerf were carried out in 
the following manner: at high temperatures, for 
which, with power applied to the heater, the steady 
state temperature distribution along the x coordi- 
nate had an exponential form (for example, Fig. 4 
a,b,c), use was made of Eq. (5). In this case, the 
experimentally-determined temperature differ- 
ences and thermal fluxes were used to derive val- 
ues of the function K(T), from which it was then 
possible to compute the value of Ke¢p for each 
given solution concentration. The values of the 
function K(T) are given in the table. 

For the case of a linear dependence of AT upon 
x (Fig. 4, d) the usual relation 


Q = — “er AT/d (7) 


was employed. 


*All data presented in the table are referred to the 1958 


9 
temperature scale. 
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The variation of the effective thermal conduc- 
tivity coefficient kere with temperature is shown 
in Fig. 5. The values of kee presented in the 
table and shown in the figure are averages of the 
values of kKeff computed for various heater input 
powers. The coefficients kef¢ were independent 
of the magnitude of the thermal flux. The statis- 
tical scatter in the values of Kefp Computed for 
varlous powers at a given temperature did not 
exceed 10%. 

For control, the measurements were performed 
using both types of apparatus described above and 
illustrated in Figs. 1 and 2. The results obtained 
from each (represented by the circles and crosses ) 
agreed well with one another. 

It is evident from Fig. 5 that the ke¢s(T) curves 
possess a minimum which, as the solution concen- 
tration is reduced, shifts toward lower tempera- 
tures. This behavior in the curves confirms the 
hypothesis of the dual nature of heat transfer in 
a weak He®-He! solution. Specifically, in the high 
temperature region lying to the right of the tem- 
perature of the minimum (Tyjn) the effective 
thermal conductivity coefficient Kop falls with de- 
creasing temperature. This implies that in this 
region the predominant heat transport mechanism 
is that of motion of the normal component of the 
solution as a whole toward the cold end of the res- 
ervoir (i.e., the case ky > Kk). 

At temperatures to the left of Tmin, the coeffi- 
cient increases with decreasing temperature. This 
means that the further the temperature lies below 
Tmin, the greater is the part played in the process 
of heat transfer from the heated to the cold end by 
a mechanism analogous to ordinary heat conduc- 
tion (in which the thermal energy is transferred 
by the diffusion of thermal excitations), and, 
since the number of thermal excitations falls with 
decreasing temperature —i.e., their mean free 
path increases — the thermal conductivity coeffi- 
cient and, in consequence, the effective thermal 
conductivity coefficient (kerp =) must grow 
(the case for which xk > ky). 

In the vicinity of the minimum, clearly, both 
mechanisms make equal contributions to the heat 
transfer process in the solution (ky ~ «). 

Values of the thermal conductivity coefficient 
for the case k = Keff are given in the table. From 
comparison of the x’s obtained for various con- 
centrations it is evident that at low temperatures 
the impurities cause a fundamental change in the 
magnitude of x: for a given temperature the value 
of the coefficient x becomes smaller as the He? 
concentration of the solution increases. At tem- 
peratures below 1.1°K the principal role in the 
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FIG. 6. Impurity mean free paths (€, = 1.39 x 10~*; ©, 
= 1.32 x 107°; €, = 1.36 x 10°’). Cross section for scattering 
of phonons by impurities as a function of temperature. 


heat conduction process is played by the scatter- 
ing of phonons by impurities, which leads to a re- 
duction in the phonon mean free path. 

In the table are also given the values of the 
diffusion coefficients D, derived from the Keg¢ 
in the alternative limiting case Ky > x. For the 
mixtures having He® concentrations ¢€ equal to 
1.32 x 10-3 and 1.39 x 107*, it was found possible 
to determine the coefficients D over the temper- 
ature interval from 2.15 down to 1.2°K. In this 
region diffusion is governed by the scattering of 
impurities by rotons, and here the diffusion co- 
efficient increases exponentially with decreasing 
temperature. Inasmuch as the values of the co- 
efficient D obtained for solutions of differing 
concentration agree well with one another, one 
may conclude that for weak solutions the diffu- 
sion coefficients are independent of concentra- 
tion. The absolute values of D are in good agree- 
ment with the data of Beenakker et al.!° as well as 
with the results of Garvin and Reich, !! who used a 
spin-echo method for determination of D. 

The results of these experiments on the proc- 
esses of heat conduction and diffusion permit the 
calculation of several quantities characterizing 
the interaction and scattering laws for elementary 
excitations. The following values were used here 
for the parameters of the roton energy spectrum: 
Ar/k = 8.65°K, py/fi = 1.92 x 108 cm=}, and pu, 
SiS: ci hem 

The value » = 8.5 my (m, is the mass of the 
proton) was used for the effective mass of an im- 
purity. The cross section ojy for scattering of 
impurities by rotons was calculated. The charac- 
teristic time for impurity-roton scattering, re- 
quired for this purpose, was computed from the 


TAP ee ares 


experimental value of Kgr¢, taken at east l geese 
for a mixture of concentration € = 1.39 x 107. 
The absolute value of ojy is 2.2 x 107! cm’. 

According to the theory of Khalatnikov and 
Zharkov? the thermal conductivity coefficient k 
is made up of roton, phonon and impurity compo- 
nents: K =Kyr + kph + Kj. For the solutions used 
in these experiments below 1.1°K, the phonon 
component of the thermal conductivity is much 
greater than the sum of the roton and impurity 
components of «. From the values of the thermal 
conductivity coefficient « in this temperature re- 
gion one can compute the effective cross section 
Oph i for scattering of a phonon by an impurity. 
In the present work the value 


Ophi = 2.7-10717 67° cm? 


is obtained for 0,};, where 6 is a certain func- 
tion of the parameters characterizing the impur- 
ity energy spectrum which, as follows from refer- 
ence 3, has the form 6 =A+B/T. Inasmuch as 
the function 9A; /ap (Aj is the zero-point energy 
of an impurity excitation) was not known, Khalat- 
nikov and Zharkov® assumed 6 to be of order 
unity. For the function 6, however, as determined 
from the experimental values obtained in the pres- 
ent work for the phonon contribution to the ther- 
mal conductivity, it is necessary to have 6 = 10/T 
(A <B). 

An article has just appeared, by Staas, Taconis 
and Fokkens, ” in which data are presented on the 
viscosity of solutions. They have found for a cer- 


tain quantity 6 the value 1.86. As follows from 
Zharkov’s theory of viscosity,® 6 is a function of 
the temperature and of the parameters determin- 
ing the impurity energy spectrum. Since, however, 
the dependence of Aj upon p was unknown, it was 
assumed in this theory that 6=1. It was pointed 
out in reference 13 that the 6 in the thermal con- 
ductivity theory should differ slightly from the 6 
appearing in the viscosity theory. It is difficult, 
however, to make a comparison of these quanti- 
ties, as calculated from the experimental data on 
viscosity and thermal conductivity, since in the 
paper by Staas, et al.!? it is not stated at what 
temperatures 6 was determined, nor what values 
were assumed for the theoretical parameters. 

The temperature dependence of the phonon- 
impurity scattering cross section under the con- 
dition 6 = 10/T is shown graphically in Fig. 6. 
Using this expression for 6, we obtain for the 
derivative 9A; /dp 


OA,/Op = 4.6 k/p 
(k is the Boltzmann constant). 
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Using the cross section oj ph Obtained from 
the experimental results and the value 6 = 10/7 T, 
and making use of the relations (6.7) and (7.9) of 
Khalatnikov and Zharkov’s paper,® one may com- 
pute theoretical curves for the temperature de- 
pendence of the effective solution thermal conduc- 
tivity. These curves are shown dashed in Fig. 5 
over the regions where they deviate from the ex- 
perimental curves. It is evident from Fig. 5 that 
for curves 1 and 2 the experimental and theoretical 
values agree well, within their limits of accuracy, 
except in the temperature range above 1.7°K. 
Above 1.7°K the curves begin to diverge. It should 
be remarked that the theory developed in reference 
3 is correct only for the case in which the rotons 
constitute anideal gas. Attemperatures above 1.7°K 
it is possible to make only a qualitative compari- 
son with the theory. A greater divergence between 
the experimental and theoretical values is found 
for the mixture of concentration € = 1.36 x 1072 
He®. The experimental curve has a less pronounced 
minimum than would be expected, and deviates from 
the theoretical curve over the whole temperature 
range (except at the points of intersection). This 
solution can evidently no longer be regarded as 
a weak one. 

The impurity mean free paths were calculated 
from the cross sections for the scattering of the 
impurities by phonons and rotons obtained from 
the experimental data. The temperature depend- 
ence of the mean free paths for collisions of im- 
purities with rotons (J;,) and with phonons (J; ph) 
is shown in Fig. 6. For comparison, the same fig- 
ure also shows the path lengths for impurity- 
impurity scattering (jj). It is clear from the 
figure that in the low temperature limit the mean 
free paths exceed by hundreds of thousands of 
times the mean interatomic distances. Such large 
values for the mean free paths cannot of course be 
explained, if helium is regarded as an ordinary 
liquid, since if it is assumed that the He? atoms 
are scattered by atoms of He‘, such path lengths 
could be obtained only for a He‘ density of 8 x 107° 
g/cm’, These results again bear out the Landau- 
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Pomeranchuk viewpoint that impurities in liquid 
helium below the ) point interact with the excita- 
tion quanta — the rotons and phonons. 
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gratitude to Professor V. P. Peshkov for his con- 
stant assistance in this work, and for his valued 
advice; to Professor I. M. Khalatnikov and R. G. 
Arkhipov for valuable discussions; to V. N. Zhar- 
kov and A. Andreev for their aid in consid- 
ering the results of the present article; to A. I. 
Filimonov and Yu. N. Ippolitov for their assist- 
ance in assembling the apparatus; and also to 
B. D. Yurasov, who prepared the intricate glass 
parts of the apparatus. 
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Results are presented of an experimental study at various temperatures (290, 77, and 4.2°K) 
of the electronic paramagnetic resonance of the Fe?* ion in corundum. Spin lattice relaxation 
times were measured at 4.2°K. The constants of the spin Hamiltonian and their temperature 


variation were determined. 


‘The electronic paramagnetic resonance (e.p.r.) 
spectrum of the Fe®* ion in corundum was first 
studied by the authors in 1957.! It was shown sub- 
sequently” that this material can be used to make 
a paramagnetic amplifier. This served as one of 
the reasons for a more detailed study of the Fe?* 
ion e.p.r. in corundum. 

As is well known, the ground state of the Fe®* 
ion is a °S-state with electronic configuration of 
the unfilled shell 3d°. Since the orbital momentum 
is zero in this case, to explain the existence of fine 
structure in the e.p.r. spectrum we must consider, 
apart from the ground state, higher impurity en- 
ergy states, corresponding to other electronic 
configurations. The mechanism that gives rise 
to the splitting of the °S ground state has been 
discussed theoretically by a number of authors, 
who have analyzed the various types of high-order 
perturbations, taking into account the effect of the 
electrostatic field of the crystal, spin-orbit coup- 
ling, and magnetic spin-spin interaction. 

The investigations we previously made! in the 
frequency range 25 —40 kMc enabled the form of 
the spin Hamiltonian and the values of its con- 
stants to be determined at room temperature 
(290° K) for a paramagnetic ion concentration 
(Fe:Al) of 0.01 — 0.02% (and not 0.1%, as was 
erroneously stated in reference 1). We have also 
reported’ that the constant D is positive. This 
was established by comparing the relative inten- 
sities of the e.p.r. lines at 290 and 4.2°K. The 
experiments referred to were made at a wave- 
length of about 0.8 cm. From the fact that the 
sign of the constant a—F is the same as that of 
the constant D, it follows that it, too, is positive. 

In the present paper the results are given of 
more accurate measurements of the e.p.r. spectra 
for the cases when the trigonal axis of the crystal 
is parallel or perpendicular to the direction of the 
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external magnetic field (for brevity we will call 
these the parallel and perpendicular orientations ); 
the measurements were made at frequencies in the 
range 9 —10kMc at temperatures of 290, 77, 4.2 
and 2°K. From these measurements the values 
of the spin Hamiltonian constants were found at 
the various temperatures. Direct measurements 
were also undertaken of the initial splitting of 
the ground state energy levels (in zero magnetic 
field) at temperatures of 290 and 4.2°K, and of 
the spin-lattice relaxation time 7, at 4.2°K. The 
paramagnetic ion concentration in the specimens 
studied was 0.02 and 0.002%. 

As was shown in reference 1, the e.p.r. spec- 
trum of the Fe®* ion in corundum can be inter- 
preted with the aid of the spin Hamiltonian:® 


HH = gBHS + D[S2—4S(S + 1) + falSi 4+ 8,4 8! 
— ;S(S + 1)(8S? + 3S — 1)] 
a. a= P1858) 308 (Sse 1)S24-05 S222 6S (Say 
See (Sie (1) 


where g is the spectroscopic splitting factor, as- 
sumed isotropic, 8 is the Bohr magneton, H is the 
vector magnetic field strength, § is the electronic 
spin operator (Si is the operator projecting it on 
the corresponding axis) with eigenvalue S = ee 

a is the constant of the cubic crystal field, D and 
F are the constants of the trigonal crystal field of 
the second and fourth order, respectively. The co- 
ordinate system én¢ lies along the cubic axes of 
the crystal field, and the z axis is directed along 
the trigonal axis of the crystal, which is also the 
[111] axis of the system éné. 

When the Fe®* ion replaces the Al3* ion iso- 
morphously in the crystalline lattice of corundum, 
there are two nonequivalent cases, differing in the 
directions of the cubic axes of the crystal field. 
The three cubic axes of one type of ion can be ob- 
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FIG. 1. The coordinate axes used in the expressions for 
the spin Hamiltonian of the Fe*+ ion in corundum. €'n'C' and 
€"n" €" are the projections of the mutually perpendicular axes 
of the cubic crystal field for the first and second systems of 
non-equivalent ions, respectively. (The axes themselves are 
inclined upwards.) z is the axis of the trigonal crystal field 
(directed vertically upwards). The x axis bisects the angle 
between the projections of the cubic axes &' and meOle 
and OL" are lines used for calculating the Euler angles Pp, 
and ¢, for the first and second system of ions, respectively. 


tained by reflecting the corresponding three axes 
of the other type of ion in the plane perpendicular 
to the trigonal axis (xy), or by rotating it through 
60°. When the axes are labelled as in Fig. 1, the 
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APA 
Euler angles for transforming from the coordi- 
nates xyz to the coordinates éné are, for the 
first system (é'n’¢’), 
gi = 0, 0 = 54°44’, o, = 45°, 
and for the second system (é”n"¢") 
qi = 180°, 6 = 54°44’, we = 45°. 
After introducing the dimensionless coeffi- 
cients 
hp = CHD (t= ey, 2), 
a=a/D, 
== OD), (2) 


substituting S = % in (1), and, for simplicity, 
changing S(S+1)/3 = *, into % (this changes 
the Hamiltonian trivially by a constant), and after 
the necessary transformations, we obtain, in the 
representation that makes the matrix operator o 
diagonal, the Hamiltonian matrix for the Fe®* ion 
in corundum in the following form: 


— +h, +5—4 Ve ae 0 + ip 0 0 
Ls —Sh,4+1+1  Wiat 0 0 0 
0 fe py 0 + ip 
= ip 0 She gh,-1— F Von 60 (3) 
0 0 0 Vii gh tity Vege 
0) 0 + ip 0) Ve sh,+5—+ 
(Ss i a i OA 


For the matrix elements with plus-or-minus 
sign, the upper sign corresponds to the first, and 
the lower sign to the second system of non-equiv- 
alent ions. Inspection of the matrix (3) shows that 
the constant f is present only in the combination 
(a—-f) with the constant a. The constant a also 
appears in terms with plus-or-minus signs, and, 
on changing the sign of a, the Hamiltonian matrix 
for one system of ions transforms into the matrix 
for the other system. Since it is impossible to es- 
tablish which sf the two experimentally observed 
spectra corresponcs to which system of ions, it 
follows that by measuring the positions of the e.p.r. 
lines it is impossible to determine either the value 
of the constant f (except in the combination a—f), 
or the sign of the constant a. 


For the parallel orientation (hz =h, hx = hy = 0), 
the sixth-degree secular equations for both systems 
of ions are equivalent, and can be factored into two 
linear and two quadratic equations. In this case 
the energy levels depend on the value of the exter- 
nal magnetic field h as follows: 


en= +h+2— 5 (a—f) 

+ V (9h + [18 + (& — fy? + 80.0%, 
és2=+3h+14+(a—f), 
@41 = —h+2—5 (o—f) 

+1 V @Qh—[18 + (#—f)P + 800°. (4) 


The energy levels are numbered in order of in- 
creasing energy in strong magnetic fields. The 


FIG. 2. The variation of the energy levels of the Fe*t ion 
in corundum with the magnetic field for the parallel orientation 
(6 = 0°). The arrows indicate the resonance transitions when 
radiation with frequencies in the range 9—10 kMc is used (full 
arrows for the case v > v", broken arrows for the case v <v’). 
The numbers on the curves give the numbers of the levels in 
order of increasing energy in strong magnetic fields. The axes 
are marked in dimensionless units: €=E/D, where E is the 
energy of the level; h = g@H/D. 


variation of the position of the energy levels with 
the magnetic field h is shown in Fig. 2.* 

The wave functions gj of the corresponding en- 
ergy levels €; can be expanded in terms of the 
eigenfunctions ~, of the operator §,, where k = 1, 


Deere 6 corresponds to its eigenvalues with M 
==), = %,, Pere /ot 

1 = apr - lo2tps, pz = pe, ps = Birps + iPorpe, 

Qa = lap. — arpa, @s = ps, oe = iPerps — Bite. (5) 


Here 


a1 = (asa — €1)/ V (au 1) 9p 


a2 = p/ V (asa — €1)? — p’, 
Bi = (aes — es)/ V (ase — €3)2 — po, 
Bz = p/V (ase — es) — p*, 


ajj are the corresponding diagonal terms in (3), 
and p = (2V5/3)|a|. 

When radiation with a frequency in the range 
9—10 kMc is used, five e.p.r. lines can be ob- 
served. The first, fourth, and fifth (in order of 
increasing value of the magnetic field at reso- 
nance) correspond to transitions 3 «+> 2, 2<—3 
and 1 ~~ 2 (the first number is the number of the 
lower level, and the second, the number of the 


*The solution of the secular equation in this case has also 
been considered by Vinokurov, Zaripov, and Yafaev.” 
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upper level). For frequencies v < v’ the second 
and third lines correspond to the transition 3 <— 1, 
but for frequencies v > v” they correspond to the 
transition 2<~4. The frequencies v’ and v” are 
certain critical frequencies, the values of which de- 
pend on temperature, as do the values of the spin 
Hamiltonian constants. If vp’ < v< v”, the second 
and third lines are generally not observed. The 
values of v’ and v” can be calculated, if the val- 
ues of the spin Hamiltonian constants are known, 
from the condition 9(A¢e)/dh = 0, where Ae is 

the energy difference between the first and third, 
or fourth and second levels. These conditions re- 
sult in the expressions 


hv’ ~2D+4+-(a—F)—+V10|a|+a\a\*/D, (6) 


9 27 


F) + 4V 10 |al. 7) 


hy" = 2D—* (a 5 
As can be seen from (6) and (7), if frequencies are 
used which are close to v’ or v” (but do not lie 
between them), it is possible to determine the 
value of |a| from terms of the same order of 
magnitude as the terms which contain a—F (we 
recall that in reference 1 the value of |a| was 
found from terms which were second order per- 
turbations, and this led to a lower accuracy). This 
fact was taken into account when the frequencies 
used in the study of the e.p.r. spectrum were 
chosen. 

The e.p.r. lines were observed with the aid of 
a reflection type radiospectrometer. Accurate 
orientation of the crystal relative to the direction 
of the external magnetic field was obtained with a 
resonator of special construction, which allowed 
the crystal to be rotated about two mutually per- 
pendicular axes in the course of the experiment. 
The frequency of the microwave source was sta- 
bilized with respect to the spectrometer resonator; 
the absolute frequency error was continuously con- 
trolled, and did not exceed 0.2—0.3 Me. To meas- 
ure the magnetic field strength proton nuclear mag- 
netic resonance was used. The diameter of the 
pole pieces of the electromagnet used in the ex- 
periments was 260 mm, and the distance between 
the pole pieces was 30 —65 mm. To increase the 
accuracy of measurement, the distribution of the 
magnetic field in the gap between the poles was 
explored, and the paramagnetic crystal and proton 
transducer of the field measuring device were 
placed at points whose field values differed by less 
than 0.005%. 

It was established in the course of the experi- 
ments that, when working at frequencies such that 
v>v”, an operating frequency could be chosen 
closer to the critical frequency than when working 
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ION IN CORUNDUM 3 
Table I 
Resonance magnetic field values (oe) correspond- 
Tempera- Frequen- ing to various transitions 
ture, °K | cies Mc 
3<—> 2 2<- > 4 2<—>4 2<> 1++2 
290 9641.7 752.0 3489.3 3095 ,6 7624.8 | 410147.2 
~ (752.5) *) (3490.5) | (3595.3) | (7624.6) | (10146.8 
77 9838.4 oe 3589.3. | 3658.3 | ‘7780:9. | 0368.1 
778,7) | (3587.7) | (3657.6) | (7789.7 10363 .0 
4.2 | 9846.8 179.4 3092.8 3663.0" 7798.0 cae 
(779.8) | (3592.5) | (3662.5) (7798 .0) (10375, 7) 


*In brackets are given the values calculated from the spin Hamiltonian 


constants given in Table II. 


Table II 
a 
Values of the spin Hamiltonian constants for the Fe’* 
Constants ion* in corundum 
at 290°K | at 77°K at 4.2°K 
g 2.0030 + 0.0006 2.0032 + 0.0007 | 2.0029 + 0.0007 
D, Oe +1796.4+0.4 sin Koko o)g7} ac 0)a(6} i Moker) ae O) (6) 
a—F, Oe ak. 393.2 +0.4 Seo ODn Os Ole ae Borin (as ORG) 
|a|, Oe 248.7 = 1.0 Zsa al sasetl c Zao) 25 Le) 


*Fe*+ ion concentration < 0.02%. 


at frequencies such that v < v’. When the fre- 
quency approached the critical value v’, the e.p.r. 
lines corresponding to the transition 1<—~ 3 
smeared out more rapidly than the lines corre- 
sponding to the transition 4 ~~ 2 when the other 
critical frequency v” was approached. Since the 
values of the spin-Hamiltonian constants, and, 
consequently, the quantities v’ and v”, depended 
on temperature, the radiation frequency used in 
the experiments at various temperatures also 
varied. The frequencies lay in the range 9000 — 
9200 Mc (v < vp’), and 9600 — 9850 Mc (v>v”). 

In Table Ia summary is presented of the ex- 
perimental data on the positions of the e.p.r. line 
peaks in the magnetic field for the parallel orien- 
tation, measured at frequencies v > v” and at dif- 
ferent temperatures, for specimens with 0.02% 
Fe?* ion concentration. For comparison, the 
brackets contain the values of the resonance fields 
calculated on the basis of the spin-Hamiltonian 
constants found from these measurements and 
given in Table II. Measurements made at frequen- 
cies v< vp’ gave results in agreement with meas- 
urements at v > v”. 

The width of the first, fourth and fifth lines, 
measured between the half-intensity points, was 
10 + 2 oe for the specified paramagnetic ion con- 
centration, and did not depend on temperature. 
The widths of the second and third lines depend 
greatly on the radiation frequency chosen, since 
the corresponding transitions occur in a region 
where the derivative 9¢/dh for the fourth or third 


levels changes sign. Usually the quantity Av 
= v—v" (v’—v) was chosen, so that the width of 
these lines was 20 — 30 oe. 

Measurements at a temperature of about 2°K 
showed that the values of the spin-Hamiltonian 
constants at this temperature did not differ from 
the values at 4.2°K. 

At 290°K measurements were also made of the 
e.p.r. spectra for the parallel orientation on speci- 
mens with paramagnetic ion concentrations of 
0.002%. These measurements showed that the 
possible deviation of the constants from the val- 
ues given in Table II does not exceed the limits 
of experimental error. The line width in this case 
is 10 — 20% smaller than when the concentration is 
0.02%. This shows that magnetic dipole-dipole in- 
teraction of the paramagnetic ions is already start- 
ing to have a significant effect in the range of con- 
centrations considered. 

The shape of the lines is intermediate between 
Gaussian and Lorentzian, and its character does 
not change in this concentration range. When the 
concentration of the Fe** ions is further dimin- 
ished, the widths of the e.p.r. lines remain prac- 
tically unchanged. 

It is seen from our results that the values of 
the constants D, a—F, and |a], all increase as 
the temperature is lowered, but that the value of 
the constant g is practically unchanged. The val- 
ues obtained for the constants agree with the re- 
sults of Bogle and Simmons,*° with the exception 
of the constant |a|, which they found to get 
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Table III 
nn EEEEE SENG 
T Se ep ONT bY xp. bYcalc. 
hone value of field value of ray Gb 
ae ae value (oe) 2) Cedee 
290 1.9138 13554 1.9138 rmeul 
(v=9640.5 Mc) 3394.5 Vaile) 0,005 
7294.0 129468 OLS 
77 1.9109 1381.1 1 9097 0.06 
(V=9838.5 Mc) 3467.6 AE OLOT 0.01 
7449 .6 4.9115 0.03 
a2 4.9105 1383.8 1.9106 0,005 
(v=9846.6 .Mc) 3470.2 1.9099 0.03 
7456.3 AR On26 (0). 41 


smaller as the temperature was decreased. They 
obtained this result, apparently, because the crys- 
tal was not oriented sufficiently accurately. 

For the perpendicular orientation of the crystal 
(hy =h, hg = hy = (0), the sixth order secular de- 
terminant for the energy levels can be written as 
the product of two third order determinants: A 
= A,A_ =0, where 


(8) 

Analysis of the secular equation shows that the en- 
ergy spectrum does not change when the crystal is 
rotated about the trigonal axis while this remains 
perpendicular to the direction of the magnetic field. 
This prediction agrees with experiment. 

The behavior of the energy levels for the per- 
pendicular orientation is shown in Fig. 3. Three 


-16| 
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FIG. 3. Variation of the energy levels of the Fe*+ ion in 
corundum with the magnetic field for the perpendicular ori- 
entation (@ = 90°). 


e.p.r. lines are observed in this case, to which 
are added two other lines for some radiation fre- 
quency values; the latter two lines correspond to 
transitions between levels 2 and 3 (they are shown 
in Fig. 3 by broken arrows). It was ascertained 
how well the spectrum for the perpendicular ori- 
entation could be described by the spin Hamilto- 
nian (1) with the values of the constants found from 
the spectrum in the parallel orientation. To do this, 
the energy difference of the levels between which 
the corresponding resonance transition occurs was 
calculated, using the values for the constants from 
Table I, for each of the experimental values of the 
resonance magnetic field. The value obtained was 
compared with the quantum of radiation used. The 
results of this comparison are given in Table III. 

Direct measurements were also made on the 
initial splitting (in the absence of magnetic field) 
between the neighbors of the spin doublets in the 
°S ground state at 290 and 4.2°K. The following 
results were obtained: 


T = 290° K fie 
Ai, Me: 1176824 (11759 +6) 12046+13 (1204446) 
Az, Me: 18873+11 (1886646) 19298 3 (192916), 


where A, is the energy difference between the 
middle and lower doublets, and A, is the energy 
difference between the middle and upper doublets. 
For comparison are given in brackets the values 
of A; and A, calculated from the spin Hamiltonian 
constants (see Table II) by the formula obtained 
from (6) when h = 0: 

5 @4+(D—4(a— F)}. 


Avie y epee 
(9) 


The agreement between the experimental and cal- 
culated values indicates that the spin Hamiltonian 
(1) also describes well the energy levels of the Fe? 
ion in corundum when the value of the external 
magnetic field tends to zero. 

Preliminary experiments made at 290°K on 
specimens with Fe®* ion concentrations of about 


20 
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0.2 and 0.5% showed that in this case a marked de- 
pendence is observed of the spin-Hamiltonian con- 
stants on the paramagnetic ion concentration. 

The method of pulse saturation was used to 

measure the values of the spin-lattice relaxation 
times T, at 4.2°K. The measurements were made 
at a wavelength of 3.2 cm. The transition corre- 
sponding to the first e.p.r. line in the parallel ori- 
entation was studied. The time T, was (12 +1) 
x 107? sec for an Fe** ion concentration of 0.002%, 
and (8 +1) x 107° sec for a concentration of 0.02%. 
The relaxation process in both cases was described 
by a single exponential. 

The authors thank R. P. Bashuk and A. S. Beb- 
chuk for providing the specimens for the studies, 
the late G. A. Feshchenko for fruitful discussions, 
and V. A. Kozlov and N. G. Slovetskaya for help 
with the measurements. 
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Results of calculations and experiments on the energy spectrum of cosmic-ray photons in the 
stratosphere (in the energy range from 50 to 3000 kev) are presented. 


lr is customarily assumed that the main source 
of low-energy photons (tens of kev and more) in 
the cosmic rays of the stratosphere is electron 
bremsstrahlung. It is of interest to verify this 
premise by calculation and experiment. We pro- 
pose that the following calculations indicate that 
this assumption is not justified for the softest part 
of the spectrum of the stratosphere photons. 

At not too high altitudes in the stratosphere, 
owing to electromagnetic cascade multiplication, 
the energy spectrum of the electrons or photons is 
the average of a large number of superimposed 
cascades from different generations. The photon 
spectrum in the stratosphere will therefore be 
close in form to the equilibrium spectrum (inte- 
grated over the depth) obtained in the theory of 
cascade showers.’ In addition, the energy spec- 
trum for the photons of energy many times 
smaller than the energy of the electrons or photons 
which give rise to avalanches, will be independent 


of the initial energy of the photons and the electrons. 


As shown by us earlier,” such a theoretical inter- 
pretation is well justified experimentally when it 
comes to the low-energy electrons in the strato- 
sphere. 

Belen’kii! gives for the equilibrium spectrum of 
the photons the following integral equation 


\ P(E’) We (E’E) dE’ —o(E)T (E) 


EB 
(ee) 


+ \ T(E) W; (E’E) dE’ =0, 
E 
where I’(E) is the sought photon distribution func- 
tion, P(E’) is the electron distribution function, 
jy 
3 (E) = \ [W, (EE’) + Ws (EE’)\dB’ 


0 


(1) 


is the total photon absorption cross section along a 
unit cascade path, and We, Wp, and Wx are the 


cross sections on a cascade unit path of the elec- 

tron bremsstrahlung, pair production by photons, 

and Compton scattering of photons, respectively. 
The first term of Eq. (1) is the number of 

bremsstrahlung photons of energy E generated on 

a unit path. As a good approximation, We(E’E) 

= A/E (case of total screening), and 


| P(E’) dE’ = N(E) 

E 
is the equilibrium electron integral spectrum, the 
expression for which was given in reference 1. 
The second term of the equation is the number of 
photons of energy E absorbed on a unit path. The 
third term of the equation takes into account 
photons with energy E, obtained by Compton 
scattering from photons with energy E’> E. 

The complexity of the expression for Wk in (1) 
makes it difficult to solve the equation in general 
form. Solutions were obtained for the simplified 
formulas Wk = g/E’E (Belen’kii!) and Wk 
= (g/E’E) [1+ ( E/E’)?] (Isaev*®). The exact 
expression for Wk in (1), given by the well known 
Klein-Nishina and Tamm formula, has the form 


tel (B) 


Here E’ and E are the energies of the primary 
and secondary photons, in Mev, mc? is the elec- 
tron rest-mass energy, and g = 1.32 Mev. 

The foregoing approximations are not good 
enough for photons with energies less than 4—5 
Mev. We have attempted to obtain a solution of 
(1) by using the exact expression for Wk(E’E) in 
(2)\2 


Let us introduce 


WrtE B) 2mc? (me)? (EB — er] 


ee (Ese) inp ea 


E’2 (E’ i 
(2) 


(3) 
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After substituting [(E) in (1) we obtain for 
Z(E) the expression 
Ey 


E \ W,,(E’E) (4) 
) 


A—Z(E) > ane Pay NE )Z(E) de =0. 


Unlike the methods of references 1 and 3, in which 
the photons involved have relatively high energies, 
the upper limit of the integral in (4) is in general 
not infinite, for E, becomes infinite only when E 
= 0.25 Mev. For smaller values of E, the upper 
limit of E; is determined from the well known re- 
lation E = mcE, / (mc? + 2E;), obtained from the 
energy and momentum conservation laws in the 
Compton scattering of photons. 

The solution of (4) is sought in the form of a 
series in powers of uy <1, a parameter introduced 
as a factor in the third term of (4): 


Z (E) = d\"Z, (E). (5) 


Naturally, such a solution will correspond to our 
problem when yw =1. Substituting the series (5) 

into (4) and equating the terms of like powers of 
p. to zero, we obtain the terms of the series 


ree 
E 2 W (EE) T £ / tf 
Li A=7H \ ae N (E') Zo (E’) dE’ , 
s (6) 
E o Wait E) J if: / 
i= wey} Pay NE’) Zs (E') 4’... 


For sufficiently small values of E we have A 
= 1.3 (see reference 1). 

In view of the complexity of the integrand, the 
integrals were evaluated numerically. The series 
(5) converges rather rapidly also when yp = 1. The 
remainder of the series amounts to not more than 
1% of the sum of the first five or six terms. For 
low energies, from 0.02 to 0.1 Mev, the values of 
6(E) in (3) and (6) were taken with account of the 
photoabsorption effect. The calculated differential 
spectrum of the photons is shown for the case of 
air in the figure, curve 1. The ordinates show the 
ratio of the number of photons with energy E ina 
1-Mev interval to the total number of equilibrium 
electrons, Ne = E,/f§, and the abscissas represent 
the photon energy. Curve 2 is for the integral 
spectrum. 

The experimental data on the intensity of low- 
energy photons in the stratosphere have been ob- 
tained by measurements with the aid of a scintilla- 
tion counter. The apparatus consisted of a cylin- 
drical 40 x 40 mm Nal(T1) scintillator with 
FEU-1S photomultiplier. Connected to the output 
of the photomultiplier was a two-stage amplifier 
and the electronic portion of the circuit, used to 
broadcast the number of flashes in the scintillator. 
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Curve 1 — differential spectrum of photons in air: ordi- 
nates — ratio of equilibrium number of photons with energy E 
in a 1-Mev interval to the total number of cascade electrons; 
abscissas — photon energy E; 2 — corresponding integral 
spectrum of the photons; 3 — calculated ratio of the frequency 
of flashes in the crystal to the total number of electrons, as 
a function of Ejp,; 4 — experimental ratio of frequency of 
flashes in the crystal to the total number of electrons, as a 
function of E;¢p,. 


A voltage divider was inserted between the output 
of the photomultiplier and the amplifier in order to 
set the threshold for the registration of a specified 
pulse amplitude, corresponding to an energy release 
in the crystal, Ethr, greater than 50, 85, 170, 480, 
1700, and 3200 kev. The measurements have been 
carried out at geomagnetic latitude 51° and altitudes 
up to 33 —35 km. The results of the experiment, 
pertaining to the altitude at which the photons had 
maximum intensity (100 g-cm™) are shown dotted 
in the figure. The ordinates represent the ratio of 
the frequency of the scintillations in the crystal, 
after subtracting the scintillations corresponding 
to charged particles, to the total number of elec- 
trons at the same altitude. The abscissas repre- 
sent the value of Ethr ( to obtain the number of 
scintillations per second produced in the crystal 
by the photons, it is necessary to multiply the ordi- 
nates of curve 4 by 18). 

The experimental data obtained are comparable 
with the expected integral spectrum of the recoil 
electrons in the crystal due to photons. The inte- 
gral spectrum of the recoil electrons in the scin- 
tillator was determined by first calculating the 
equilibrium spectrum of the photons and using the 
data on the cross section of the absorption of the 
photons in the Nal(T1) crystal as a function of 
their energy.’ The results of these calculations 
are represented by curve 3. As can be seen from 
the figure, the total flux of registered photons is 
practically three times greater than expected. The 
discrepancy is less significant for photons with 
energies greater than several Mev. There is little 
likelihood that this disparity in the spectrum can 
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be attributed to inaccuracy in the measurements. 
This inaccuracy is less than 10 or 15%, and the 
accuracy of the numerical calculations is approxi- 
mately 10%. 

It should be noted that the experimental data on 
the spectrum of the photons obtained at other alti- 
tudes, both before and after the maximum of the 
intensity curve, practically coincide with the data 
at the maximum. In addition, the ratio of the total 
number of registered photons to the total number of 
electrons also depends little on the altitude. These 
features of the altitude dependence speak in favor 
of a cascade origin of the low-energy photons in the 
stratosphere. It is difficult at present, however, to 
draw any final conclusion concerning the causes of 
disparity between the experimental and calculated 
data. 


and T. N. CHARAKHCH’ YAN 
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The electron paramagnetic resonance spectrum of Mn2* in the Srs crystal lattice is inves- 
tigated. The constants of the spin Hamiltonian describing the observed spectrum are deter- 
mined. The cubic field constant a is estimated from the anisotropic line broadening for the 
transitions M = + ¥, = 35 Ip in powder. The spin-lattice relaxation time at room temperature 
T,=5 x 107° sec, is determined from the difference in the width of the M = v —_ -Y, tran- 
sition lines at 300 and at 77°K. The low value of the hyperfine-structure constant A indi- 
cates that the coupling between the Mn?* ions and the surrounding ions of the crystal lattice 


> 


is of a covalent nature. 


IMs investigators have studied in detail the 
paramagnetic resonance of Mn?* ions in various 
crystals (see, for example, references 1—4). The 
ground state of Mn?*, 8S has zero orbital momen- 
tum and to a first approximation is not split by a 
crystalline electric field. However, significant 
splittings of the energy levels by a crystalline 
field have been found in many crystals. These 
splittings are due to admixture of higher states, 
with non-zero orbital momentum, to the °S state. 
The degree of admixture of states depends appre- 
ciably on the symmetry and magnitude of the crys- 
tal field. 

The case of a cubic field is of considerable in- 
terest. Watanabe° has analyzed the splitting of the 
6S state by a cubic field in detail theoretically, and 
has also compared his calculation with the exist- 
ing experimental results for Mn?* and Fe?*. We 
should note, however, that although Watanabe’s 
calculations agree qualitatively with the experi- 
mental data, there are in some cases considerable 
quantitative disagreements between the theoretical 
calculations and the experimental data. 

We have investigated the paramagnetic reso- 
nance of Mn?*+ in the SrS crystal lattice, which 
has cubic symmetry. The specimens studied were 
polycrystalline and contained about 0.05% of Mn?+ 
ions. The measurements were made at room tem- 
perature and at liquid nitrogen temperature at a 


FIG. 1. Paramagnetic resonance spectrum of Mn?+ 
in SrS, observed at 77°K. The magnetic field increases 


to the right. 


n= 
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frequency v = 9,300 Mc/sec. At both tempera- 
tures spectra consisting of six groups of lines 
with hyperfine structure (hfs) corresponding to 
the nuclear spin of Mn, I= >, were observed. 
Although the general nature of the spectrum did 
not differ appreciably at 300 and at 77°K, a nar- 
rowing of the lines and a small increase in the 
hfs constant were found on going from 300 to 77° K. 
Figure 1 shows the composition of the full spec- 
trum, made up from oscillograms of the separate 
groups of hfs lines, photographed at 77° K. 

The observed spectrum is described by the spin 
Hamiltonian 


# = gBHS + ASI4 


{ a4 a4 4 
a(S: S; LS: 


—+ S(S + 1)(3S?—1)], o 


where the first term describes the interaction be- 
tween an electron spin S and the external magnetic 
field H, the second —the interaction of an electron 
spin with the nuclear spin I of Mn”, and the third 
the interaction of an electron spin with the crystal 
field of cubic symmetry. Calculation by perturba- 
tion theory, taking into account third order terms 
in the hyperfine interaction and first order in the 
cubic field constant, leads to the following formula 
for the magnitude of the magnetic field strength at 
which absorption lines corresponding to the elec- 
tron transitions M— M-—1 would be observed: 


/2 "a atl is 


fp (E+ 1) — m+ m (2M —1)3 


oo 20) 


ae 
she 4H {{S (Ss = 1) —M (M + 1) 


+2M(m— M)\ [J (J + 1) —m(m—1)] 


[S(S + 1) 
x [1(.+1)—m(m-+ 1)]}}+ F(a, M), 


M(M—1)+2(M—1)(m—M-4 2)] 
(2) 
where 
H, =hv/gB, 
0 for the transition M = 1/, > — 1/2, 
F(a, M) = +°/2pa for the transitions M = + 3/.> 41/2, 


+ 2pa for the transitions M = + 5/2 > + 3/o, 


p=1—59, O = Pm? ln? + men? 


(J, m and n are the direction cosines of the angles 
which the external magnetic field makes with the 
cubic axes of the crystals). 

As can be seen from (2), the second- and third- 
order shifts in the hyperfine structure are not the 
same for different electron transitions, as they de- 
pend on the magnetic quantum number M. The 
shifts produce splittings of every component of the 
hyperfine structure with a given nuclear magnetic 
quantum number into 2S=5 (S is the electronic 
spin of Mn?*) lines, corresponding to different 
electronic transitions. From (2) it is seen that the 
magnitude of these splittings increases with in- 
creasing |m |. 


FIG. 2. The group of lines in the paramagnetic resonance 
spectrum of Mn** in SrS, corresponding to the nuclear magnetic 
quantum number m = 5/2. The central line of this group be- 
longs to the electronic transition M = 1/2 > —1/2. The arrow 
shows the direction of increasing magnetic field. 


For the two extreme groups of lines correspond- 
ing to m = + °/, (see Fig. 1), all five lines are well 
resolved. To show this more easily, the oscillo- 
gram of the group of lines with m = Je is repro- 
duced in greater enlargement in Fig. 2. We notice 
that the splittings produced by the second order 
hfs shifts increase symmetrically from the center 
to the edges of the spectrum, while the third order 
shift leads to asymmetries of these splittings, as 
is seen in Fig. 1 especially clearly for the lines 
in, = +¥, ance ime +¥,, 
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Comparison of the observed spectrum with 
Eq. (2) gives the following values for the constants 
of the Hamiltonian: 


g = 2.0009 + 0,0005, A= (754202) 10 4emy, 


a4). 20cm at T= 300" Ke 


g =2.0010+0,0005,  A=(77,040.2).104em", 
a= 19-10" ema at Ts Tk 

The signs of the constants A and a remain inde- 
terminate. The identification of the lines in Fig. 1 
with the quantum numbers m corresponds to a 
positive sign for A. The constants g and A were 
determined by comparing the positions of the lines 
M = %—-Y,, which have the smallest width, with 
(2). In the best resolved group with m = % the line 
width for M = ¥, ~—Y, is 2.8 and 1.9 gauss at 300 
and 77°K respectively, while the width for the lines 
M=+%—+¥, and M=+%,—+% is 5.6 gauss at 
300°K and 4.3 gauss at 77°K. The differences be- 
tween the line widths for M = ¥, ~-¥,, M=+% 
—+'¥ and M=+% —+¥%, is comected with the 
anisotropic broadening produced by the random 
spread of the crystal field axes in the powder, and 
it follows from (2) that this is negligible for the 
lines M = ¥, — - ee 

The cubic field constant a was determined 
from the anisotropic broadening of the lines M 
=+Y,—+%,, AH, ~ %Apa, using for the maxi- 
mum dispersion of p in the powder the value 
| Ap| = 1.25 and estimating AHg from the differ- 
ence in width of the lines M=+%—+% and M 
a Y, ae Yo. 

The lines M =+°% —+% have roughly the same 
width as the lines M=+%—+¥,. This indicates 
that the crystal field in SrS has cubic symmetry, 
since is the case of a cubic field the anisotropic 
broadening for the lines M = + Je — + */, and M 
= +¥, i 7; should be approximately the same, 
in that the frequency shifts, produced by a cubic 
crystal field, differ for these lines only by the 
factor (*/pa)/(2pa) = */,. The larger width of 
the lines M = u > a at room temperature than 
at 77°K is due to the contribution from the spin- 
lattice interaction. The spin-lattice relaxation 
time at room temperature, calculated from the 
difference between the widths of the lines M = ue 
— —Y¥, at room temperature and at liquid nitro- 
gen temperature is T, =5 x 1078 sec. As direct 
measurement of the spin-lattice relaxation time 
shows, the contribution from spin-lattice interac- 
tion to the line width at liquid nitrogen tempera- 
ture is negligible. 

The relative intensities of the lines M = +%/ 
=e, ee +% — +, and M = uh ae -Y,, taking 
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their widths into account, agree with the theoret- 
ical ratio 5:8:9:8:5. 

It is interesting to note that the magnitude of 
the hyperfine structure constant A for Mn+ in 
SrS is considerably less than for Mn?* in Cary? 
This probably indicates the covalent character of 
the bonding of Mn?2* in Srs. 


aE Bleaney and D. J. E. Ingram, Proc. Roy. 
Soc. A205, 336 (1951). 
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THE Cl (n,p) REACTION AND NEUTRON RESONANCE PARAMETERS OF CHLORINE 


Vin PaePOPOV-and WL sHAPIR© 
P. N. Lebedev Physics Institute, Academy of Sciences, U.S.S.R. 
Submitted to JETP editor January 4, 1961 
J. Exptl. Theoret. Phys. (U.S.S.R.) 40, 1610-1614 (June, 1961) 
The cross section for the Cl®°(n,p) reaction has been measured as a function of energy for 
neutrons having energies up to 20 kev. Parameters are given for resonances at — 0.21, 0.405 


and 4.3 kev. The results are discussed together with the data previously obtained on the cross 
section for the radiative capture of neutrons by chlorine.! 


and light pipes.* The effective sample thickness 


was about 2 x 107! chlorine nuclei per cm?, 


INTRODUCTION 


Ron slow neutrons, the (n,p) reaction with chlo- 
rine is energetically possible only for the isotope 
Cl*®>, whose abundance is 75.4%. For thermal neu- 
trons, the cross section for the reaction Cl® (n,p) 
is about 0.2 barns;?~° protons are emitted with an 
energy of 600kev. We have measured the cross 
section for this reaction as a function of energy 
for neutrons having energies up to 20 kev. In this 
energy range, the total cross section for the inter- 
action of neutrons with chlorine has been investi- 
gated in references 6 — 8; the cross section for 
radiative capture has been reported in reference 1.* 


METHOD 


The measurements were made with a spectrom- 
eter based on the slowing down of neutrons in lead.!°-1! 
The energy resolution of the spectrometer (half- 
width of an isolated resonance) was ~ 70% for E 
= 15 kev and ~ 35% for EX 1 kev. The procedure 
for measuring a cross section using this method 
has been described earlier.‘ 

Attempts were made to detect the protons with 
gas discharge counters filled with CCly. The 
counters were warmed to 50°C (vapor pressure of 
CCl, ~ 300 mm Hg) and operated as proportional 
counters. Preliminary measurements showed that 
the reaction Cl®° (n,p) has resonances at 405 ev 
and 4.3 kev. However, the poor response time of 
the counters made quantitative measurements im- 
practical. 

The proportional counters were replaced by 
scintillation detectors. The phosphor was a fine 
powder of ZnS(Ag), which was poured into a con- 
tainer filled with CCl, or C3Cl,s. The latter are 
transparent liquids which served as both samples 


*Preliminary results from reference 1 are quoted in refer- 
ence 9, 


The electronic circuitry was set to record pro- 
tons, but not y rays, the adjustment being moni- 
tored by a strong Co®® source (Ey, = 1.3 Mev). 
Gamma rays could arise from neutron capture in 
lead (Ey = 7.4 Mev). Other spurious reactions 
which could have been observed are Zn(n,a) and 
S(n,q@). The possible contributions of such spuri- 
ous reactions are indicated by the results shown 
in Fig. 1. 

Even if the extreme assumption were made that 
the counting rate of the CCl, + ZnS detector at 30 


I/Ip, arb. units 


100 


t, £sec. 


FIG. 1. This figure shows the relative detector counting 
rate as a function of slowing down time (t). I is the detector 
counting rate, Ig is the counting rate of a boron counter and 
is proportional to the neutron density. Curve 1 was taken with 
a CCl, + ZnS(Ag) detector, Curve 2 with a CS, + ZnS(Ag) de- 
tector, and curve 3 with a y ray detector. Curve 3 gives the y 
ray background of the spectrometer. Curve 2 is normalized to 
agree with curve 1 at t = 30 sec, curve 3 is normalized to 
agree with curve 1 at t = 9 psec. 


*Other mixtures were tried, such as ZnS(Ag) + NaCl, 
CsI(T1) + CCl,, or terphenyl and toluene + NaCl. These were 
considerably worse from the point of view of efficiency com- 
pared to discrimination against y rays. 
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usec were entirely due to the ZnS reaction, while 
the counting rate at 9 wsec were entirely due to the 
y background from radiative neutron capture in 
lead,* then the contributions of these factors to the 
counting rate represented by curve 1 at other en- 
ergies would be negligible. 


RESULTS 


Figure 2 shows the cross section for the reac- 
tion Cl*°(n,p), measured as a function of energy. 
The curve is normalized to the thermal cross sec- 
tion Onp = 0.19 + 0.05 barn.!* The uncertainty in 
the absolute cross section is essentially due to the 
uncertainty in the thermal cross section, which is 
+ 26%. 
the (n,y) reaction in chlorine. 


Figure 2 also shows the cross section for 
1 


oO, barns 


10* 104 
E, ev 

FIG. 2. Energy dependence of the cross sections for neu- 
tron capture in chlorine. Curve 1: cross section for the reac- 
tion Cl(n, y), measured with the naturally occurring mixture of 
isotopes and normalized to a cross section a, = 33.8 barns at 
E = 0.025 ev.’” Curve 2: cross section for the reaction 
C1**(n, p)S*°, normalized so that o(n, p) =0.19 + 0.05 barns 
at E = 0.025 ev.’? The errors shown on the curve are statis- 
tical; an error also arises because the normalization is uncer- 
tain. Taking errors associated with the background also into 
account, this amounts to ~30%. At energies near 2 kev, the 
cross section might be a factor 2 less than that shown (be- 
cause of inadequate corrections for background). 


DISCUSSION OF THE RESULTS 


1. Negative energy resonance. The dotted 
straight lines on Fig. 2 represent extrapolations 
of the thermal (n,y) and (n,p) cross sections 
according to the 1/v law. The observed cross 
section falls off faster than this extrapolation, and 


*The y background due to capture of neutrons in the chlo- 
rine sample was small compared to y-background from neutron 


capture in lead. 
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this indicates a resonance at negative energies. 
This resonance occurs at Ey = — 140 ev according 
to an analysis of the total cross section® and at Eo 
= —210 ev from an analysis of the capture cross 
section.! In the latter analysis, the relation 
(oyv)¥? =f(E) was assumed, where according 
to the Breit-Wigner formula for a narrow reso- 
nance (I' « | E9|) the function f should be given 
by ‘ 
Gio) = c(h =e). (1) 
In the work being reported upon here, the analysis 
of reference 1 was improved in two ways. In the 
first place, the experimental values of JyVvV were 
corrected for the presence of the resonance at 
405 ev, taking the instrumental resolution into ac- 
count. The resolution of the apparatus was ob- 
tained from measurements of the (n,p) reaction, 
which showed that the baseline of the peak at 405 
ev was very small. In the second place, the cap- 
ture cross section was corrected for, assuming a 
1/v law —i.e., (1) was replaced by the relation 
[6,0 —«(6;0),|-? =c(E —E,), (2) 


where (Oyv )o is the value of Oyv at E= 0. 

The experimental data are fitted best by a = 0 
and E) = —210 ev, although experimental errors 
are such that a could be less than 4 x 107%, which 
corresponds to |E)| > 175 ev.* The (n,p) results 
do not contradict the resonance energy obtained 
from analysis of the (n,y) data. However, the 
value of Ey) obtained from the (n,p) data is un- 
reliable, since it is strongly dependent on the as- 
sumptions made about the background due to (n, a) 
and (n,y) reactions. 

2. Positive energy resonances. Both curves of 
Fig. 2 clearly show resonances at 405 ev and at 
4.3 + 0.3 kev. There is also a bump near 1 kev 
which may be due to a resonance at 1.1 + 0.2 kev. 
The cross section for the (n,p) reaction showed 
a peak at ~ 15 kev; in this energy range, measure- 
ments are not reliable because of the large back- 
ground due to the zinc and sulphur reactions. Since 
the (n,p) reaction is possible only for cl1®, as 
was noted above, all the resonances refer to this 
isotope. In the total cross section measurements, 
C135 resonances have been observed at 405 ev,® 
15 kev and 17 kev.'4 

Tables I and II show the level parameters cal- 
culated from the data on the (n,y) and (n,p) re- 


*Capture by the Cl°’ isotope gives « =0.5 x 10’, while 
resonances with positive energy give a < 0.1 x 10metbe 
direct capture of neutrons must follow the 1/v law,** but 
there are no data on the magnitude of direct capture for chlo- 


rine. 
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Table I. Parameters of neutron resonances 1n i 
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Eo, ev 
Parameter —210+10 405 1100-+200 4300:+300 (15 and 17) 10° 
| eg 
Ty, ev 10.50+0.01 “|  0.5* 0.5% os 
Gol’, barn-ev Heed Ost=i() - ; : Cen im 
= | 16-55 ~0, yalaesr4n ~ 
tae = 2) 4t 70422 ~50 35-+15 ~100 
10°P,, ev 2.440.8 7 Aa 
rotate 70 [2.10°] [~10"] [8.107] ~2-10 
spe 9.108 ~6- 108 38.108 
Tip! eve 
tO re 26—65 4—30 250—700 | (30-+35)-108(14} 
‘ 99 = ~102 
Yon ev** 7.4-10? | [4.0=4,7] | (0,40, 2) (3.35, 8) 2428-4) -20 
Tiny eve (2—4.9).108 | (1—5).102 | (5.6—16)-10° 
l 0 (g=5/s) 1 { { 0 


*The radiation widths are taken to be equal to the radiation width of the level at 
Eo = —210 ev. 

*xky2, and yan are the reduced proton and neutron widths calculated on the assump- 
tion that the resonance corresponds to orbital angular momentum /= 0; similarly, Yip 
and y?, correspond to the assumption / = 1. 

***The magnitude of 'y depends on the assumption made about the spin of the com- 
pound nucleus Cl*® (see Table II), 


Table II. Parameters of the resonances at 405 ev and 4.3 kev 
in Cl®® as a function of the statistical factor 
fg =(2)+1)/2( 21-41) 


Eo gt 10°Pp, ev 10%gPn, ev T,ev Oo’, barn-ev Jo, OH 
| 
3/5 6545 | 2542 0,64 155445 24025 
405 ev 5/g 3843 | 242 0.64 147415 240 +25 
7g 2642 2242 0,60 144415 240425 
3) > 700 > 260 >4,2 $160 ~140 
EN nen, 5/, 4104150 260-+80 0,95 155440 | 164+40 
7 250+ 50 220-+50 0,78 130427 | 167+40 


*The value g=1/8 for the 405 ev level is inconsistent with the measured cross sec- 
tion for absorption, while for the 4.3 kev level it does not accord with measurements of 


the (n, Y) cross section, 


actions. In the calculations the radiation widths of 
the various levels were taken equal to the radia- 
tion width of the level at — 210 ev, i.e., equal to 
0.5 ev.! Supplementary measurements of self- 
absorption were carried out for the resonance at 
405 ev. These gave a value for the strength oI 
of the level of 120 + 30 barn-ev per Cl® nucleus, 
which agrees with the data of reference 1 (see 
Table II). 

3. The negative energy resonance in Cl® deter- 
mines the cross section for capture of thermal 
neutrons and hence must be an s-resonance, i.e., 
corresponds to capture of a neutron with orbital 
angular momentum / = 0. If the resonances at 
405 ev, 1.1 kev and 4.3 kev were also taken to 
correspond to 7 = 0, then the reduced neutron 
widths of these resonances* would come out to be 

*The reduced partial widths Nii were calculated by dividing 
the measured partial widths Ij by twice the penetrability P): 
Via =1}/2P), where P) = kR/F} + Gi (for further details, see 
reference 15). The calculations were carried out using the 
tables in reference 16 and the formula R = 1.3 A%x 107" cm. 


two to three orders of magnitude smaller than the 
reduced neutron widths for the resonances at 
— 210 ev and 17 kev (the last is an s-resonance"‘). 
Hence the resonances at 405 ev, 1.1 kev and 4.3 kev 
must have 1=1. For the 405 ev resonance, this 
conclusion contradicts the data quoted in refer- 
ence 14; the 1.1 kev and 4.3 kev resonances are 
not noted in reference 14. 
It should be noted that the reduced proton width 
for the negative energy resonance is very small. 
In the energy range 0.5 to 2 x 104 ev the reso- 


1) 
nance integral R = if odE/E for the C12 (n, 0) 
Ey 


reaction is equal to Ro = 0.074 + 0.025. For the 
(n,y) reaction this integral is Ry = 1450 4-078 b.! 
The total resonance integral for absorption is thus 
equal to 14.1 + 0.8 b, which is in satisfactory 
agreement with results obtained by other authors 
(12 barns!’ and 12.7 + 1.7 barns}8), 


C1*°(n,p) REACTION NEUTRON RESONANCE PARAMETERS OF CHLORINE 


The authors would like to thank Yan I-min, who 
was very helpful in the early stages of this work. 


'Kashukeev, Popov, and Shapiro, Heitrponnas 
tpusuxa (Coll., Neutron Physics) Atomizdat, in 
press; J. Nucl. Energy (to be published). 

2 Gilbert, Roggen, and Rossel, Helv. Phys. Acta 
ate OU (L044) 2 

3M. Maurer, Z. Naturforsch. 4, 150 (1949). 

: Seren, Friedlander, and Turkel, Phys. Rev. 
72, 888 (1947). 

°H. Berthet and J. Rossel, Helv. Phys. Acta 
27, 159 (1954), Helv. Phys. Acta 28, 265 (1955). 


§C. T. Hibdon and C. O. Muehlhause, Phys. Rev. 


79, 44 (1950). 

"Toller, Patterson, and Newson, Phys. Rev. 99, 
620 (1955). 

’ Brugger, Evans, Joki, and Shankland, Phys. 
Rev. 104, 1054 (1957). 

9 Bergman, Isakov, Popov, and Shapiro, AHepupie 
peaklMM pM HUSKMX M CpeqHMx sHeprusx (Nuclear Reac- 
tions at Low and Medium Energies), Academy of 
Sciences, U.S.S.R., 1958 (p. 141). 


1135 


10 Lazareva, Feinberg, and Shapiro, JETP 29, 
381 (1955), Soviet Phys. JETP 2, 351 (1956). 

‘tl Bergman, Isakov, Murin, Shapiro, Shtranikh, 
and Kazarnovskii, Proc. Geneva Conference 4, 166 
(1955). 

Deas Hughes and R. B. Schwartz, Neutron 
Cross Sections, BNL-325 (second edition, 1958). 

13.4. M. Lane and J. E. Lynn, Nucl. Phys. 17, 
563 (1960). 

14 Hughes, Magurno, and Brussel, Neutron Cross 
Sections, BNL-325 (Suppl. 1 to second edition, 
1960). 

15.4 | M. Lane and R. G. Thomas, Rev. Modern 
Phys. 30, 257 (1958). 

- Bloch, Hull, Broyles, Bouricius, Freeman, 
and Breit, Revs. Modern Phys. 28, 147 (1951). 

‘Tp. Macklin and H. Pomerance, Proc. Geneva 
Conference 5, 96 (1955). 

18. B. Klimentov and V. M. Gryazev, Aromuaa 
sHeprua (Atomic Energy) 3, 507 (1957). 


Translated by R. Krotkov 
276 


SOVIET Pits lC syd tele 


VOLUME’ Y¥3, 


NUMBER 6 DECEMBER, vot 


EXCITA TION OF THE He* NUCLEUS BY 150 Mev PIONS 


Yu. A. BUDAGOV, P. F. ERMOLOV, E. A. KUSHNIRENKO, and V. I. MOSKALEV 


Joint Institute for Nuclear Research 


Submitted to JETP editor January 10, 1961 


J. Exptl. Theoret. Phys. (U.S.S.R.) 40, 1615-1617 (June, 1961) 


An upper limit of 3.8 x 10727 em? has been obtained for the He* excitation cross section in 
reactions (1) and (2) by investigating the interaction between 150-Mev ™ mesons and helium 
in a diffusion cloud chamber. The total cross section and the cross section for inelastic 

m -He interaction and also the cross sections for reactions (1) and (2) are presented. 


Mary experimental data (see, e.g. Ref. 1) indi- 
cate the possible existence of a virtual state of the 
He‘ nucleus at an excitation energy of ~ 22 Mev. 
The analysis of Baz’ and Smorodinskii? has shown 
that one can fit the experimental data to the follow- 
ing level parameters: spin and parity 2°, isospin 
T =0. Since the energy of the level is higher than 
both the proton (19.8 Mev) and the neutron (20.6 
Mev) binding energy, the lifetime of the level is 
very short (level width ~ 2 Mev) and it is rather 
difficult to observe the level. 

In the present paper we tried to estimate the 
probability of exciting the He‘ nucleus in the 
reactions 


na + Het+a 4 


(1) 


mn -+Het>n tT +p (2) 


for an energy of the incoming meson of around 
150 Mev. 

The reactions (1) and (2) were investigated by 
means of a diffusion chamber’ filled with helium 
at a pressure of 18 atm and placed in a magnetic 
field of 12 000 oe. The chamber was exposed to 
the ™ beam of the proton synchrotron of the Joint 
Institute for Nuclear Research. About 30 000 
stereoscopic pictures were taken. They were 
scanned twice and 1802 events of 1 -He‘ inter- 
action were found. The kinematics of these events 
were determined by reprojection and 304 events of 
reaction (1) and 87 events of reaction (2) were iden- 
tified. 

The total 1 -He’ interaction cross section, i.e., 
the sum of the inelastic 1 -He‘’ cross section and 
of the cross sections for reactions (1) and (2) was 
found by measuring the total m track length in the 
chamber. The following values were obtained: 

Gps (20474 16); onuc =—( 1714 12); a, = (53 26) 
andro, = (11. 3i2 248 )ex 10 ecm-. 


N 
24 
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FIG. 1. Momentum distribution of 7~ mesons from reaction 
(1) in the center-of-mass system. 


If one assumes that the reactions that go through 


the excited state of He’, namely 
uw + Het nx) 4+ Het an + He (3) 


(4) 


mw + He* +a = He** = x ys hae p 


happen with an appreciable probability, then one 
should observe in the center of mass system 
(c.m.s.) a peak ata momentum p = 215 Mev/c. 

It should have a width given by the energy uncer- 
tainty of the primary 7 meson beam and by the 
width of the level. It should be superimposed on 
the wide distribution originating from reactions (1) 
and (2). 

The experimentally observed distribution of 
c.m.s. momenta of m™ mesons from reaction (1) is 
shown in Fig. 1. Only those events which allowed a 
determination of the ™ momentum to at least 10% 
by measurement of the radius of curvature (track 
length of the scattered ™ meson> 4 cm) were 
used. There were 127 such events. The analogous 
distributions from reaction (2) are plotted in 
Fig. 2: histogram (a) has been determined by 
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FIG. 2. Momentum distribution of 7~ mesons from reaction 
(2) in the center-of-mass system. 


measuring the angles of the outgoing particles and 
the momentum of the incoming m™ meson and con- 
tains 86 cases; histogram (b) contains 42 cases 
which allowed a determination of the momenta to 
at least 10% by measurement of the radius of 
curvature. 

In order to estimate the cross section for exci- 
tation of a level at 22 Mev all events which had a 
7 meson momentum in the interval 180 Mev/c 
< pz < 250 Mev/c (cross-hatched region in Figs. 
1 and 2) were further analyzed. They were checked 
for kinematical consistency with reactions (3) and 
(4). These are: (i) The vectors of the momenta of 
He He. p, have to be coplanar. (ii) The emis- 
sion angles of He?, H® or p should not exceed the 
largest emission angle they could have in the lab- 
oratory system consistent with the supposed mo- 
mentum of the He‘* particle if they would originate 
in the decay He — He? + n or He —H’ + p. 
(iii) The energy of the particles He’, H® and p in 
the rest system of He** should lie in the interval 
consistent with the decay of He** with an excitation 
energy of 22 +1 Mev. 

The above kinematical conditions were fulfilled 
within the accuracy of the measurements by 7 
events of reaction (1) and by 7 events of reaction 
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(2). This corresponds to an upper limit for the 
cross section for excitation of He*.of 3:8 107" 
em’. Such a small contribution of reactions (3) 
and (4) to the total inelastic m -He interaction 

(< 2.2%) is consistent with the experiments of 
Hofstadter et al.,* Tyren et al.,° and Selove and 
Teem.® There it was observed that the influence 
of the excited state in helium is very small indeed 
on the scattering of electrons of energy 400 Mev 
and of protons of 185 and 95 Mev. 

The results of the present work also allow to 
conclude that the angular correlation observed by 
Kozodaev et al.’ in the reaction 7+ + He! — r+ 
+ H?+ p atan energy of 300 Mev can not be ex- 
plained by an excited state of He‘*. 

We express our gratitude to V. P. Dzhelepov, 
R. M. Sulyaev, and Yu. A. Shcherbakov for 
valuable discussions. 
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EXPERIMENTAL VERIFICATION OF THE Al=.3 SELECTION RULE IN THE LEPTONIC 
DECAY OF KAONS 


. NYAGU, E. O. OKONOV, N. I. PETROV, A. M. ROZANOVA, and V. A. RUSAKOV 
Joint Institute for Nuclear Research 
Submitted to JETP editor January 10, 1961 


J. Exptl. Theoret. Phys. (U.S.S.R.) 40, 1618-1624 (June, 1961) 

The relative probability for the decays K$ — et +7' + has been measured with a cloud 
chamber containing a lead plate; these decays comprise 46 + 11% of all decays with charged 
products. Four electron-positron pairs with large divergence angles were found and ana- 
lyzed. It is shown that these events should be considered to be ree experimental evidence 
for the existence of the hitherto unobserved decay mode K} — 31°. The value of the absolute 
probability for he decays KS — et + 1* +p determined from the mean life of the K$ meson 
(with the KS —- 3n° mode taken into account) is consistent, within the experimental error, 


1961 


with twice the absolute probability for the decay K* —e* +7 


1 


94 ; this is evidence that the 


AI = 4% selection rule can be extended to leptonic K decays. An estimate of the absolute 


1 


probability for Kis decay is also consistent with the AI = 4% rule. 


Tee first isospin selection rule for hyperon and 
kaon decay processes was stated by Gell-Mann 
and Pais,! who proposed that the magnitude of the 
isospin could change by 3 in non-leptonic decays. 
Further work showed that, within the experimental 
accuracies, all decays involving only strongly in- 
teracting particles are satisfactorily described by 
the AI= 4% selection rule (see, for example, the 
review article by Okonov?). 

More recently Okun’? considered this rule 
within the framework of the composite model of 
elementary particles proposed by Sakata;‘ in this 
model the nucleon and A° are taken to be the fun- 
damental particles. Okun’ showed that if only 
four-Fermion interactions are considered, then 
the basic decay is Ao ~p + e7(u~) + v, in which 
the isospin of the strongly interacting particles 
changes by 3. In the framework of the Sakata 
model, all other leptonic decays of strange par- 
ticles can be described as proceeding via this 
basic decay. It follows that the AI=4 rule can 
be extended to Ke3 and K,3 decays, with result- 
ant expressions for the absolute decay probabili- 
ties 

W (Kes) = 2W (Kes) (1) 
WiAKis) = 2 (Kis) (2) 


Marshak et al.° arrived at the same conclusion 
making the more general assumptions that the 
transformation properties in isospin space are 
the same for weak interactions of strange par- 
ticles with and without lepton participation. 


The first steps toward the verification of the 
AI = 4% rule for both leptonic and nonleptonic K 
decays were taken by Kobzarev and Okun’® and 
Okubo et al.,’ who calculated the mean life of K} 
from experimental data on K* decay. The calcu- 
lated value differed little from the experimental 
value. 

However, a direct comparison of the absolute 
probabilities for leptonic decay of kaons [a check 
of the validity of Eqs. (1) and (2)] has not yet been 
made* for lack of experimental data on K$ decay. 
In the cloud-chamber experiment of Bardon et al.,° 
several cases of Ke3 and K,3 decay of K? were 
identified by the kinematics fa the V° event and 
ionization measurements. However, as these au- 
thors themselves point out, they were not able to 
estimate with any accuracy the relative probabili- 
ties for these decays. 

The present experiment is part of an investiga- 
tionT of the properties of K}? mesons with a cloud 
chamber and was performed with the proton syn- 
chrotron of the Joint Institute for Nuclear Research. 
Its purpose was the determination of the absolute 
probability for the decays K} — e+ + r+ +p and an 
estimate of the K? 3 decay probability. 


*An attempt at an experimental determination of the total 
probability for leptonic decay of K? was made by Crawford et 
al.*; in all, eight leptonic decays of K° and K®° were observed. 

tPartial results of this investigation have been published?® 
and reported to the Rochester conference.'! It should be men- 
tioned that our communication was published in a strongly dis- 
torted form in the Proceedings of the Rochester Conference. 
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K$ beam 


FIG. 1 


In order to identify the decays, we placed in the 
chamber a 5.8 g/cm? lead plate perpendicular to 
the KS beam. The Kee decays were selected by 
measuring the momentum loss of the decay prod- 
uct on traversing the plate, since an electron has 
a high probability for a large energy loss by radi- 
ation in the plate. For example, the probability of 
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loss by radiation of more than 30% of the electron’s 
initial energy is 0.86. 

The experimental arrangement is shown in Fig. 1. 
The source of the K}? mesons was an internal 20 x 
25 X 70 mm lead target placed in the beam of 9 — 10 
Bev protons. The particles which come out of the 
target at an angle of 97° with the proton beam pass 
through a window in the wall of the accelerator 
vacuum chamber, through a 50 — 100 g/cm? lead 
converter, 2, and through a 30 x 120 mm lead col- 
limator 1.5 m long, 3, set in an aperture, 4, in the 
iron yoke of the proton synchrotron magnet. Then 
the particle beam passes between the polepieces 
of a beam-purifying SP-63 magnet, 5, with a 10,000 
oe field. Further on, the beam passes through a 
second lead collimator 1.5 m long with a 50 x 200 
mm rectangular cross section set in the concrete 
shield, 6, and then into the cloud chamber, 7, which 
is in the field of an MS-4 electromagnet, 8. 

The distance from the last collimator slit to the 
chamber was over 1m, so that all K} particles 
produced in the collimator walls would decay on 
the way to the chamber. The cloud chamber was 
8 m from the internal target. The chamber used 


has been described in detail in a previous paper.” 
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In the present arrangement, the height of the illu- 
minated region of the chamber was increased to 
90 mm by enlarging the gap between the windings 
of the MS-4 magnet. The average magnetic field 
in the illuminated region was 15,000 oe with field 
inhomogeneity not exceeding 4%. The cylindrical 
glass wall of the chamber was 2 g/cm? thick. 


EXPERIMENTAL RESULTS 


In all, about 12,000 stereo pictures were made; 
they registered 670 v° decays and one four-prong 
event. About 40 events were identified as decays 
of A° particles produced by K} mesons in the lead 
plate and in the chamber walls. The remaining 
events were K3 decays. With an average inten- 
sity of 5 x 10° accelerated protons per pulse, each 
picture showed about 10 protons knocked out of the 
chamber walls. The number of electron pairs de- 
tected was about a third of the number of Vv? events; 
only four pairs made large angles with the direc- 
tion of the K} beam. The latter figure shows that 
the noise from uncollimated y rays was very small 
in our apparatus; this allowed neutral K3, decays 
to be detected by their Dalitz pairs (pairs from 
the decay 7° ~y+et+e™ ). 


Among the 440 K? decays detected in the cham- 
ber with the lead plate, 114 cases were observed 
in which charged decay products penetrated the 
plate; in each of these cases, because of the mode 
of illumination of the chamber, the particle would 
necessarily be observed after traversing the plate. 
Examples of cases in which such particles (m and 
e) traverse the plate are shown in Figs. 2 and 3. 
In all cases, the following were measured: mo- 
menta* of the decay product before and after pass- 
ing through the lead plate, the angles at which the 
particle entered and left the plate, and also the 
momentum of the second decay product. In all, 24 
cases of plate penetration were found in which the 
particle lost more than 30% of its momentum (18 
cases) or stopped in the plate (5 cases) or made 
a star (1 case). In each case, as can be seen 
from Table I, the observed energy loss or stopping 
cannot be due to ionization loss. 

In six cases of penetration, showers of two or 
three electrons were observed. For these, the 
average momentum of the shower particles is 
Shown in the second column of the table. Clearly, 


*The error of the momentum measurement did not exceed 


10%. 
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iat 
Table I 
Particle momentum, Mev/c Moments Bead Momentum 
before pene- after penetra- pum Nes Pee Ape ee 
tration tion e gin Mev/c_ 

279 Star Sek 5 Q 
209 Stopped = 7h ree 
225 137 shower 39 6.0 os 
270 63 ” GH 6.0 193 
135 45 9 67 5.9 68 
202 32 84 5.9 36 
229 59 shower 74 5.8 301 
290 144 54 6.4 99 
126 27 shower 79 5.9 248 
310 144 54 5.8 252 
150 9 94 8.8 fis 
189 18 90 8.8 234 
AGU) 22 81 On2 158 
283 54 81 Bia’) 166 
3ol Zee) 36 Test 99 
193 113 41 653 =< 

144 Chas 47 0.9 410 
113 50 56 6.2 207 
144 Stopped — 8.4 148 
148 16 shower 89 6.5 135 
218 140 36 (hell 50 
236 Stopped — Ba) O2, 
180 ”» — 10.0 = 

= ” — 6.0 270 


all of the penetrations with momentum loss greater 
than 30% must be identified as electron penetra- 


tions. The five particles that stoppedmay be electrons 


or pions that produce prongless stars. In order to 
find the true number of electron plate penetrations 
it is necessary to correct first for the cases of 
penetration in which the momentum loss is less 
than 30% and then subtract the number of pions 
that produce prongless stars from the total num- 
ber of stopped particles. 

The first correction was found for each case of 
penetration by using the Eyges formulas*® for the 
probability distribution of the total electron energy 
loss due to radiation and ionization. This method 
yielded an addition of three events. The second 
correction was taken to be equal to the number of 
nuclear interactions with the lead nuclei that would 
be produced by all the decay products that pene- 
trated the plate (excluding electrons and muons) 
if the cross section were geometrical.* The cor- 
rection was three events. Thus, the true number 
of electron penetrations is 24. 

In order to determine the relative probability 
of Ke3 decay, a correction must be made for the 
motion of the decaying Kee It can easily be shown 
that the motion of the KS leads to an increase in 
the number of heavy decay products (pions and 
muons) penetrating the plate as compared to the 
number of penetrations of light decay products 

(electrons and neutrinos). Obviously, this correc- 
tion is equal to the ratio of the solid angles (in the 

*The number of muons that penetrated the plate is roughly 
estimated at 25. The correction for possible stoppings of 
elastically scattered pions is negligibly small. 


center-of-mass system of the K}) within which the 
emitted pions or electrons penetrate the plate. In 
calculating this correction we used a value of about 
120 Mev for the average energy of the decaying KS 
particles; this value was determined from the mo- 
mentum measurements (Table I) with the assump- 
tion that the energy spectra of electrons and neu- 
trinos are identical in Ke3 decay. The result was 
that the number of electron penetrations of the 
plate should be multiplied by a factor of 1.1 to cor- 
rect for the motion of the K? particles. 
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Figure 4 shows the dependence of this correc- 
tion on the K$ energy. From the curve it is clear 
that we do not make a significant error by using an 
average energy of the K3 particles* (100 Mev) to 
determine this correction 

Our final result is that the corrected number of 
electron penetrations is 26. This corresponds to 
a Ke3 decay probability q = 0.46 + 0.11 relative 
to all decays with charged products. The error 
is a mean square composed of the statistical er- 
ror and the errors in the selection of events and 
in the corrections. 


*Our estimate of the average K} energy is somewhat too 


high. 
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The four observed electron-positron pairs, in- 
terpreted as Dalitz pairs from the decay K} — 31° 
(and discussed below), make it possible to evalu- 
ate the relative probability for this decay mode 
(under our conditions, the calculated efficiency 
for detection of Dalitz pairs was about 75%). Our 
value for the relative probability is w (KS —- 3n°)/ 
mw = 0.18 + 0.09.* From this we can now deter- 
mine the probability for the decay Ki — e* + 7* +v 
relative to all Ks decays (0.38 + 0.10), and, from 
the lifetime of the K} 


E + 
7(K) =(6.1 554 


) 10-8 sec, 
we can find the absolute probability for Ki; decay; 
the latter is w (K4,) = (6.2 + 2.0) x 10° sec}. 

The fraction of K} — 37° decays can also be es- 
timated under the assumption that the AI= 4% rule 
holds for K — 3m decays; from this assumption it 
follows that the K* — 3m and K} — 37 absolute 
probabilities are equal and also that K? — 1* + 7 
+ 7° and K}— 37° are related.*»*" Using this as- 
sumption and the experimental values for the K* 
— 3m branching ratio (7.7 + 0.7)%'4 and mean life 
(1.21 + 0.01) x 107° sec, we find the relative prob- 
ability for K} — 37° to be 0.30 + 0.03 and the abso- 
lute probability for K} — et + 7* + tobe (5.8 
=1.8) x 10° sec? 

Both of the above absolute probabilities for K&; 
decay agree within experimental error with twice 
the probability of the corresponding K decay: !415 
2w (Ké;) = (8.4 + 1.2) x 10° sec™!. This agreement 
is evidence that the AI = $ rule may be extended 
to leptonic K decays. However, final confirmation 
of this rule awaits more accurate determinations 
of both the Kg3 relative probability and the K 
mean life.’ 


Table II 
Momentum, Mev/c]| Angle Diver- 
Gase with gence 
No. a se beam, angle, 
deg deg 
4 55 42 7—9 65 
2 40 43 ae, a0) 
iS ANAL 103 19 70 
4 26 He) 25 10, 


It should be noted that the detection of one four- 
prong decay and four electron pairs with large di- 
vergence angles allows a rough experimental de- 
termination of the fraction of K$ particles that de- 
cay into three pions. If all four pairs, with param- 
eters shown in Table II, are taken to be Dalitz 


*As will be evident from the discussion of the properties 
of these pairs, this value may be too high. 
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pairs from K$ — 37°, then we find that the total 
number of K3, decays is about 30 per cent of the 
total number of K} decays. This is not in disa- 
greement with the AI= % rule, which predicts 
equality of the absolute probabilities for K* — 37 
and Sy — 3m. The absolute probability for KS — p+ 
+m* +p determined from the experimental values 
of the K4, and K$, branching ratios is (5.6 + 3.0) 
x 108 sec™!, and agrees within experimental error 
with twice the Kj; probability (6.8 + 0. 8) x 10° 
sec™}, 

The analysis of the large-angle electron pairs 
is of interest as a proof of the existence of the K} 
—- 3° decay mode. There is uncertainty in the 
identification of only the third of the four pairs 
shown in Table II; because of the background, 
sufficiently accurate ionization measurements 
could not be made on the decay products. In the 
remaining cases, the identification is beyond doubt. 

What is the nature of these pairs? The fourth 
could be, in principle, the result of conversion of 
a ‘‘beam’’ y ray by the chamber gas, since the 
probability that one of the electron pairs observed 
in the direction of the incident beam have a diverg- 
ence angle greater than 20 — 25° is 0.6.* Because 
of their large angles with the incident beam, the 
first two pairs cannot be attributed to this process. 
Nor can they be attributed to conversion of non- 
collinear rays, since in that case several hundred 
pairs with smaller divergence angles would have 
been observed. The electron-positron pairs we 
detected cannot be Dalitz pairs from the decay of 

7s created by ‘‘beam’’ neutrons striking the nu- 
clei in the chamber gas, since not a single star 
with an electron-positron pair was detected. More- 
over, an estimate made on the basis of the observed 
production of charged pions shows that the proba- 
bility of observation of a single Dalitz pair from 
the decay of a 7° produced ina prongless star is 
less than 10~*. At the same time, the decay of a 
K} into 7’ mesons accounts very well for all the 
features of the observed Dalitz pairs. 

Since we did not Shas a Single decay of the 
long-lived K° into 7* and 17, the decay K} — 27° 
is extremely improbable. The probabilities of 
other K? decays involving 7° mesons and other 
neutrals (for example, K} — 279+) are also 
very small. 

Thus, there is every reason to ascribe the ob- 
served Dalitz pairs to the decay K} — 32°. There- 
fore, the very fact that they are observed must be 
considered as direct experimental evidence for 


*This probability was determined from the distribution cal- 
culated by Borsellino.'® 
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this decay. The ratio of the number of single 
Dalitz pairs and the number of four-prong events 
due to the KS —n*+77 +7° decay with a Dalitz 
pair is also evidence in favor of this interpreta- 
tion. !°* 

In conclusion, the authors express their grati- 
tude to the proton synchrotron crew for making 
this experiment possible. The authors are also 
grateful to B. M. Pontecorvo for his constant in- 
terest in this work and for evaluation of the re- 
sults, to V. P. Dzhelepov and V. I. Veksler for 
aid in performing the experiment, to L. B. Okun’ 
and I. V. Chuvilo for useful comments, and to 
M. P. Anikina, V. A. Smirnov, and P. I. Zhabin 
for helping with the measurements. 
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The angular and momentum distributions of protons and 7 mesons from stars produced by 
8.7-Bev protons in photographic emulsion and containing no more than one gray and one 
black track are investigated. It is shown that most stars of this type can be regarded as 
resulting from inelastic interactions between the proton and a free or quasi-free nucleon. 
Interactions of this type comprise ~ 25% of the total number of inelastic interactions with 
nuclei of the emulsion. The angular and momentum distributions of the protons and me- 
sons (in the nucleon-nucleon c.m.s.) are compared with the predictions of the peripheral’? 
and central!+!0»11 interaction theories. It is shown that part of the interactions with quasi- 
free nucleons (about 20%) cannot be ascribed to peripheral interactions, mainly because 
of the large emission angles and large transverse momenta of the secondary protons. 
Nevertheless, the characteristics of most of the cases agree with the properties expected 


for peripheral interactions. 


lhes a previous experiment,! we studied the angular 
distributions of secondary particles in stars pro- 
duced by the interactions between 8.7-Bev protons 
and emulsion nuclei. It was shown that an appre- 
ciable part of such stars (at least 15%) are char- 
acterized by a narrower angular distribution of 
the particles in comparison with the predictions 
of the theory of central interactions with one nu- 
cleon, and even more so with several nucleons. 

It was noted that these interactions are apparently 
peripheral nucleon-nucleon interactions. In the 
present study, we investigated the energy and an- 
gular characteristics of different kinds of par- 
ticles emitted in interactions of the nucleon- 
nucleon type. 


1. EXPERIMENTAL METHOD 


In this work, we used part of an emulsion stack 
(stack No. 13, NIKFI-BR emulsion) of 10 x 10 cm 
pellicles exposed to the 8.7-Bev proton beam at the 
Joint Institute for Nuclear Research. 

The basic problem of the experiment was to 
study the energy and angular distribution of sec- 
ondary particles in interactions between the inci- 
dent nucleon and a free or quasi-free nucleon. By 
interactions with a quasi-free nucleon we have in 
mind those in which only a very small part (< 2%) 


log W 


a 64 90 
Cy, deg 
FIG. 1. Probability W of finding tracks with a minimum 
length Lyin in one emulsion pellicle (histogram — experimen- 
tal data; solid lines — calculated results; upper curve represents 
Lyin = 2 mm, and lower curve Lyin = 10 mm). Geometrical cor- 
rection ko =W *. 
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of the primary energy in the laboratory system is 
transferred to other nucleons of the same nucleus.* 

About 2000 stars were found as a result of the 
scanning of the emulsion pellicles (mainly by 
scanning along the tracks of the primary proton 
beam and only partially by area scanning). From 
these stars, we selected 330 stars of different 
types which contained tracks flat enough so as to 
permit accurate measurements of the particle 
momentum (p) and ionization (I). 


*Such a definition practically excludes not only central col- 
lisions but also peripheral collisions with other nucleons. 
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FIG. 2. Integral distribution of second differences of the 
coordinates from measurements of primary proton beam tracks 
(2) for a cell length of 2000 1. Shown for comparison are the 
corresponding distributions for Coulomb scattering (1) at 9.2 
Bev/c and for a group of secondary particles (3) of measured 
momentum greater than 6 Bev/c. 


We determined (as a function of the laboratory 
space angle 6],) the geometrical correction kg 
necessary for the analysis of all angular and mo- 
mentum distributions (see Fig. 1). The correc- 
tions for fast and slow particles were different 
(curves 1 and 2, respectively). It should be men- 
tioned that the very strict selection criteria as 
regards the dip angle 6 of the fast tracks which 
were to be measured (length L =>1cm in one 
pellicle, which corresponded, on the average, to 
angles 6 =1°) were dictated by the very strong 
dependence of spurious scattering on the angle 6 
as was observed by us in some pellicles. 

The statistical error of the momentum meas- 
urements was, as a rule, 25%; spurious scattering 
and ‘‘noise’’ were determined from measurements 
on primary proton tracks (in the same pellicle). 
The results of such measurements are shown in 
Fig. 2. In the region of the greatest momentum 
(=>6 Bev/c), where it was difficult to take into 
account spurious scattering in individual cases, 
we usually resorted to a statistical treatment of 
the data for a group of tracks; the mean value of 
the momentum of such particles was 7.5 Bev/c. 

The total error in the measurement of the rela- 
tive ionization I/I) on secondary particle tracks 
(with respect to primary beam tracks at the same 
place in the pellicle) was estimated as ~ 2%, which 
is confirmed by the spread in the values of I/Ip 
for m mesons in the region of the ionization curve 
minimum (Fig. 3a). In all cases the measurements 
were repeated. The particles were identified with 
the help of the curves of Barkas.” 

In the region bordering on the point of intersec- 
tion of the proton and 7-meson curves (pf = 1.5 — 
2.5 Bev/c), where it is not possible to identify the 
particles with the required accuracy, we made a 
statistical analysis of the sign of the charge of the 


AND QUASI-FREE NUCLEONS 1145 


FIG. 3a. Results of measurements of relative ionization for 
7 mesons in the region of the minimum of the ionization vs. 
momentum curve (p6 = 0.4—0.8 Bev/c). Taken as the zero 
value of the axis of abscissas is the theoretical value of the 
ionization for 7 mesons at the position of the minimum. 
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FIG. 3b. Results of measurements of the relative ionization 
for particles of momenta p§ > 2.5 Bev/c. Taken as the zero 
value on the abscissa axis is the theoretical value of the ion- 
ization for a proton of this momentum (also shown are the posi- 
tions of the maxima of the corresponding curves for K and 7 
mesons). 


particles based on the study of the magnetic deflec- 
tion in the field of the accelerator.? We thus ob- 
tained the ratio N,: N_ = 1.50 + 0.50. 

As additional information, we used data obtained 
by electronic methods at the Joint Institute for Nu- 
clear Research* concerning the composition of a 
beam of positive charged secondary particles for 
the angle 67, = 1°, momentum p = 2.25 Bev/c, and 
a copper target, and for 67,=3°, p= 2.9 Bev/c 
and a beryllium target; in both cases the ratio of 
the number of 7* mesons to the number of protons 
was N,+:Np ~ 0.8:1. If we take into account the 
values for N,:N_ and Nz+:Np, we obtain for the 
ratio of the number of mesons of both signs to the 
number of protons N;+:N, =3: il 

Figure 3b shows the distribution of the relative 
ionization for secondary particles of momentum 
pB > 2.5 Bev/c. It is seen that in the great major- 
ity of cases, 7 mesons are well-separated from 
protons. (In the figure, the ‘‘zone of indetermi- 


*The authors thank M. F. Likhachev, V. S. Stavinskir, Hsu 


Yun-Ch’ang and Chan Nai-Sen for permission to use the results 
of their measurements prior to publication. 
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FIG. 4. Angular distribution of relativistic or gray tracks 
Neh (in lab system) for stars of type np <1, ng < 1 (without 
elastic scatters): @ — pp interactions (69 stars with even val- 
ues of ng + mg), O — pn interactions (58 stars with odd values 
of ng + ng). Points indicated by crosses were calculated from 
the requirement of symmetry in the c.m.s. distribution with re- 
spect to the angle 90° (for even values of ng + ng). Here, and 
in the figures which follow, the arrow indicates the allowable 
deviation for the 95% confidence level (D,,) according to the 
Kolmogorov test. 


nacy’’ in which the probabilities of identifying par- 
ticles as protons and 7 mesons differ by a factor 
less than three, is shown cross-hatched.) 


2. SEPARATION OF INTERACTIONS WITH 
QUASI-FREE NUCLEONS 


The usual procedure for separating interactions 
with individual nucleons of the emulsion nuclei 
(see, for example, reference 4) involves the selec- 
tion of events in which the nucleus as a whole does 
not experience any visible excitation (including B 
decay in the case of pp interactions). Usually, 
about 10% of all interactions observed in emulsion 
are selected in this way. An additional, although 
weak, ‘‘sifting out’’ of non-nucleon interactions is 
made by the application of the modified kinematical 
criterion of Birger and Smorodin® based on the laws 
of conservation of energy and momentum of all par- 
ticles before and after the interaction. In individual 
cases, however, this criterion is a necessary con- 
dition, but is far from satisfactory, owing to the 
scanty information on the energy characteristics 
of all the interaction products. 

On the other hand, whenever we have to do with 
a statistical analysis of data on a comparatively 
large number of interactions, it turns out to be 
possible to limit ourselves to the kinematical cri- 
terion, which, under some quite natural assump- 
tions, changes, generally speaking, from a neces- 
sary into a necessary and sufficient condition. Ac- 
tually, we assume that it is possible to find some 
characteristic, in particular, a small number of 
black and gray tracks, which distinguishes inter- 
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actions with a ‘‘target’’ mass quite close to the 
mass of a nucleon. Since there are no targets with 
a mass smaller than that of a nucleon, one can then 
also calculate the upper limit of a possible ‘‘con- 
tamination’’ of interactions of a non-nucleon type 
in the group of interactions. 

The method employed by us to determine the 
average mass of the “‘target’? Mp from data on 
the angular and momentum distribution of the sec- 
ondary mesons and protons was based on the re- 
lation 


ny (Ey — pyc) + kon (Er— pio ,+ = 1.05 Mnc?, (la) 
where ny and n,;+ are the numbers of secondary 
nucleons and charged 7 mesons having a given 
value of the quantity Ey, -plle, which is the differ- 
ence between the total energy and the longitudinal 
momentum in the laboratory system; ky = 1.5* is 
a coefficient taking into account (on the average) 
neutral mesons; My is the nucleon mass. Here 
it was assumed that the average energies and the 
longitudinal momenta of the charged and neutral 
nucleons (or, correspondingly, mesons) are the 
same. The quantities (Ey -ple )? (E, -ple),, 
and n,+ can be determined from an analysis of 
the angular and energy characteristics of 7 me- 
sons and protons. In order to obtain more accu- 
rate angular distributions, we made use of the 
data (see Fig. 4) obtained in a previous work! for 
127 stars of the type np = 1 and ng < 1 found 
without any bias and not including cases which 
can be regarded as elastic scattering of the pri- 
mary proton (see below). 

As seen in Fig. 4, the character of the angular 
distribution for 69 stars with an even number of 
shower (ng) and gray (ng) tracks is in agree- 
ment with the assumption that the angular and 
momentum distributions of protons and mesons 
are symmetric about the angle 6) = 90° in the 
nucleon-nucleon c.m.s. for pp interactions.T If 
it is assumed that there is full symmetry of the 
angular and momentum distributions for both pro- 
tons and mesons (relative to the angle 6) = 90°), 
then, after summation of symmetric particles by 
pairs, relation (la) becomes equivalent to a c.m.s. 
energy balance:{ 


*In particular, the closeness of k, to 1.5 is confirmed by 
the appropriate statistical-theory calculations made by V. M. 
Maksimenko for the case of central interactions. 

TAt the same time, for odd values of ng + Ng (pn interac- 
tions) there is a very marked asymmetry evidently connected 
with the asymmetry in emission of protons.* 

tOmitted from relation (2) is that small part of the energy 
which can be released in a nuclear disintegration in accord- 
ance with the foregoing definition of a quasi-free nucleon of 
the target. 
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AnEop + Ronson = 27eMwc. (2) 


Here Eo and €9,; are the mean c.m:s. energies of 
the protons and mesons, respectively, which can be 
determined experimentally by means of the mo- 
mentum and angular characteristics of the parti- 
cles in the forward cone. As will be seen from 
what follows, the value of Ny Obtained by us with 
the aid of relation (2) is 2.0 + 0.2, which corre- 
sponds to a possible mixture of collisions with two 
nucleons (ny = 3) of up to 20%. 

Hence the selection of stars on the basis of a 
small number of black (np = 1) and gray (Ny. = jl) 
tracks separates interactions characterized by an 
average ‘‘target’’ mass close to My. The total 
number of such interactions is then ~ 25% of all 
interactions with emulsion nuclei. On this basis, 
one can calculate that the ratio of interactions of 
type pp to pn in these stars should be ~ 1.2. It 
should be noted that for stars with np = 2.3 (with 
Ng <1) the average mass of the target already 
turns out to be significantly greater than Mwy, and, 
at the same time, the departure from symmetry 
relative to the angle 6) = 90° in the angular dis- 
tribution is quite marked. 

In the analysis of stars with a small number of 
particles, both slow and fast (ng + ng), a certain 
role can, generally speaking, be played by a mix- 
ture of cases of elastic scattering, whose cross 
section® is ~ 85% of the cross section for inelastic 
interactions of protons with light and heavy emul- 
sion nuclei. However, only a small part of the 
cases of elastic scattering (< 2%) involves a de- 
flection of the proton by an angle 6; = 1.5° with 
respect to the primary particle, and therefore the 
discarding of all cases in which the proton is de- 
flected by an angle 67, = 1.5° ensures a practic- 
ally complete elimination of cases of elastic scat- 
tering. 

As regards weak excitation of the residual nu- 
cleus associated with the presence of one black 
track, and sometimes even a recoil nucleus, this 
can evidently be made to agree with the obtained 
target mass My (on the average) if one takes 
into account the presence of internal (Fermi) 
motion of the quasi-free nucleons involved in the 
interactions with the primary particles. Indeed, 
as a result of the interaction, the residual nucleus 
should acquire a recoil momentum equal in mag- 
nitude, but of opposite sign, to the momentum of 
the nucleon leaving the target. For light nuclei, 
the rms value of this momentum is ~ 350 Mev/c. 

We compared the estimate obtained above for 
the fraction of collisions with quasi-free nucleons 
in emulsion nuclei (~ 25%) with existing informa- 
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FIG. 5. Integral distributions of the number of charged 
products per star (noch =ng + ng). The solid-line histogram rep- 
resents the experimental results of the present work; the 
dashed-line histogram represents the results obtained in refer- 
ence 14. Curves 1 and 2 are the theoretical results for periph- 
eral’? and central’’"**’? interactions, respectively. 


tion on the character of the proton distribution in 
nuclei.® To do this, we assumed that the distribu- 
tions of neutrons and protons coincide. Further- 
more, instead of the optical model usually em- 
ployed for the calculation of the transparency of 
nuclei, we used the rougher model of successive 
collisions with nucleons encountered along a chord 
of length determined by the collision parameter 
(with a subsequent averaging over the collision 
parameters). 

On the basis of a similar model, we calculated 
the cross sections for inelastic interactions and 
the total cross sections for emulsion nuclei with 
the aid of the corresponding cross sections for the 
elementary processes: Ojng] = 25 and O44 = 33 
mb.* The results of the calculations agree with 
good accuracy (5—7%) with the corresponding 
results of Barashenkov’ obtained with the optical 
model of the nucleus. 

Using the same model for the calculation of the 
number of collisions with one nucleon, we obtained 
estimates of 45 and 42%, respectively, of the cross 
sections Ojne] and of¢o¢ (interactions with two nu- 
cleons constitute ~ 20%). If we impose the addi- 
tional condition that the secondary particles pro- 
duced in the first interaction do not encounter any 
nucleons in their paths, we then estimate that 30% 
of the interactions take place with one nucleon. 


3. ANGULAR AND MOMENTUM DISTRIBUTIONS 
OF PARTICLES IN INTERACTIONS WITH 
QUASI-FREE NUCLEONS 


For the selected stars of type np = 1, Ny = 1 
in which we identified and measured ~ 80 particles 
and which could be considered mainly as nucleon- 
——*Later measurements recently made at CERN (private com- 
munication) indicate that it is more correct to take the value 
Jine1 = 30 mb and otot = 38 mb. 


1148 Kye tL. ALDEKSEE VA etal: 


mean multiplicity expected in the case of central 
and peripheral interactions (3.4 and 3.2, re- 
spectively), it should be noted that a considerable 
part of the stars with n,j, > 6 (constituting 5% of 
all cases) can in no way be explained by single col- 
lisions, and they should probably be ascribed 
chiefly to double inelastic interactions of nucle- 

O, deg ons in the nucleus. Moreover, the ratio of the 


1 1 wt L n 
Le Ee a aaa number of stars with even ng} to the number with 
odd n,}, 69:58 is in good agreement with the es- 
FIG. 6a. Integral c.m.s. angular distribution for protons ch 
Appia Sauna a P : timate given above for the relative numbers of pp 


Curves 1 and 2 are the theoretical distributions for peripheral’? : j 
and central!*!1*!? (isotropy) interactions; curve 3 is the dis- and pn interactions. : : 

tribution for a mixture of interactions of both types (70% Nperiph 2. The proton and meson angular c.m.s. distri- 
4+ 30% N cents) butions (in the forward hemisphere) are given in 


Figs. 6a and 6b, respectively. In the case of the 
former, the (7,p) particles, not identifiable di- 
rectly, were not included because the angle 69 
was not determined for them with sufficient ac- 
curacy. 

It is seen from Fig. 6a that there is a consider- 
able excess of protons in the small-angle region 
as compared to an isotropic distribution. If it is 

sue eee R270 me assumed that the observed interactions are a mix- 
P ture of peripheral and central collisions with an 

FIG. 6b. Integral G:m.s: angula: distribution for 7 mesons. isotropic distribution, then we can obtain satisfac- 

The notation is the same as in Fig. 6a. : 
tory agreement with experiment for a ‘‘mixture’’ 


nucleon interactions, the following characteristics | in which 50 to 70% are peripheral processes, 
were studied: 1) the distribution of the number of where the ‘‘allowable’’ level of statistical fluctua- 
shower and gray tracks (noh = Ng + ng) per star; tions is estimated on the basis of the Kolmogorov 
2) the c.m.s. angular distribution of protons and test.* The meson angular distribution (Fig. 6b) 
mesons; 3) c.m.s. total and transverse momentum agrees with the view of a purely peripheral char- 
and energy distributions for protons and mesons; acter of all interactions, although the difference 
4) dependence of the mean momentum of the par- between peripheral and central collisions in this 
ticles on the c.m.s. angle of emission. The greater case is very weak. At the same time, the aniso- 
part of these characteristics were compared with tropy in the proton angular distribution in this 
theoretical calculations based on two extreme as- case proves to be distinctly less than in the case 
sumptions as regards the interaction mechanism: of the interactions studied (by other selection 
a) central interaction of nucleons with the forma- criteria for nucleon-nucleon interactions) in the 
tion of a single excited system with zero angular experiment by the group at the Joint Institute for 
momentum;?!!%1! p) interaction of the peripheral Nuclear Research. 
type characterized by the exchange of one meson It should also be noted that under selection cri- 
between the colliding nucleons." teria permitting interactions with two and more 

1. The integral distribution of the number of black tracks in a star, which is a less strict con- 
relativistic and gray tracks nop for ney = 2 is dition than the criteria used by us, the extent to 
shown in Fig. 5.* As seen from the figure, the which the protons and mesons tend to be emitted 
Noh distribution is not a sufficiently sensitive forward (in the nucleon-nucleon system) again 
characteristic for separating central and periph- increases, despite the appreciably greater mass 
eral interactions. Along with the agreement of of the target as compared with the mass of a nu- 
the experimental data (ng, = 3.1+ 0.2) with the cleon. 

3. The integral c.m.s. momentum distributions 

*The restriction nop 2 2 is connected with the fact that a for protons and 7 mesons (in the forward cone ) 
certain part of the stars with nc, = 1 can be related to the 
process of diffraction production of 7 mesons.’*’ However, in *Formulas obtained by Gnedenko and Korolyuk*® show that 
the determination of the mean value of nop, we also included this test enhances the role of statistical fluctuations if the 


cases with nop = 1. number of observed events is not sufficiently large. 
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FIG. 7. Integral c.m.s. momentum distributions for protons 
(a) and 7 mesons (b) (in units of uc, where p is the 7-meson 
mass). Solid curve — theoretical distributions’! for central in- 
teractions [the (7, p) particles are not included in case al. 


are shown in Figs. 7a and 7b, respectively. Also 
shown there are the results of the statistical the- 
ory of central collisions. From a comparison of 
experiment with theory, one can conclude that, 
among the observed interactions, no more than 
30 —40% are central. The mean proton momentum 
is 1150 + 110 Mev/c, which is practically no dif- 
ferent from the data reported by Wang Shu-Fen 
et al; the meson momentum (340 + 55 Mev) 
proved to be approximately 25% lower. It should 
be borne in mind that the data of Wang Shu-Fen 
et al.'4 are based primarily on measurements of 
particles in the backward cone. 

Finally, Figs. 8a and 8b give the integral dis- 
tributions of the proton and meson c.m.s. trans- 
verse momentum p,. Also given are the theoret- 
ical distributions obtained from the theory of cen- 
tral’1%11 and peripheral” interactions.* From a 
comparison of experiment with theory for the per- 
centage of central collisions from the proton data, 
one obtains a lower limit of ~40% and from the 7 
meson data one obtains an upper limit of ~ 40%. 

It should be borne in mind, however, that in this 
case the meson distribution provides a more sen- 
sitive criterion for estimating the percentage of 
central collisions, for the latter differs from 
peripheral collisions both in the larger momenta 
and larger angles of emission of the mesons, 
while for protons the higher momentum values 
can be offset by the narrower angular distribu- 
tion of the particles in the case of peripheral in- 
teractions. 

The latter characteristic of the proton distribu- 
tions provides an additional possibility of estimat- 
ing independently the percentage of peripheral in- 
teractions. In fact, according to the calculations 
of Chernavskii,!” 70% of the recoil protons emitted 
backward in the c.m.s. should be gray tracks, while 
such tracks should be practically absent in the case 


*It is assumed here that the angular distribution is iso- 


tropic for central interactions. 


of central interactions. Experiment shows that 
stars with np < 1, Ng = 1 have gray tracks at an 
angle 67, = 90° in (25 + 2.5) % of the cases; the 
overwhelming majority of these are proton tracks. 
If it is assumed that the number of slow recoil neu- 
trons and protons is the same, one can then read- 
ily calculate an upper limit of ~ 80% for the fre- 
quency of peripheral interactions, while the lower 
limit is 60 — 65%. 

4. The connection between the mean momentum 
of the particles pp and their c.m.s. angle of emis- 
sion 6) has the following form:* 


0 Pole 0 


Po/p-€ 
Protonst 0—20° 9.8+1.8  30—90° oe Ou 
7 mesons 0—20° 3.9405 20-90° 24402 


As seen from the data, there is a dependence 
of the momentum py on the angle 69, which indi- 
cates that the degree of anisotropy of the c.m.s. 
angular distribution increases, especially for 
mesons, with an increase in the momentum. It 
turns out that for mesons such a dependence is 
more marked in the case of low multiplicity where 
Neh = 4.1 

The mean values of the quantities considered 
above, with an estimate of their accuracy, and 
comparison with the corresponding theoretical 
results are given in the table. 

The above-mentioned dependence of the mo- 
mentum py on the angle of emission of the particle 
69, and, consequently, on 67, is comparatively 
weak; for the other investigated quantities p,; and 
6) the dependence on @7, is considerably stronger, 
especially for protons. This leads to a situation 
in which it is very important to introduce geomet- 
rical corrections in the distributions of p,; and 4 
and also in the calculation of the corresponding 
mean values and the errors involved in their de- 
termination, while for the distribution of py the 
geometrical factor has no special significance.** 


*We note that, for particles with c.m.s. velocities Gs 2 08, 
the same dependence will occur, to a good approximation, in 
the laboratory system. 

tWithout (7, p) particles. 

tA similar picture was observed’® for secondary 7 mesons 
in a study of 7-Bev 7-meson interactions with nucleons; the 
anisotropic part of the c.m.s. angular distribution was due al- 
most entirely to the fastest mesons (c.m.s. energy 2 0.5 Bev); 
this group of particles was quite distinct mainly in stars with 
a small number of prongs. 

**The influence of the geometrical corrections on the ac- 
curacy of the determination of the mean values was considered 
quantitatively by M. I. Podgoretskil, to whom the authors ex- 
press their gratitude for acquainting them with the appropriate 


formulas. 
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Mean c.m.s. emission 
angle 6, deg 

Mean c.m.s. momentum 
Po/ pC 

Mean total c.m.s. 
energy €,/pc 

Mean transverse 

momentum p, /pc 


10.8 + 10% 


4.1 +0.6 


In the analysis of the experimental data for the 
mean values of momentum and energy shown in the 
table, it is necessary to bear in mind the following. 
First, if one carries out an averaging of the values 
of py without recourse to the introduction of geo- 
metrical corrections in the limits of sufficiently 
wide angular intervals (6; =0—4, 4.5—11, and 
11.5 — 24°), then the mean values of the meson 
and proton energies and momenta increase by only 
2 and 1%, respectively, but the estimates of the 
statistical errors decrease to 7/, — ¥% of their cor- 
rected value. Second, the same quantities can be 
averaged under the assumption (as was done in 
reference 15) that all (7,p) particles not iden- 
tified directly are 7 mesons; in this case, the 
mean energy of the 7 mesons and protons increases 
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FIG. 8a. Integral distribution of proton transverse momen- 
tum. Curves 1 and 2 are the theoretical distributions for periph- 
eral’? and central’?*°** interactions; curve 3 is the distribution 
for a mixture of interactions of both (60% Nperiph + 40% Ncentr)- 
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FIG. 8b. Integral distribution for 7 mesons. The curve rep- 
resents the theoretical distribution for central interactions.#2%"! 
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by another 1.5—2%. Finally, if we also take into 
account the mean number of 7 mesons per inter- 
action, namely 2.8, and use the energy balance (2), 
we can determine the mean number of secondary 
nucleons per star, and thus obtain the mean mass 
of the target Mp and the possible percentage of 
interactions with two nucleons inside a nucleus. 


One must only keep in mind the fact that relation 
(2) does not take into account the energy carried 
off by K mesons, which constitutes, according to 
rough estimates, about 10 —15% of the energy of 
the 7 mesons. 

In the end, it turns out that the experimental 
data agree with a relative target mass of unity 
(Mt = Mn), but the experimental error permits 
a value up to 1.2My, which corresponds to a 
mixture in which 20% of the interactions involve 
two nucleons in a nucleus. Use of the earlier data 
on the number of stars of large multiplicity 
(Nch = 7) gives approximately the same estimate 
of the upper limit for the number of inelastic in- 
teractions with two nucleons. However, both these 
estimates apparently give too high a value, since 
the mean multiplicity of the stars in which the sec- 
ondary proton has a large transverse momentum 
(p; = 4uc) does not differ by more than 15% from 
the multiplicity of the remaining stars. 

Besides the value of py for nucleons and mesons, 
three quantities closely connected with it are of in- 
terest: the inelasticity of the interaction in the 
c.m.s. (Kp) and in the laboratory system CK Fay 
and the mean fraction of the initial energy carried 
away by one fast nucleon (@). For the stars of 
type ny, = 1) ng = 1 studied by us Ky = 0.43 + 0.06, 
Ky, = 0.381 + 0.04,* @=0.55 + 0.05. 

The last quantity can be compared with the mean 
free path for the absorption of nucleons Ayn, known 


*In the determination of K, and Ky, we took into account 
only the energy carried off by 7 mesons. 
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FIG. 9. Integral c.m.s. momentum distribution for protons 
with angles of emission 6, = 30—150°. Solid line — theoretical 
distribution for central interactions." 


for light nuclei from cosmic-ray experiments,!" 
namely (Ay)air = 125 g/cm’. If it is considered 
that for a nucleon energy spectrum of the form 

EY it is the values of wY and not the values of 

@ that are averaged, while the mean free path for 
the interaction is Agir = An (1—-a@Y) = 80 g/cm?. 
and also that approximately 35% of the collisions 
with light nuclei can have the character of two suc- 
cessive collisions with one nucleon, then the agree- 
ment between the value (An)air and the value we 
obtained for a proves to be quite satisfactory.* 


4. ANALYSIS OF SOME CORRELATIONS AND 
THE POSSIBILITY OF SEPARATING PERIPH- 
ERAL AND CENTRAL INTERACTIONS 


For the separation of nucleon-nucleon interac- 
tions selected by one or another method into inter- 
actions of different types, it may prove highly ad- 
vantageous to study various types of correlations. 

First of all, from the statistical theory of cen- 
tral interactions it necessarily follows that there 
is a rather high probability that a momentum close 
to the value of the initial momentum of each of the 
colliding nucleons is transferred to the secondary 
particles. Such a transfer could lead to a situation 
in which one of the nucleons changes its direction 
of motion by more than 90° (in the c.m.s.) asa 
result of the collision and both appear in the same 
hemisphere. It should be kept in mind that the 
transfer of a large longitudinal momentum to one 
of the stationary nucleons of the nucleus cannot, 
generally speaking, take place in the case of two 
successive collisions of the peripheral type. There- 
fore the observation of two high-energy nucleons in 
one star can be an indication of the existence of 
central interactions even when there is no doubt 
as to the single-nucleon character of the colli- 


*In his calculations, Grigorov’” took Agi; = 60 g/cm’, 
which, under additional assumptions on the character of the 
distribution of the quantity «, led to the value a = 0.7 for the 
interaction of a nucleon with an air nucleus. 


FIG. 10. Dependence of the mean transverse momentum of 
protons on the number ng of other charged particles emitted 
in the forward and backward hemispheres in the c.m.s. (the 
circles indicate the experimental data and the squares, the 
theoretical data). Shown separately for ng =1 are cases with 
angles of emission 6, S$ 20° (e — experiment, @ — theory) and 
angles of emission 6, > 20°(0 — experiment, 0 — theory). 


sion. Among 140 stars of the type ng <4, Ny) 
studied by us, we observed ten cases of simulta- 
neous emission of two fast identified particles at 
angles 6) < 90° in the nucleon-nucleon c.m.s; in 
three of the cases, both particles were nucleons 
and in seven cases one of the particles was a nu- 
cleon and the other a 7 meson or (7,p) particle. 
Since K mesons constitute only ~ 10% of the num- 
ber of 7 mesons, it is unlikely that in all three 
cases at least one of the particles considered to 
be a nucleon was a K meson. 

Comparison of various correlations with the 
theoretical expectations can be carried out rather 
conveniently if the theoretical results are repre- 
sented in the form of ‘‘artificial stars,’’ i.e., a 
set of randomly selected characteristics of stars 
satisfying all the required conservation laws.1! 

We studied one such correlation by analyzing the 
momentum distribution of protons emitted at 
angles 6) = 30—150°, since in the case of periph- 
eral collisions most of the nucleons (> 80%) are 
emitted at angles 69 < 30° (or 6) = 150°); it can 
then be expected that, in the chosen angular inter- 
val, the momentum distribution will be determined 
only by central collisions. The experimental data 
(see Fig. 9) agrees with what is expected, although 
the large statistical fluctuations do not permit re- 
liable conclusions on the relative number of cen- 
tral collisions. 

On the other hand, one can consider the trans- 
verse momentum distribution for protons for eight 
stars with one gray track (with np = 1) among 
which there should be practically no central inter- 
actions. It turns out that only in one case does the 
value of p,; exceed 2.5 ye, although among all the 
stars with np < 1, protons with p, > 2.5 ue are 
encountered in 60% of the cases. 

Furthermore, we considered the correlation 
between the proton transverse momentum p, and 
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the number (and also angles of emission) of other 
charged particles emitted either in the same hemi- 
sphere as the proton (in the c.m.s.) or in the op- 
posite hemisphere (see Fig. 10). As seenfrom the 
analysis of Fig. 10, the correlation between Py and 
the number of particles in one hemisphere proves 
to be considerably stronger than that obtained from 
the statistical theory of central collisions. 

A visible correlation between the transverse or 
total momentum of the proton and the number of 
other charged particles (in a given angular inter- 
val) has a direct bearing on the asymmetric shower 
effect considered by Dobrotin et al.8 for nuclear- 
active particles with a mean energy of the order of 
300 Bev. Indeed, small values of the target masses 
for one of the colliding nucleons should inevitably 
be accompanied by a small momentum transfer to 
this nucleon, while the other nucleon, producing the 
basic part of the shower, can then considerably 
change its initial momentum, both longitudinal and 
transverse. 

An asymmetry in the angular distribution of the 
produced particles was also observed in the emul- 
sion stars studied by us: thus, for example, among 
22 stars with neh = 5, there were six cases which 
were quite distinctly characterized by an asymmet- 
ric angular distribution of particles (no more than 
one particle was emitted at angles @], = 23° or 
0}, > 23°), while for artificial stars with six 
charged particles, such an asymmetry occurred 
only in two out of 21 cases, and in both cases the 
c.m.s. velocities of all charged particles were 
small. 

Most of the correlations described above can 
be explained in a natural way within the framework 
of the concept of the peripheral character of the 
interactions. At the same time, some characteris- 
tics of the interactions, especially the presence of 
secondary protons with c.m.s. angles of emission 
6) < 90° can be regarded as an indication of the 
existence of a certain percentage of collisions of 
a central type. For the final settlement of the 
question concerning the percentage of central col- 
lisions, it is necessary to conduct further experi- 
ments under cleaner conditions (for example, with 
a hydrogen bubble chamber ). 

Hence, as a whole, our data indicate that among 
interactions with emulsion nuclei a) a considerable 
portion of the events (~ 25%) have characteristics 
close to those of an interaction process involving 
the incident nucleon and only one (quasi-free) nu- 
cleon of the nucleus; b) interactions with quasi- 
free nucleons are mainly of a peripheral character, 
but there are indications of the existence of a small 
number of central collisions (about 20%). 


In conclusion, the authors express their pro- 
found indebtedness to the administration of the 
Joint Institute for Nuclear Research for making 
available to them the emulsion exposed to the Insti- 
tute’s proton synchrotron, and also to D. S. Cher- 
navskii, N. A. Dobrotin, G. T. Zatsepin, N. G. 
Birger, A. E. Chudakov, M. I. Podgoretskii, I. M. 
Gramenistskii, and G. I. Merzon for taking an ac- 
tive part in the discussion of the results of this 
work. 

The authors thank the laboratory staff for tak- 
ing part in the measurements. 
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The magnetic contribution to the specific heat for the ferrites NiFe,O,, ZnFe,O, and the 
mixture 0.2 Ni+ 0.8 ZnFe,0, is determined from calorimetric data obtained between 1.8 


and 20°K. 


lw this work the specific heats of the ferrites 
NiFe,O,, ZnFe,O, and of the mixture of 0.2 Ni 

- 0.8 ZnFe,O, have been measured in the temper- 
ature range from 1.8 to 20°K. The measured 
specific heats have been applied in elucidating the 
details of the magnetic energy spectrum of these 
substances. 

The ferrites of the nickel-zinc system are suit- 
able substances for this investigation, since for 
some of them the Curie temperature is sufficiently 
low, and one can therefore conclude that in the low 
temperature region the magnetic specific heat ap- 
preciably exceeds the specific heat due to the lat- 
tice vibrations. 

It follows from neutron-diffraction data! and 
from the results of magnetic measurements,’ that 
the so-called ferrimagnetic spin ordering takes 
place at Tg ~ 870°K in nickel ferrite (NiFe,O,) 
and is preserved down to 20°K. In mixed ferrites 
the temperature of the transition to the state of 
magnetic ordering decreases with the increase in 
the concentration of the nonmagnetic zinc ions; ac- 
cording to Pauthenet,”? magnetic ordering in the 
ferrite 0.2 Ni- 0.8 ZnFe,O, occurs in the tempera- 
ture range between 70 and 292°K. Yafet and Kittel? 
have discussed the picture of ordering in mixed 
ferrites and have, in particular, indicated the pos- 
sibility of triangular spin ordering occurring in 
them. The results of the latest studies of the 
properties of zinc ferrite (ZnFe,0,)‘** indicate 
the occurrence of an antiferromagnetic transition 
imitvat Te.~9.5°K. 

Until recently, low temperature specific heat 
measurements were only available for one sub- 
stance of the ferrite class — magnetite ( FeFe,0,),° 
in which ferrimagnetic ordering takes place at a 
high temperature (Te = 843°K). 

The ferrite specimens studied in this work had 
the spinel x-ray pattern without extra lines, and 
the accuracy of their stoichiometric composition, 


according to the chemical data and x-ray analysis, 
amounted to several per cent.* 

The method described earlier’’® was used in the 
specific heat measurements. The surface of the 
specimens was covered with a thin film of BF var- 
nish to reduce the possibility of adsorption of the 
exchange gas. 

The values of the heat capacity of the ferrites 
NiFe,OQ,, ZnFe,O, and of the mixture 0.2 Ni-° 
-0.8 ZnFe,O, between 1.8 and 20°K are shown in 
Fig. 1 in C-T coordinates. 

It follows from the data presented that the spe- 
cific heat of nickel ferrite (NiFe,O,) does not 
show any marked indication of an anomaly in its 
temperature dependence. In addition, the molar 
heat capacity of nickel ferrite is considerably 
lower than that of zinc or of the mixed ferrite, 
for which the anomalous specific heat is large. 

Since the magnetic ordering in nickel ferrite 
occurs at a high temperature, one might expect 
that the magnetic contribution to the specific heat 
of NiFe,O, at low temperatures should be small 
compared with the lattice specific heat. 

Calculations, made according to formulae ob- 
tained on the basis of a semi-classical theory of 
spin waves, for ferrites with strong AB coup- 
ling®»® (the electron spins of the ions of the A 
and B sublattices are then oriented correspond- 
ing to the +Z and —Z directions) lead to the 
following values of the magnetic specific heat: 


8 


Crag 0. 13R OSs sa PT ae Sc 


== 0.16-104T"* cal/mole-deg. 
RT. = 4V 2 Jap6a6p= 36.7) an, 


J Apes 24,5R, ov = Sy(Sw +1). 

*The ferrites were prepared by sintering in the Institute of 
Silicate Chemistry of the Academy of Sciences. The x-ray 
analysis of the specimens was kindly carried out by L. N. 
Rastorguev of the Steel Institute. 
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Here Sa and Sp are the mean electron spins as- 
sociated with the ionic moments of the tetrahedral 
and octahedral lattice sites, which for nickel fer- 
rite are taken respectively as 1.75 and 2.5; Jap 
is the negative exchange integral between nearest 
neighbor spins of the two sublattices. For the cal- 
culation, T, is taken as 870°K. 

In order to separate the magnetic specific heat 
from that due to the lattice vibrations, the results 
for nickel ferrite between 2 and 20°K are plotted 
in Fig. 2 as Cai 2 against T/*|* ‘The straight 
" *More detailed data on the specific heat of NiFe,O, are 


given elsewhere.*° 


FIG. 2 


G0 


60 
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line drawn through the experimental points corre- 
sponds to a specific heat between 2 and 12°K given 


by the expression 
C[cal/mole-deg. ] = 0,14. 10-47? + 0.16. 1047», 


where the cubic term naturally describes the lat- 
tice specific heat (@p = 321°K) and the term pro- 
portional to T?/? the magnetic specific heat. 

We can thus consider that the experimental data 
for nickel ferrite do not contradict the results of 
the calculation, and the magnetic specific heat be- 
tween 2 and 20°K represents a small fraction of 
the lattice specific heat. In what follows, the esti- 
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mate of the specific heat corresponding to the lat- 
tice vibrations of zinc and of the mixed ferrites 
has been made according to the data obtained for 
nickel ferrite. 

It should be noted that our data on the lattice 
specific heat of NiFe,O, are close to the lattice 
specific heat of magnetite (FeFe,0,),° for which 
Clattice = 9-112 x 10~* T? cal/mole-deg. However, 
the magnetic specific heat of magnetite, propor- 
tional to T*/2 (see reference 6), is roughly 20 
times greater than the magnetic contribution to 
the specific heat of NiFe,0,. It is possible that 
this is connected with the existence of the a-f 
transition in magnetite at 113°K."4 

An anomaly was found in the C-T curve (Fig. 1) 


for the mixed nickel-zinc ferrite 0.2 Ni: 0.8 ZnFe,O,, 


with a maximum at a temperature ~9.7°K. An 
analogous anomaly in specific heat was found in 
mixed nickel-zine ferrites by Westrum and 
Grimes,” and is probably connected with the 
antiferromagnetic transition in zinc ferrite at 
ook 

From the data shown in Fig. 3, where the coor- 
dinates are C/T?/? and T?/2, it follows that the 
specific heat of the ferrite 0.2 Ni- 0.8 ZnFe,O, 
can be represented by the following formula be- 
tween 1.8 and 4°K: 


Gical/mole-des.| = 45-10 472 25.1027, 


The cubic term separated out in this way can- 
not, however, be ascribed solely to the lattice spe- 
cific heat, since for nickel ferrite the lattice spe- 
cific heat is 32 times smaller than the cubic term 


in the specific heat of the mixed nickel-zince ferrite. 


The term in the heat capacity of the ferrite 
0.2 Ni- 0.8 ZnFe,O, which is proportional to 3/2 
exceeds the cubic term over a large part of the 
range of measurements (up to 14°K). Between 4 
and 9.7°K the experimental data are close to the 
value of the term proportional to T?/*, while above 
9.7°K the growth in specific heat is considerably 
slowed down. 

We can, therefore, consider that an appreciable 
part of the magnetic specific heat between 1.8 and 
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4°K is connected with the ordering which takes 
place below 9.7°K in the mixed nickel-zinc ferrite. 

It is also seen from the data that the magnetic 
specific heat of the mixed nickel-zinc ferrite con- 
tinues to increase with increasing temperature 
between 9.7 and 20°K (Fig. 1). This indicates that 
magnetic ordering in the mixed ferrite is preserved 
at higher temperatures and that the specific heat 
has a maximum lying above 20°K. 

The maximum in the specific heat of the zinc 
ferrite we measured was found at 9.5°K; at this 
temperature the value is of the order of 3.5 cal/ 
mole-deg. The experimental data shown in Fig. 4 
for temperatures between 1.8 and 4°K, in C/T? 
and T*/2 coordinates, enable one to express the 
specific heat by the relation 


C{[cal/mole-deg.] = 1.8-10°° 7% + 12.1-10°7"%F, 


The cubic term in the specific heat of zinc fer- 
rite exceeds appreciably both the lattice specific 
heat of nickel ferrite (by 130 times) and the 
cubic contribution to the specific heat of the mixed 
nickel-zine ferrite (by 4 times). 

The T?/2 term in the specific heat of nickel 
ferrite is 4.8 times greater than the T*/* term in 
the mixed ferrite. 

The absence of a complete theory describing 
the state of magnetic ordering in zinc ferrite and 
in mixed nickel-zinc ferrites makes a comparison 
of the experimental data with theory difficult. The 
energy spectrum of antiferromagnets predicted by 
theory leads to a cubic temperature dependence of 
the magnetic specific heat in the region of not too 
low temperatures (for temperatures greater than 
the gap in the energy spectrum of the antiferro- 
magnet) and cannot explain the T?/? law. 

At the same time, bearing in mind the fact that 
the T?/? term in the magnetic specific heat is large 
in zine ferrite, we might think that both the cubic 
term and the T*/* term in the magnetic specific 
heat are due to antiferromagnetic ordering in 
ZnFe,O,. 

In the process of preparation, zinc ferrite is 
always partly inverted.?*!4 A certain fraction of 
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the Zn ions of the A sublattice then changes place 
with the Fe ions of the B sublattice. The mag- 
netic ordering may then be more complicated than, 
for example, the triangular type suggested by 
Yafet and Kittel? for mixed nickel-zinc ferrites 
with small Ni concentration. 

It is highly likely that a considerable part of 
the T?/? specific heat is connected with this more 
complicated form of magnetic ordering, which 
takes place at low temperatures in different re- 
gions of a zine ferrite specimen. The maximum 
specific heat at ~ 9.7°K in the mixed nickel-ferrite 
0.2 Ni- 0.8 ZnFe,O, is possibly produced by inclu- 
sions of the zinc ferrite type. 

In conclusion, I express my sincere thanks to 
A. I. Shal’nikov for his constant interest in the 
work, to A. S. Borovik-Romanov, who took part 
in the discussion of the results, and to E. F. 
Gippius for help with the experiments. 
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A high-speed moving film was made of a cluster of glowing electrons accelerated in the 
660-Mev synchrotron of the Physics Institute of the Academy of Sciences. The law of varia- 
tion of the axial and radial dimensions of the electron cluster was determined by measuring 
the film density. The results of the measurements are in good agreement with the theory in 
which radiative damping of the electron oscillations is taken into account. An increase of the 
radial dimensions of the cluster has been observed and can be explained by quantum effects 


in the electron radiation. 


ly order to design large cyclic electron accelera- 
tors and accumulating systems, it is very important 
to know the law of variation of the axial and radial 
dimensions of the accelerated electron cluster. The 
axial, radial, and azimuthal dimensions of the clus- 
ter are determined by the distribution of the elec- 
trons relative to the amplitudes of the betatron and 
synchrotron oscillations. The existing theories de- 
scribe the variation of the amplitudes of these os- 
cillations during the acceleration process. The 
theory predicts the presence of radiation damping 
of the oscillations, as demonstrated first by Kolo- 
menskii and Lebedev,! and also the possibility of 
excitation of oscillations under the influence of 
quantum fluctuations of the electron radiation, first 
pointed out by Sokolov and Ternov.’ 

It should be noted that to date there have been 
practically no experimental investigations devoted 
to a verification of the existing theories. The only 
known experimental work was performed by Sands,? 
who investigated the quantum excitation of synchro- 
tron oscillations. The present investigation was 
undertaken to check the basic premises of the 
existing theories. To investigate the quantum ex- 
citation and radiation damping of oscillations it is 
necessary to have on hand a cyclic electron accel- 
erator with sufficiently high maximum energy and a 
long electron acceleration time. Both requirements 
are well satisfied by the recently constructed S-60 
synchrotron of the P. N. Lebedev Physics Institute 
of the U.S.S.R. Academy of Sciences.’ 

This ‘‘race track’’ synchrotron, with four 
Straight sections, can accelerate electrons to 660 
Mev in 0.6 sec. The radius of the electron equili- 


brium orbit is Rg = 198 cm, the fall-off exponent 
of the magnetic field is n= 0.655. The synchro- 
tron has two resonators. The first operates as the 
electrons are accelerated to approximately 200 
Mev, and the second—from the energy at which the 
first resonator is switched off to maximum. The 
instant of the transition from the first resonator 
to the second, called ‘‘interception,’’ lies in the 
interval t = 0.12 — 0.16 sec, depending on the op- 
erating conditions of the accelerator (the time is 
reckoned from the instant of injection). The ac- 
celerating cycles are repeated every six seconds. 

The investigation was carried out by taking high- 
speed motion-picture photographs of the glow of the 
electron cluster accelerated in the synchrotron. 

It should be noted that photography of the glow of 
the electron cluster was used earlier,” but with- 
out photometric processing of the resultant photo- 
graphs. 

The apparatus used in this investigation is illus- 
trated in Fig. 1. A mirror placed inside the vacu- 
um chamber of the accelerator brought the elec- 
trons radiated from a segment of the orbit approx- 
imately 40 mm long out through a window in the 
flange of the radial tube. A lens located outside 
the accelerator chamber produced an intermediate 
image of the cluster, which was photographed with 
the high-speed motion-picture camera. An SKS-1 
motion picture camera was used, capable of opera- 
ting up to 4500 frames per second. The pictures 
were taken at 500 frames per second. A neon bulb 
fed by a 250 or 500 cps ZG-10 audio generator 
was used to produce the time markers on the film. 
A reticle graduated in millimeters was placed in 


1158 


VARIATION OF THe AXIAL AND RADIAL DIMENSIONS 


G32 


FIG. 1. Optical system of the apparatus. 


the plane of the intermediate image produced by 
the lens, to measure the displacement of the pic- 
ture of the cluster. The magnification of the opti- 
cal system was 0.132. Standard MZ-2 16-mm film 
was used, rated 45 GOST sensitivity units. The 
number of electrons in the cluster, determined 
during the photography with a special electronic 
circuit, was approximately 10% 

To interpret the resultant cluster photographs, 
we must have the characteristic curve of the film 
so as to convert the photographic density into radia- 
tion intensity. To obtain the characteristic curve, 
a step wedge was placed in the plane of the inter- 
mediate image and photographed by the light of the 
electrons. In addition, the radiation spot incident 
on the wedge was photographed, to monitor any ir- 
regularities in the illumination of the wedge steps. 
All this made it possible to determine the charac- 
teristic curve of the film for the wide range of 
variation of density prevalent in the photography of 
electron clusters. 

It took about 200 frames to photograph the 
cluster in a single acceleration cycle. Each 
frame is an image of the cross section of the elec- 
tron cluster, averaged over the exposure time of 
the frame, equal to approximately 4 x 107* sec. 

The illumination of any portion of the image on the 
film is directly proportional to the number of elec- 
trons passing during the exposure time through a 
unit surface of the conjugate area in the cluster 
cross section. Thus, by measuring the distribution 
of the illumination in the image of the cluster, we 
find the distribution of the electrons over the coor- 
dinates in the cross section of the cluster, and are 
able to determine the width of this distribution. 
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A series of successive photographs of a cluster 
during one acceleration cycle is shown in Fig. 2, 
from which we can see the general character of 
variation of the form and dimensions of the cross 
section of the cluster. The same figures shows the 
experimental plots of the distribution of the radia- 
tion intensity over the width (radial direction of 
the accelerator) in height (direction of the syn- 
chrotron magnetic field). 

The threshold of registration on the film amounts 
in our case to only ~ 100 Mev (photograph No. 1). 
The cluster is oval in section, slightly elongated 
in the radial direction, and the photographic density 
is low because the intensity of radiation is still low. 
With increasing energy, up to the instant of inter- 
ception, the form of the cluster changes insignifi- 
cantly, and the intensity increases. It can be as- 
sumed that directly prior to interception the form 
of the cross section of the cluster is determined 
only by the betatron oscillations (photograph No. 
2). At the instant t = 0.147 interception takes 
place and causes a strong radial broadening of the 
cluster, owing to the occurrence of synchrotron os- 
cillations of large amplitude (photograph No. 3). 
The reduction in the density of the cluster image 
directly after interception, compared with the 
photograph prior to interception, is explained by 
the fact that in practice the same amount of radia- 
tion is distributed over a greater image area. The 
initial cluster begins to fluctuate in this case as a 
whole, and this leads, owing to the averaging of the 
position of the cluster during the exposure time, to 
a typical picture in the form of a ‘‘dumbbell’’ 
(photographs 4 and 5). The thicker parts of the 
dumbbell correspond to the ‘‘turning points’’ of the 
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vibrating cluster. The dimension of the cluster 
along the vertical direction (the z axis) remain 
practically unchanged during the instant of inter- 
ception. 

Later on, owing to the attenuation of the syn- 
chrotron and betatron oscillations, the cluster be- 
comes compressed (picture No. 6). At the instant 
0.365 sec and at an energy 433 Mev, the radial di- 
mensions of the cluster are minimal (photograph 
No. 7). The cross section is similar in form at 


that instant to an elongated ellipse with sharpened 
ends and a semi-axis ratio 1:5. The vertical di- 
mension of the cluster reaches a minimum at the 
instant 0.435 when the electron energy is 506 Mev 
(photograph No. 8). At the end of the acceleration 
cycle the cluster again broadens, both radially and 
vertically. However, the radial broadening of the 
cluster reaches a limit in this case at 619 Mev and 
0.555 sec (photograph No. 9), followed again by a 
slight radial compression of the cluster. At the 
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FIG. 3. Measurement of dimensions of electron 
clusters from the microphotograph of the picture: 
a — negative image of cluster, b — radial micrograph, 
c — characteristic curve of film. 


instant when the electrons strike the target, the 
cluster has a form shown in photograph No. 10. 
The radial dimensions of the cluster become 
stabilized or even increase slightly apparently 
because of quantum build-up of the oscillations, 
while the stabilization and subsequent increase in 
the axial dimensions are still unexplained. 

In order to refer the time of each frame of a 
given cycle to the instant of injection, the last 
photographed frame of the acceleration cycle was 
timed. On the basis of known data on the value of 
the electron energy in the target, the target radius, 
and the time necessary for the electrons to swing 
from the equilibrium orbit to the target, it was 
easy to calculate the instant of time corresponding 
to the start of the drift of the electron from the 
equilibrium orbit to the target. The error in the 
time correlation amounted to + 0.01 sec. This 
was followed by a recalculation of the time markers 
produced by the neon bulb, fed from a ZG-10 gen- 
erator of known frequency, so that the time corre- 
sponding to any frame of the film could be readily 
determined. 

The electron-cluster photographs obtained were 
processed photometrically. An MF-4 microphotom- 
eter was used to record microphotographs of the 
distribution of the density in the cluster picture in 
two mutually perpendicular directions, correspond- 
ing to the direction of the accelerator radius R 
and the direction of the magnetic field z. Both di- 
rections intersected at the point of the image having 
the maximum photographic density. In addition, 
the base line, i.e., the line corresponding to in- 


finite photographic density (B = ~), was also re- 
corded on the microphotograph. 

Figure 3 illustrates the procedure used for the 
subsequent processing of the resultant microphoto- 
graphs. The microphotographs for each frame 
chosen for processing were placed on a prepared 
density scale in such a way that the base lines of 
the microphotographs and of the scale coincided. 
The values of the density for the background (Bb) 
and for the maximum (Bm) were determined. The 
absolute value of the density at the maximum, ABm 
= Bm -— Bp, was found. 

From the characteristic curve of the photo- 
graphic film we determined the logarithm of the 
intensity of radiation log (1/I))m,* corresponding 
to the absolute density at the maximum. To inves- 
tigate the change in the radial and axial dimensions 
of the cluster, we measured the width of the micro- 
photogram at a level corresponding to 0.3 of the 
maximum intensity, for which the logarithm of 
this value was determined from the formula log 
[0:3°(1/15 ma | = log (171) rat log 0-3.) Dhetcharace 
teristic curve was then used to find the absolute 
value of the density for this radiation intensity 
level (ABy.3). Adding the value of the background, 
we obtained for the microphotograph the density 
corresponding to this level of intensity (Bp.3). 

The width of the microphotograph of the cluster 
(1) 3) was then measured at this density level. 


+], is the intensity of radiation incident on a certain step 
of the attenuator, I is the intensity of the radiation trans- 
mitted through this step. 
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Multiplying the resultant value of the width by the 
scale factor 0.331, we obtain the absolute value of 
the width of the electron distribution in the cross 
section of the cluster at a given level from the 
maximum of its distribution. Approximately 40 
frames, spaced 0.01 sec apart, were processed in 
the series of photographs for a single acceleration 
eycle. 

This method was used to process four frames 
with different electron acceleration cycles. Not 
one of the films enabled us to process completely 
the acceleration cycle, since the range of density 
variation from the start of acceleration until the 
electrons dropped on the target was so large, that 
it was impossible to carry out reliable photographic 
measurements on all the frames of the cycle. We 
therefore choose two films, on which part of the 
frames, corresponding to acceleration time from 
0.1 to 0.3 sec, was reliably measured, as well as 
two films with reliably measured frames corre- 
sponding to the time from 0.25 to 0.6 sec. 

The resultant experimental data on the varia- 
tions of the axial and radial widths of the cluster 
at the 0.3 level for the two films, and their com- 
parison with the theoretical variation of the sum- 
mary oscillation amplitudes, are shown in Figs. 4 
and 5 respectively. The choice of the width at the 
0.3 level for the comparison with theory is dictated 
by the fact that in the photometry this width was 
measured most reliably. The plots for the widths 
at the levels corresponding to intensity values 
amounting to 0.2, 0.4, 0.5, and 0.6 of maximum, 
duplicate almost exactly the course of the given 
experimental curves. 

In plotting the theoretical variation of the axial 
amplitude of the oscillations, we chose as the ini- 
tial amplitude half the width of the cluster at the 


KOROLEV,; EReHOV,, 


and KULIKOV 


> 
o 
= 
Ny 600 4% 
= e 
ag a3) 
a ® 
EE 40 500 3 
ae r 
oe 
BS 30 400 5 
eeu o 
aotoa g 
Su. 2 00 3 
2 < Experimental s 
| 
SS 0 200 & 
ue) ica} 
oO ~ 
4 


> 
~ Oia a2 a4 Us 


Interception 


Qs 


Time from the instant of 
injection, sec 


GS 


instant of interception, equal to 16 mm. The ini- 
tial amplitudes of the radial betatron and synchro- 
tron oscillations were determined in the following 
fashion. As follows from the measurements, the 
radial width of the cluster prior to interception 
amounts to 21 mm and, apparently, is due only to 
betatron oscillations. At the instant of intercep- 
tion, the radial dimensions of the cluster increase 
sharply and its width becomes equal to 45.4 mm, 
owing to the occurrence of synchrotron oscillations. 
We therefore took for the initial amplitude of the 
radial betatron oscillations half the width of the 
cluster prior to interception, equal to 21 mm, and 
for the initial amplitude of the radial synchrotron 
oscillations we took half the value of the differences 
of the widths before and after interception, amount- 
ing to 24.4 mm. To calculate the amplitudes we 
make use of the Kolomenskii and Lebedev formu- 
las’ in which account is taken of the radiation 
damping of the oscillations. The amplitude of the 
axial oscillations can be written here as 


a, = E 2 exp f ( ue dt’ | 
s Ee 
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VARS TiONTOR THE SAXTATL AND RADIAL DIMENSIONS 


The theoretical curves plotted from these 
formulas are denoted on both figures by the num- 
ber 1. The theoretical curves, based on the 
Sokolov formulas in which radiation damping is 
not taken into account, are denoted on the same 
graphs by the number 2. According to theory® and 
the law assumed for the addition of the oscillation 
amplitudes, the formulas for the amplitudes will 
have the following form: for axial oscillations 
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t 
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and for radial oscillations 
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In all these formulas, az, arb, and ars are the 
amplitudes of the axial betatron, radial betatron, 
and radial synchrotron oscillations, respectively, 
Eg is the equilibrium energy of the electron, Ws 
is the power of the radiation emitted by the elec- 
tron, rp is the classical electron radius, A is the 
Compton length, Rg is the radius of the equilibrium 
orbit, n is the exponent of the fall-off of the mag- 
netic field, y is the ratio of the total energy of the 
electron to its rest energy, and V is the high fre- 
quency voltage on the resonator. The subscript 
zero denotes that the corresponding quantities are 
taken at the instant of time ky. In our case ty 
= 0.147 sec. In addition, both plots show the 
build-up of the energy of the accelerated electrons, 
Es. 

Analyzing the experimental curves and com- 
paring them with the theoretical ones, we can draw 
the following conclusions: 1) the theory that takes 
radiative damping into account, first developed by 
Kolomenskii and Lebedev, gives sufficiently good 
albeit incomplete agreement with experiment; 2) in 
the energy region above 400 Mev, considerable 
radial oscillations are excited in the S-60 syn- 
chrotron of the Academy of Sciences Physics Insti- 
tute by quantum oscillations, as first predicted by 
Sokolov and Ternov’ and as developed in the 
macroatom theory of the same authors and 
Ivanenko’; 3) undamped axial oscillations exist, 
the presence of which does not follow from the 
theory; 4) in the energy region above 550 Mev a 
certain increase in the axial dimensions and a 
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small decrease in the radial dimensions of the 
cluster are observed in the same synchrotron, 
which also cannot be explained theoretically. 

In the study of the variation of the axial and 
radial widths of the cluster at different levels 
away from maximum, it was observed that from 
the time of interception to the instant 0.32 sec 
(Es = 380 Mev) the central part of the cluster 
(corresponding to the level 0.6 of maximum) is 
compressed more rapidly than the peripheral 
parts, and then the widths change at approximately 
the same rate. The experimental plots show also 
that in the time interval from the interception (t 
= 0.147 sec) to t = 0.3 sec, i.e., in the portion 
where the cluster is intensely compressed, the 
speed of the radial compression is approximately 
twice the speed of the axial compression. 

By measuring the position of the center of the 
image of the cluster of glowing electrons relative 
to the edges of the image of the frame (see Fig. 
1) it was possible to trace the motion of the 
center of the cluster in the (R, z) plane, where R 
is the direction of the accelerator radius and z is 
the direction of the magnetic field. The results of 
the measurements are shown in Fig. 6, from which 
it is seen that the cluster experiences a consider- 
able displacement in the chamber, and that at the 
instant of interception a sharp change takes place 
in the position of the center of the cluster. These 
displacements are evidently due to a change in the 
value of the equilibrium radius and a displacement 
of the null z plane. The point of reference was 
chosen on this figure arbitrarily. The total dis- 
placement of the entire beam amounts to approxi- 
mately 30 mm in the radial direction and 20 mm in 
the vertical direction. All these measurements 
pertain to a definite point of observation of the 
cluster in one of the quadrants of the accelerator 
magnet. 

Thus, the optical method of observing the 
cluster, employed in the present work, makes it 
possible not only to study the change in the dimen- 
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The angular distribution of 8.7-Bev protons scattered elastically in nuclear emulsion is 
measured. Comparison is made with the optical model theory. 


1. EXPERIMENTAL PROCEDURE 


ee present work was undertaken to improve our 
earlier measurements of elastic proton scattering 
in nuclear emulsion.! A pellicle stack was irradi- 
ated with an internal 8.7-Bev proton beam in the 
proton synchrotron at the High-Energy Laboratory 
of the Joint Institute for Nuclear Research. The 
stack consisted of 10 x 20 cm type-R NIKFI pel- 
licles 400, thick; the beam intensity was ~ 3 x 104 
protons/cm?. The proton beam, with an angular 
spread of ~ 0.1°, traversed the stack at an angle 
of 0.1 — 0.2° to the plane of the emulsion. An MBI-9 
microscope with 60 x 15 magnification was used to 
search for and measure scatterings. 

For scanning we selected tracks satisfying the 
conditions of (1) relativistic ionization and (2) no 
visually perceptible angle between a track and the 
proton beam axis, nor track dip with respect to the 
emulsion plane. 

Scattering events were searched for by accel- 
erated on-track scanning.* We recorded track de- 
flections for which the projected scattering angle 
g onthe emulsion plane was about 0.1° or larger. 
yg was measured with the accuracy Ag = 0.05° in 
track sections of length 7 =3 mm.* All events with 
projected angle g > 0.17° were remeasured with 
Z=1mm. In this way a 1-mm track section was 
determined within which scattering had occurred; 
the scattering point was then located. 

All events exhibiting g > 0.17 after the second 
measurement were remeasured relative to two or 
three close-lying tracks, with 1 = 3 mm. In addi- 
tion to g, we measured the projected angle @ on 
a plane perpendicular to the emulsion plane. The 
relative measurements were performed in order 
to exclude events resulting from distortions in the 
emulsion. The accuracy of the relative measure- 
ments was Ag = 0.04°. An event was associated 


*Angles were measured as described in reference 1. 


with distortion if a deflection with gy = 0.1° was 
observed in a corresponding section of even one 
neighboring track. The great density of proton 
tracks insured high efficiency in excluding cases 
of distortion by means of the relative measure- 
ments. 

The relative measurements of 331 events 
showed that 4 events resulted from distortions; 
Q< 0.17° for 25 events; 2 events were induced 
by secondary particles; in 12 events > 2° or 
@ > 2°. Careful scanning showed that 16 events 
were stars. All of these events were excluded 
in plotting the angular distribution of elastic scat- 
tering in the range 0.17° < @ < 2°. 

A certain fraction of the plates was scanned 
for the purpose of recording track deflections 
with projected angles of at least 0.25°. These 
events were used to plot the angular distribu- 
tion for g = 0.3°. Thirteen of these events were 
excluded from the total data. 

The efficiency of our on-track scanning tech- 
nique for detecting scattering could differ from 
100% at the beginning and termination of each 
track. In order to avoid scanning errors at the 
beginnings of tracks all events (17 instances) 
in the first three millimeters were excluded. A 
study of the distribution of scattering events along 
the lengths of tracks showed that scanning effi- 
ciency decreases at track terminations. We there- 
fore excluded all events (41 instances) found in 
the last nine millimeters. 

In estimating the scanning efficiency in the 
middle of a track it was assumed that events with 
y = 0.3 were detected with 100% efficiency (see 
reference 2). The efficiency was estimated for 
in the range 0.2 — 0.3° by comparing the number 
of events having y in this range with the number of 
events having @ in the range 0.2—0.3°. The two 
results were identical within error limits. As- 
suming azimuthal symmetry of scattering, it there- 
fore followed that the detection efficiency for events 
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*Data obtained for L = 72.54m and converted for L = 151.6m. 
**When a scattering angle equalled the angle at the end of a 0. 1° interval of the table, 
one-half event was assigned to each of the adjoining intervals. 


with @ in the range 0.2 —0.3° was close to 100%. 

A total of 201 scattering events remained after 
the exclusion of events at track ends. For @ > 0.3° 
we used events recorded in the scanning of a total 
combined track length L=151.6 m; for g from 
OU? thoy O85 TL Ss PAR} Teal 


2. DISCUSSION OF RESULTS 


The distributions obtained in the present and 
earlier work are given in the accompanying table. 
Since the results of the two experiments agreed 
within error limits a combined angular distribu- 
tion was plotted (see the figure).* The table also 
gives the solid-angle distribution of scattering 
events from the total scanned track length L 
= 123m, assuming azimuthal scattering symmetry. 

The figure includes theoretical curves for the 
dependence of the differential cross section on the 
projected scattering angle. The calculations were 
based on the optical model taking irito account the 
interference of nuclear and Coulomb scatteringT 
and assuming that in the laboratory system the 
real part of the nucleon-nucleon forward-scatter- 
ing amplitude is Re fyn(0) = 0, +14.4, or —14.4 
Fermi units.} In calculating the differential cross 
section corresponding to Re fyn(0) = 0 we used 
the total nucleon-nucleon interaction cross section 

*In the angle range 0.2° < @ < 0.3° some events were over- 
looked because of the selection criterion. This loss was esti- 
mated at ~ 5 events, for which the angular distribution was not 
corrected. 

TDetails of the calculation are given in reference 3, 


{This corresponds to an effective potential of 30 Mev for 
nucleon-nucleus interactions. 


averaged over the nucleons within the nucleus 

(o = 38 mb), computed from measurements of 
p-p and p-n scattering cross sections.‘ The dif- 
ferential cross section for Re fyn(0) =+14.4 
Fermi units and o = 38 mb was obtained by linear 
extrapolation, using the results for Re fyj(0) = 0 
and o = 38 mb and for Re fyn(0) =0 or + 14.4 
Fermi units and o = 34 mb. 

We shall now estimate the sensitivity of the 
curves to the parameters used in the calculations. 
Measurements in the emulsion give 0 with +10% 
accuracy, * corresponding to +7% shifts of the cal- 
culated curves for small angles. 

According to Hofstadter,’ the uncertainty of the 
radial parameter is +2%, which for small angles 
results in +2% inaccuracy of the calculated curves. 
For large angles (g > 1°), up to 100% error re- 
sults in the calculated curves. 

Uncertainty regarding the form of the nucleon 
density distribution in the nucleus (trapezoidal, 
Fermi, or Gaussian distribution) results in + 2% 
inaccuracy of the calculated cross sections. 

When calculating errors amounting to 3% are 
added, the total error of the calculated cross sec- 
tions is of the order 10% for small angles 9. 


*From data kindly furnished by the authors of reference 5 
we have estimated the mean free path for inelastic interactions 
of 8.7-Bev protons in the emulsion. From the result Rine} 
as Soames 


116 cm it follows that o= ee mb.° In our earlier paper 
we used Rinei = 34.7 + 1.5 cm and, correspondingly, o = 36. 
+ 5 mb. The measurements of Rin; in the emulsion thus are 
not inconsistent with each other or with the value o = 38 mb 
used in the calculations. 
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A x’ test of goodness of fit between the experi- 
mental histogram and the theoretical curves indi- 
cated agreement with probability 0.3 for Re fnn(0) 
= +14.4 Fermi units, with probability 0.001 for 
Re fyn(0) = 0, and with probability < 0.001 for 
Re fyn(0) = —14.4 Fermi units. 

Taking into account the uncertainty of the cal- 
culated curves, we can conclude that the results 
exclude Re fyn(0) = -—14.4, that they perhaps do 
not exclude Re fyn(0) = 0, and that they are in 
good agreement with Re fyn(0) = +14.4. 

There also remains the possibility that some 
events taken to be elastic scatterings were actu- 
ally inelastic interactions.* We estimated the 
contribution to the measured cross section from 
inelastic processes which could have been mis- 
taken for elastic processes. 

Quasi-elastic proton-neutron scattering was 
estimated from the measured cross section for 
quasi-elastic scattering of protons by bound pro- 
tons .° Assuming identical cross sections for 
quasi-elastic scattering by bound protons and by 
neutrons, we estimated ~7 quasi-elastic neutron 
scatterings in 225 m of path within the emulsion. 
Two of these scatterings fall within the angle in- 
terval 0 — 1° and about five within the interval 
1—2°.7 

In calculating nuclear excitation accompanying 
scattering it was assumed that the ratio Ogoat/Cexe 
of the elastic scattering cross section to the exci- 
tation cross section depends only on the transferred 
momentum. Using nuclear excitation measurements 
at E = 185 Mey,’ for our experimental conditions 
we obtain Oggat/Jexc © 100 at scattering angles 
0.2—0.6° and Ogcat/Sexc © 10 at 1— 2°. The 
Coulomb excitation cross section was determined 
for g < 0.5°, since Coulomb scattering falls off 
sharply above 0.5°. The contribution from Coulomb 
excitation was of the order 1% or less. The con- 
tribution from diffractive pion production’? was 
calculated to be less than 1% of the total cross 
section and ~ 10% in the interval 1— 2°. From 
the angular distribution of secondary relativistic 
particles in nuclear reactions single-pronged stars 
were estimated to occur in 1% of the total number 
of events. 

*The possible background of inelastic interactions at small 
¢ lends support to the exclusion of Re fyn (0) = — 14.4, but 
makes it more difficult to choose between Re fyn (0) =0 and 
Re fyn(0) = +14.4. 

tQuasi-elastic proton-neutron scattering can produce an ex- 
cited nucleus decaying by the emission of 8 rays with a few 
Mev. A corresponding track should then be observable at the 
scattering point. In the present work, in 201 scatterings within 
the range 0.2°< @ < 2.0° not a single event of this type was 
observed. 
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Angular distribution of 8.7-Bev protons scattered elastic- 
ally in nuclear emulsion. Theoretical curves 1, 2, and 3 corre- 
spond to Re fyn (0) = —14.4, + 14.4, and 0, respectively. n is 
the number of events in a 0.1° interval. 


Multiple scatterings on 37 tracks were measured 
as a control. The distribution of mean second dif- 
ferences for each scattered particle was compared 
with the analogous distribution for the primary pro- 
tons. The parameters of the distributions were 
identical within error limits. 

A strikingly large number of scatterings oc- 
curred at angles from 1 to 2°, totaling 27 events 
(including some events involving nuclear recoil), 
whereas the optical model indicates ~7 events for 
Re fyn(0) = 0. The observed discrepancy cannot 
be accounted for solely by the inelastic reactions, 
which amount to 40% according to the estimates 
given above. It can reasonably be assumed that 
the discrepancy results from inaccuracy of the 
calculated cross sections at large angles. 
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A technique is developed for measuring charge density in electron bunches produced when 
electrons are accelerated in a microtron. Measurements performed on the microtron of the 
Institute for Physics Problems showed that the effective length of the bunches is 0.05 — 0.07A, 
where A is the wavelength of the accelerating field. The electron distribution in a bunch cor- 
responds on the whole to the theory of microtron operation. 


‘es principle of the microtron, which is a power- 
ful source of bunched electrons, was published as 
long ago as 1944.' The earliest microtrons? had 
low efficiency, owing to the difficulty of capturing 
electrons into accelerating orbits. The electrons 
were obtained through unregulated cold emission 
and were captured in a region traversed by all or- 
bits. These difficulties were overcome and the 
current considerably increased in the microtron of 
of the Institute for Physics Problems (IPP). 

A limit to the increase of current and energy 
in a microtron is imposed by the requirement of 
coherent emission of electron bunches. It is there- 
fore of interest to investigate the size of bunches 
experimentally. 

Electron bunching in microtrons depends mainly 
on the size of the region of phase stability, which 
was investigated theoretically by Henderson et al.° 
and by Kolomenskii.® The former gave numerical 
results, while the latter used an analytic method 
supplemented by numerical calculations. The re- 
sults of the-two investigations are in essential 
agreement. 

From Kolomenskii’s work it follows that stable 
phases range from 0 to 32.5°, in accordance with 
the inequality* 


0 Gy tg@s ce tg(@s)iim = 2/u. 


A particle traversing the resonator will undergo 
phase oscillations if it is not in a stable phase. 
The frequency v of these oscillations at small 
amplitudes is given by 


cosv = | — nig@s. 
The departure of v from this equation increases 


with the amplitude of phase oscillations (see Fig. 
4 in reference 6). Phase trajectories can be 


*tg = tan. 


plotted in a plane, with ordinates representing the 
difference between the particle energy and the cor- 
responding stable energy, and with abscissas rep- 
resenting the phase. The phase trajectories re- 
main closed up to a certain limiting amplitude. The 
limiting trajectory bounds the phase stability region 
of the microtron. The longitudinal dimension of 
bunches in a microtron beam is obviously deter- 
mined mainly by the extent of the phase stability 
region along the abscissal axis. Theoretical cal- 
culations show that the length of bunches must be 
about 0.1A, where A is the wavelength of the ac- 
celerating field. 

An oscilloscopic study of electron bunching was 
made on the IPP microtron operated in its first 
mode‘ and producing a 5 milliamp pulsed current 
at 7.3 Mev in the 12th orbit. This method had been 
used previously by Tzopp’ to investigate electron 
bunching in a linear accelerator. The sweep was 
produced by a sinusoidal voltage of the same fre- 
quency as the accelerating frequency. All electron 
bunches traversed the deflecting system in the 
same phase, but the beginning and end of each 
bunch were in slightly different phases and were 
deflected differently. The bunch size was deter- 
mined from these deflections and the sweep speed. 

The deflecting system was a toroidal resonant 
cavity, where the electric field was perpendicular 
to the electron velocity. This resonator was placed 
in the 12th (i.e., last) orbit of the microtron 
(Fig. 1). Electrons were deflected vertically, i.e., 
parallel to the magnetic field of the microtron. 
Power was fed to the resonator from the wave- 
guide of the microtron by means of a coaxial line. 

A fluorescent screen was positioned 360 mm 
after the resonator along the 12th orbit. An elec- 
tron bunch traced a bright vertical band on this 
screen, which was observed visually by television. 
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FIG. 1. General scheme of microtron. 


The height h of this band was related to the bunch 
length Z by 


Ay = lio, (2) 
where u is the sweep rate and v is the electron 
velocity (v xc). Thus 

Lz hefu. (3) 


For the purpose of determining the sweep rate, the 
deflection amplitude A must be known, i.e., the 
maximum deflection for the given resonator power, 
since u=wA. However, zero deflection accompa- 
nied the maximum sweep rate. Therefore the 
phase difference between the rf oscillations in the 
sweep resonator and the electron bunches had to 
be changed by at least 7/2. 

Since it was difficult to construct a phase shifter 
that would not affect the power in the sweep reso- 
nator, we employed a different measuring technique 
free of this defect. The sweep resonator was now 
shifted along the electron trajectory by bending the 
coaxial line. This varied the phase between the rf 
field in the sweep resonator and the entering elec- 
trons. It is easily seen that the resonator had to 
be shifted by only the length of a bunch (16 mm). 
The screen on which electron bunches were dis- 
played contained a narrow horizontal slit, behind 
which an electron collector was placed to permit 
quantitative measurements. Electron density in 
the bunches was thus measured electrically besides 
being observed visually. 

If the voltage in the accelerating resonator is 
U =U) sin wt, the current in the last orbit tra- 
versing this resonator is some periodic function 
of phase or time J(wt), which must be determined. 
The voltage in the sweep resonator was generally 
different in phase from that in the accelerating 
resonator, and would thus be described by 
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sin (wt +@). g remains constant during the 
measurements. The current through the sweep 
resonator is* 


(4) 


where S is the length of the electron trajectory be- 
tween the accelerating and the sweep resonator. 
The additional term ws/v depends on the electron 
time of flight from the former to the latter. 

The only electrons passing through the slit in 
the screen will obviously be those traversing the 
sweep resonator close to the voltage phases 2nz7, 
LG. 


J(ot + ws/v) = J[@(é -- s/0)], 


Qi = 2nn— gi. (5) 


This phase region is given by 
(6) 


where T is the time of beam passage through the 
slit; 7t=d/u, where d is the width of the slit, 

u = wA is the sweep speed, and A is the sweep 
(or deflection) amplitude (30—40 mm). In our 
case 


AG = or, 


(7) 


During each period, for a given position of the 
sweep resonator the charge passing through the slit 
in the screen is 


Ag =od/ul = dA ee 0S": 


{7 (ot +o +) (8) 


\ 


The mean current during a pulse is therefore 


/ s d 
‘ee iu C= IO Or eae 


Ss d d 
J (@ a) 1) OTA 7) a 


J (@ : 1). (9) 


ra) 


Multiplying by the duty cycle, we obtain the mean 
current at the collector: 


AV oT Ss 
Je 2nA J (@ Uv 


$1), (10) 
where vy is the pulse repetition rate and Ty is the 
pulse duration. 

By varying the path s we obviously obtain J, 
the electron distribution, as a function of the phase. 
It is very clear that the measurements are essen- 
tially independent of the voltage amplitude in the 
sweep resonator, which determines only the reso- 
lution or accuracy of the method. 

The sweep resonator (Fig. 2) was a toroidal 
resonant cavity with tapered capacitive bulges. 


*The current through the sweep resonator will generally be 
smaller than that through the accelerating resonator, because of 
the presence of a diaphragm. For the sake of simplicity we shall 
neglect this difference. 
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FIG. 2. Sweep resonator. 


This resonator had to be positioned in the 12th 
orbit without encroaching on the 11th orbit; the 
distance between orbits was ~A/m = 32 mm. This 
circumstance determined the shape of the reso- 
nator; a toroidal quasi-static resonator can be 
made considerably smaller than A. The resonator 
was coupled inductively to the coaxial line by 
means of a bottom aperture (Fig. 2). A collar was 
moved along the center conductor of the line to 
regulate the coupling, which was adjusted to make 
the loaded Q of the resonator one-half of the un- 
loaded value. There was thus no reflected wave 
in the coaxial line at resonance. The inner 
conductor had a 6-mm diameter, the inside 
diameter of the outer conductor was 14 mm, and 
the wave impedance of the line was ~ 502, 

The inner conductor was centered by means of 
teflon disks arranged to coincide with standing- 
wave voltage nodes in the resonator when untuned. 
The vacuum in the coaxial line was maintained 
through a number of openings in the outer conduc- 
tor for the purpose of connecting the line to the 
microtron vacuum chamber. The line was con- 
nected to the waveguide (Fig. 1) by a stub termi- 
nating the center conductor. The coupling was 
varied within rather wide limits by changing the 
length of stub in the waveguide. The center con- 
ductor was a tube through which cooling water 
was circulated. 

The shifting of the sweep resonator through 
bending of the coaxial line was performed by a 
selsyn-driven screw mechanism. For the purpose 
of investigating different parts of the electron 
beam, a cooled diaphragm with an aperture of 
0.4-mm diameter, which could be shifted radially, 
was positioned in the last orbit ahead of the sweep 
resonator. 

The fluorescent screen contained a horizontal 
slit 0.4 mm wide. The electron collector, a thick- 
walled lead Faraday cylinder, was located 110 mm 
behind the slit, and was connected to a high-sensi- 
tivity (107! amp) current amplifier. (The ampli- 
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As 


FIG. 3 


fier of a standard ‘‘Cactus”’ dosimeter was used. ) 
The high sensitivity of the amplifier required 
shielding of the Faraday cylinder from rf induction 
in the microtron chamber. 

Signals from the amplifier were fed to an EPP- 
09 automatic potentiometer, whose tape motion 
was synchronized with the shifting of the sweep 
resonator. A curve representing the electron dis- 
tribution in a bunch was thus traced automatically 
on the tape. 

The production of a sufficiently large sweep 
amplitude on the screen required large rf power 
dissipation in the sweep resonator. For the pur- 
pose of calculating this power we considered the 
electron motion in the toroidal resonator (Fig. 3), 
where the field distribution was assumed to be 
quasi-stationary. The effect of the resonator 
magnetic field on the motion of a relativistic 
electron is of the same order of magnitude as 
that of the electric field and must be taken into 
account. Calculations showed that after traversing 
the sweep resonator an electron has the vertical 


momentum component 
eo ‘A 


2 ~ cos(p + Po){2sintp, — p2{Si(tpy) 


G 256 


— Si(1p,)] — (sintp, — ,cos Y,)}, 


where Ey and A are the amplitude and wavelength 
of the electric field in the resonator, ¢g is the 
phase of electron transit through the center of the 
resonator, ~p = 2mR/A, and y, = 27r/A. The first 
term within the braces results from the electric 
field, while the second and third terms result from 
the magnetic field. These terms have the values 
1.65, —0.38, and — 0.27, respectively. 

We thus see that the effect of the magnetic field 
is opposed to that of the electric field and equals 
40% of the latter. The sweep amplitude A is re- 
lated to the acquired momentum (Ap)max by 

A = (Ap) max L/E = (eEo/E)Lh/2n, 
where L is the distance from the resonator to 
the screen and E is the total electron energy. The 
electric field E) is determined from the power ab- 
sorbed in the resonator: 


INO), = 
(11) 


(12) 


Va PS BCoV 


de where Q is the quality factor of the sweep reso- 
nator, W is the absorbed power, f is the frequency, 
FIG. 4. Electron dis- P ; 
and d and r are the resonator dimensions. The 


tribution along the length ; : 
Of abunchatdaie the sweep amplitude is thus 


electron density. A = (e/E)V 8QW/fdr? . (14) 


The parameters of our apparatus are Q = 3000, 
L=36 cm, f =3 x 10° eps, d= 0.8 cma r= 175cem, 
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and E=7.3 Mev. At the power level W = 40 kw 
this gives the sweep amplitude A ~ 2.8 cm. During 
the experiment the resonator absorbed 50 — 60 kw, 
and the sweep amplitude was 30 —40 mm. 

We shall now estimate the possible errors from 
several sources. First of all, when the coaxial 
line is bent the sweep resonator does not move 
along a circle but along a more complex curve, 
thus displacing the resonator with respect to the 
electron trajectory. Furthermore, since the beam 
is of finite width, it is shifted relative to the reso- 
nator axis. However, the field changes in the reso- 
nator close to the electron trajectory are propor- 
tional to the square of the displacement Ax: 


AE/E ~ AH/H ~ (Ax/A)?. (15) 


We thus see that even with a 3-mm displacement 
the field change does not exceed some tenths of 
one percent and can be neglected. 

Furthermore, the bending of the coaxial line 
changes its electrical length to some extent; this 
can change the phase in the sweep resonator. It 
is suggested by Krasnushkin’s® investigation that 
the change of electrical length of the line as a 
fraction of the wavelength is 


= ane (16) 


where J) is the length of the bent section, a is 

the radius of the line, and r is the radius of curva- 
ture of the bend. The actual radius of curvature 
was at least 200 cm. For a=0.7 cm and ly = 39 
cm we have A=5 x 107°, corresponding to 0.02° 
phase difference, which is considerably below the 
resolving power of the apparatus. An experimen- 
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FIG. 7. Phase diagram. Ac is the 
departure of energy from equilibrium. 


tal check showed that the phase change associated 
with the shifting of the resonator was under 0.5° 
in each instance. 

Longitudinal displacement of the sweep reso- 
nator, changing the distance L to the screen, can 
also result in errors. The sweep speed will there- 
fore differ for the measurements at the beginning 
and end of a bunch, respectively; the difference, 
6u/u = 6L/L, is ~3%. The electron density at the 
beginning of a bunch will therefore be about 3% 
greater than at the end. This error can be ex- 
cluded by a suitable correction. 

Finally, the electron energy spread (+0.5%)°»® 
also induces some error. The measurements will 
contain an error of the same magnitude, since the 
sweep speed is inversely proportional to the en- 
ergy. 

The pulsed operation of the microtron is also 
very important for the accuracy of the measure- 
ments. Oscillations are set up in the sweep reso- 
nator, with its smaller Q, more rapidly than in 
the accelerating resonator, where oscillations 
build up in 1 usec. However, the stable acceler- 
ating mode is established abruptly, since acceler- 
ation does not occur until the field amplitude in 
the accelerating resonator reaches a certain crit- 
ical value. 

An oscillogram of the accelerated current pre- 
sents rectangular pulses 2 usec long with steep 
edges. The rise time does not exceed 0.2 psec. 
Thus the build-up processes cannot induce an 
error above 10%. The total systematic error of 
the measurements does not exceed 12 — 15%. 

Figure 4 shows a typical record of the electron 
distribution in a bunch for a given diaphragm po- 
sition. The electron density distribution over an 
entire bunch was determined by analyzing several 
plots corresponding to different diaphragm posi- 
tions. The results are shown in Fig. 5, where 
the axes are parallel and perpendicular, respec- 
tively, to the direction of electron motion. The 
curves represent equal density levels bearing 
numbers proportional to the electron density. 
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The length of a bunch can be estimated from 
the diaphragm. If the length 7 is taken to mean 
the separation of two points where the electron 
density is half of the maximum, we have / = 0.05 
O10 (ATO — ¢ iin, 

The error in 7 resulting from cathode instabil- 
ity is 20 — 25%, based on repeated measurements. 
The operation of the microtron is stable for a few 
hours on the average. However, the stability re- 
quirements of our measurements were very rigo- 
rous; as a result, some instability of cathode 
emission appeared. 

The existence of two maxima in a bunch has not 
previously been explained satisfactorily. The total 
length of a bunch is 0.144, which considerably ex- 
ceeds the theoretical length of the phase stability 
region (0.104). This is accounted for by the angle 
spread in the velocities of electrons leaving the 
accelerating resonator. These electrons will there- 
fore move along noncoincident orbits (Fig. 6), result- 
ing in a lengthening of the bunches at orbital points 
most distant from the accelerating resonator. 

In order to understand the electron distribution 
in a bunch we must consider how a phase diagram 
is filled in. Electrons emerging from the reso- 
nator for the first time are distributed uniformly 
along some curve AB intersecting the phase dia- 
gram (Fig. 7). In subsequent passes through the 
resonator this curve is transformed in a complex 
manner, since the frequency of phase oscillations 
depends on their amplitude. The curve ultimately 
just about fills the entire phase region. Some in- 
homogeneity of the magnetic field as well as pos- 
sible fluctuations of the rf amplitude produces ad- 
ditional interspersion of electrons in the phase 
diagram. Electrons corresponding to large am- 
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plitudes of the phase oscillations will be smeared 
over a larger area than those close to the equilib- 
rium position. This can obviously account for the 
experimentally observed electron distribution. 

Incomplete coverage of the phase diagram by 
the shifting of the original curve would produce 
fine structure in a bunch. The second maximum 
in a bunch could possibly be the remnant of this 
fine structure. 
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The temperature dependence of the spin-lattice relaxation time of corundum containing 
various amounts of chromium has been studied by continuously changing the temperature 
from 4 to 90°K. At small concentrations, the relaxation is determined by the Kronig-Van 
Vleck mechanism. At high chromium concentrations a new spin-lattice mechanism arises, 
which apparently is due to an exchange interaction between pairs of chromium ions. The 
spin-lattice relaxation of chrome corundum samples irradiated in a reactor has been inves- 
tigated. The measurements were made at 3.2 cm by the CW saturation technique. 


1. INTRODUCTION 


Canome corundum (ruby) is now widely used 
as the working substance in paramagnetic ampli- 
fiers. Spin-lattice relaxation plays a very impor- 
tant role in the operation of these amplifiers. 
Hence a considerable number of experimental 
papers have been devoted to the study of spin- 
lattice relaxation in chrome corundum.!~° 

It has been established,’ that at liquid-helium 
temperatures the spin-lattice relaxation time 7}, 
measured by the CW saturation method, depends 
strongly on the concentration of paramagnetic ions, 
e.g., for a sample with a chromium concentration 
c =5x10~ the magnitude of T, is 4.4 x 10° sec, 
and for a concentration of 4 x 10°, T, =6*X 1074 
sec. (Concentration is defined as the ratio of the 
number of Cr** ions to the number of Al** ions in 
the corundum lattice.) At liquid-nitrogen temper- 
atures the dependence of the relaxation time on 
concentration is weaker’: for the same samples 
T, is respectively 1.3 x 10 and 2.7 x 10° sec. 
The Kronig® and Van Vleck’ classical theory of 
spin-lattice relaxation, which was developed for 
isolated paramagnetic ions in a crystal lattice, 
does not contain a dependence on the concentration 
of the paramagnetic ions. 

Experiments by the pulse method have shown 
that the spin-lattice relaxation process at low tem- 
peratures is complicated by cross relaxation ef- 
fects.°’? Cross relaxation has explained a number 
of anomalies in the relaxation phenomena at low 
temperatures (cross saturation, the presence of 
‘“fast’’ exponents in the process of recovery of the 
intensity of saturated lines, etc.) However, cross 
relaxation cannot explain the concentration depend- 


ence of 7,; while it equalizes the spin temperature 
of different transitions, it cannot change the rate 
of energy interchange between the spin system and 
the lattice. 

A single relaxation mechanism is insufficient 
to explain all of the experimental data at low tem- 
peratures. It is natural to suppose that several 
mechanisms take part simultaneously in the spin- 
lattice relaxation process, each one predominating 
at a different temperature. 

The goal of our investigation of spin-lattice re- 
laxation in chrome corundum was the elucidation 
of the nature of these mechanisms. All the meas- 
urements were made at a frequency of 9400 Mc by 
the CW saturation method. 


2. INVESTIGATION OF SPIN-LATTICE RELAXA- 
TION IN IRRADIATED CHROME CORUNDUM. 


Van Vleck pointed out as early as 1941, that at 
low temperatures a limit to the rate of spin-lattice 
relaxation could exist because of the lack of low- 
frequency oscillators for the transfer of the energy 
to the walls of the sample.'? This idea has been 
extensively discussed more recently by Gorter, 
van der Marel, and Bolger, '! by Townes and his 
co-workers, '” and by others. 

The limitation due to the lack of low-frequency 
phonons is withdrawn if there exist processes that 
widen the frequency band of oscillators interacting 
with the spins. The scattering of phonons by cracks 
and lattice defects can serve aS such processes. 
We have made a comparison of the spin-lattice 
relaxation times of samples having the same con- 
centration of chromium, but a different concentra- 
tion of defects. 
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The lattice defects (principally in the form of 
atoms displaced from their equilibrium positions ) 
were created by irradiation with fast neutrons and 
gamma rays in the active zone of a reactor. The 
number of defects in the irradiated samples was 
of the order of 10!°cm™*.'° After irradiation, the 
electron paramagnetic resonance spectrum in 
parallel orientation (@= 0°) was measured. The 
line positions had not changed, but transitions be- 
tween the levels with quantum numbers +°/, and 
+'/, were significantly widened: the width had in- 
creased from 15 to 70 oe. The line corresponding 
to the transition +'/~— —!/, was unchanged.* 

The, spin-lattice relaxation time 71, of the tran- 
sition +'/, — —'/ in the parallel orientation, for 
the irradiated sample with chromium concentration 
On 2D x 10a. turned out to be three times shorter 
than 7, for the non-irradiated control sample of 


*The noticeable widening of the transitions +4 <>+’/ is 
due to the following circumstance. The energy of these tran- 
sitions (hv = + 2D ¥ g) BH) depends on the values of the 
spin Hamiltonian parameters D and g,. The disturbance to the 
regularity of the crystallographic surroundings causes the 
electric field at the location of a chromium ion to change 
slightly from ion to ion. This change leads to a variation in 
the values of the spin Hamiltonian parameters such that the 
variation in D is very much greater than the variation in g). 
The theory’ gives the following relation between the param- 
eters: 2D = A(gi —g,). Since the g-factors are close to one 
another, the dispersion of the values of D exceeds by three 
orders the dispersion of the g-factors. 


the same concentration. For samples of concen- 
tration 8 x 10-4 the relaxation time 7, of the irra- 
diated sample was only 1.3 times shorter than 7 
for the corresponding control sample. 

These experiments were conducted at T = A DNR 
At 77°K the relaxation times of the irradiated sam- 
ples were the same as those of the control samples. 
It is to be noted that the number of low-frequency 
phonons in the control sample should not increase 
significantly with an increase in chromium concen- 
tration, since the scattering from isomorphous 
paramagnetic centers in the crystal is not signifi- 
cant, and the number of defects in the lattice of the 
non-irradiated samples is not large (no line broad- 
ening due to lattice non-ideality was observed in 
the samples of both concentrations studied). 

Thus, phonon effects play a role only in samples 
with a low chromium content.* At higher concen- 
trations new relaxation mechanisms appear, not 
limited by a lack of low-frequency oscillators. 


3. INVESTIGATION OF THE TEMPERATURE 
DEPENDENCE OF 7 IN THE RANGE 4—90°K. 


The different mechanisms of spin-lattice relax- 
ation should show up differently at different tem- 
peratures. The results of Manenkov and Prokhorov? 
show that the sharp dependence of 7, on concentra- 
tion at helium temperatures is replaced at T = 77°K 
by a weaker dependence. At room temperature 7, 
is practically identical for all concentrations. It 
would be extremely interesting to follow the course 
of the temperature dependence of 71, for different 
concentrations by continuously changing the tem- 
perature. To this end a special apparatus was con- 
structed, with the cavity enclosed by a liquid-helium 
cooled jacket.!° By heating the cavity it was possi- 
ble to obtain any temperature between 2 and 60°K 
for a prolonged length of time. The temperature 
was monitored with a carbon thermometer. Use of 
liquid nitrogen as a coolant makes the higher tem- 
perature region 60 — 100° K available for study. 

The line width of chrome corundum does not 
depend on temperature. We used a cavity whose 
loaded Q likewise did not change with temperature. 
Hence it was possible to study the dependence of 
T; On T by measuring the power necessary to 
saturate a given transition at different tempera- 
tures. The results of these measurements for three 
different chromium concentrations are shown in the 


*Attempts to detect a dependence of spin-lattice relaxa- 
tion time on size (for the concentration of 2 x 10~*) were un- 
successful; T, was the same within 10% for samples, the 
smallest linear dimensions of which differed by a factor of 
four. 
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figure. The relaxation time studied was that of the 
transition +'/4,~—- —'Z,. The angle @ was chosen 
equal to 5°, in order to avoid the possibility of 
cross relaxation with the transition -/, > o/s 
Curve 1 shows the temperature dependence of 
the spin-lattice relaxation time for a sample having 
a chromium concentration ec = 2 x10. At temper- 
atures below 50°K, 7, ~ ea and in the interval 
64 —90°K, 7, ~ T7’. Curve 2 is fora sample with 
c= 8x10". In this case, tr, ~ T in the 64—90°K 
interval; it is impossible to characterize the tem- 
perature region below 50°K by a single power law. 
Curve 3 corresponds to a concentration of 2.8 
x 10°. In the interval 4.2 —12°K, 7, ~ T7?*3; at 
temperatures from 15 — 32°K, the relaxation time 
is practically constant, and in the 64—90°K range, 
the magnitude of 7, ~ T~*. The precision of the 
relative measurements of 7, is 410%. 


4, DISCUSSION OF THE RESULTS 


The curves of 7; as a function of temperature 
for the three chromium concentrations are essen- 
tially different in character. 

Curve 1, which pertains to the most dilute sam- 
ple, corresponds approximately to the Kronig-Van 
Vleck mechanism. Up to 50°K, the relaxation is 
basically due to the direct process of absorption 
and emission of single phonons. At higher tem- 
peratures processes of Raman scattering of pho- 
nons prevail; hence in this range 1, strongly de- 
pends on temperature (7; ~ a). 

With an increase in paramagnetic-ion concen- 
tration, a new mechanism enters into the relaxation 
process. It appears particularly pronounced in 
curve 3, corresponding to the sample with chro- 
mium concentration 2.8 x 10. This mechanism 
shortens the spin-lattice relaxation time at helium 
temperatures. In the temperature interval 4—32°K 
the relaxation is completely determined by this 
mechanism; at higher temperatures the Kronig- 
Van Vleck mechanism also takes part. It is likely 
that the mechanism that determines the concentra- 
tion dependence of 7, at helium temperatures is 
relaxation through the exchange interaction of 
pairs of chromium ions. 

The optical investigations of Shawlow, Wood, 
and Clogston’® have shown that the fluorescence 
spectrum of ruby has certain lines which cannot 
be attributed to transitions between levels of indi- 
vidual Cr** ions: at a chromium concentration of 
3 x 107 these lines are absent, and at higher con- 
centrations their intensity increases approximately 
as the square of the concentration. 
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The weak lines appearing in the vicinity of the 
electron paramagnetic resonance lines that belong 
to transitions between levels of individual Cr** 
ions are also associated with exchange interactions 
of ion pairs.!" 

It can be considered that exchange interaction 
is also responsible for the anomalies in the relax- 
ation process at low temperatures. At very low 
paramagnetic-ion concentration, when the number 
of exchange pairs is small, spin-lattice relaxation 
is determined by the Kronig-Van Vleck mechanism. 
This is confirmed by the fact that at extremely low 
concentrations there is no dependence on concen- 
tration. With an increase in concentration the con- 
tribution of the exchange relaxation mechanism be- 
comes important. At concentrations of 5 x 107+ 
— 5 x 10°? this mechanism will come in strongly 
at helium temperature. At still higher concentra- 
tions this mechanism will show up even at nitrogen 
temperatures. 

Curve 3 of the figure shows how the probability 
of exchange relaxation changes with changing 
temperature. At temperatures of 4.2 —12°K, 1, 
is approximately proportional to T. With further 
increase in temperature, T, is independent of tem- 
perature. The temperature dependence of 7, in 
the interval 32 —90°K reflects the simultaneous 
participation of a mechanism giving a Toe depend- 
ence and one independent of temperature. 

In order to explain the existence of the ‘‘plateau’’ 
in curve 3 of the figure, we have to suppose that 
there is an exchange heat reservoir, as postulated 
by Bloembergen and Wang.'® In this model the 
energy of the spin system is first transferred to 
the exchange reservoir, and from there falls di- 
rectly into the lattice. At very low temperatures 
the rate of transfer of energy from the spin system 
is determined by the transfer process out of the 
exchange reservoir into the lattice, which depends 
on temperature. At higher temperatures the prob- 
ability of a relaxation transition is determined by 
the process of energy transfer from the system 
into the exchange reservoir, which does not depend 
on temperature. 

The process of spin-lattice relaxation by means 
of exchange of ion pairs includes the process of 
transfer of excitation from the spins of single Cr 
ions to spins of associated pairs. This transfer 
undoubtedly occurs through cross spin relaxation 
and can include spin diffusion processes. 

Note that the ‘‘plateau’’ in the curve cannot be 
successfully explained by a single cross-relaxation 
process, if this curve is obtained by the CW method. 
Cross relaxation changes only the effective width 
of the saturated line. 
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A new postulate is introduced for the divergence of the vector part of the strangeness-violat- 
ing baryon current. The Gell-Mann and Levy! postulate is taken for the divergence of the 
axial vector part, but with the ™-meson operator replaced by the K-meson operator. As a 
result it is found to be possible to relate the probability for the leptonic decay of the A par- 
ticle to the probability for the Ky2 and Ke3 processes. The theory leads to the conclusion 
that the vector variant plays a most important role in the leptonic decay of the A particle. 


INTRODUCTION 


Inpeenriy Gell-Mann and Levy! introduced a 
certain postulate for the divergence of the axial 
vector part of the strong current and succeeded 
in finding a relation between the decay probability 
of the charged 7 meson and the £ interaction 
coupling constant. The lifetime of the charged 
pion obtained by them coincides with that obtained 
by Goldberger and Treiman,’ who made use of 
dispersion relation techniques with only certain 
intermediate states taken into account, and is in 
good agreement with experiment. 

The Gell-Mann and Levy hypothesis refers es- 
sentially to the baryon current only, not including 
strange particle, responsible for B decay, yw cap- 
ture and the decay of the charged pion. When 
these results are generalized to the case of strong 
interactions including strange particles, it is there- 
fore necessary to satisfy both the condition of par- 
ity conservation and strangeness conservation. 

To generalize the ideas of Gell-Mann and Levy! 
to the case of the baryon current including strange 
particles (Ky2, Kez, Ky3 and Ke3 decays and B 
decay of the A particle) one can introduce an ad- 
ditional postulate referring to the divergence of 
the vector part of the baryon current, which now 
no longer vanishes. The simplest form of the pos- 
tulates follows from strangeness and parity conser- 
vation considerations, and we assume that the K 
meson is pseudoscalar. Thus we assume that 

OuPa = 1aQx, (1) 
OWVa = 1.9K. (2) 


The first equation, giving the divergence of the 
axial vector current, is the same as assumed by 
Gell-Mann and Levy! but with the 7-meson field 


operator replaced by the K-meson operator.’ The 
divergence of the vector current is assumed to be 
equal to the product of the 7- and K-field oper- 
ators. 

In Sec. 1 we discuss the consequences of such 
a hypothesis. It turns out that the K,») and Ke» 
decay probabilities can be expressed in terms of 
the constant a, andthe K,3 and Ke; decay prob- 
abilities in terms of the constant b. In Sec. 2 the 
probability for the leptonic decay A—p+e+vp is 
obtained and found to depend on the constants a 
and b. 

The new postulate, Eq. (2), here introduced 
means in fact that the vector part of the leptonic 
A decay is mainly connected with the intermedi- 
ate state K meson + 7 meson. 


1. PROBABILITY OF THE K,, AND Ke; DECAYS 


The matrix element for the Ky, decay is given 
by 


Cu | K> = 276 0| Pa| K> aura (1 + 15) 48 (Px — Pp — Pr): 

(3) 
On the basis of Eq. (1) we find, as in reference 1, 
that 


£0| Py (x) |K> = — a Zor (p/m) Ol Pn (1, 4) 


the matrix element of the renormalized gxKy(x) 
between a meson state and vacuum is the same as 
that of the free field between the states of a free 
particle and the free vacuum. 

It is now easy to express the Ky» probability in 
terms of av Z3Kk /mk. An elementary comparison 
with experimental data (see, for example, Okun’s 
review,‘ p. 469) yields 


a V Z5x/mx =0,0375 m, (5) 
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where m is the nucleon mass and mx is the K- 
meson mass. 

Let us consider now the Ke3 process. Because 
of the pseudoscalarity of the K meson only the 
vector current contributes to the matrix element 
of this process 


Kev | Ky = G2~* <t|Va.| K> dea (1 +8) 
6 
POU O {Dye — De = Py — Des (6) 


Because Vy ~ 979K [according to Eq. (2)] it fol- 
lows from invariance considerations that 


<n |Va|K> = [er (pn + Pg)a + C2 (Dz — Pal <T| PrP, | KD, 
(7) 


but, in addition, 
(8) 


i.e., (Pt —PK) a Va =b¢n9K, Where b is a constant. 

There are grounds for expecting that c, and c, 
depend on k* only weakly. We shall consider them 
to be constant. Then it follows immediately from 
Eqs. (7) and (8) that 


On 100, Cae 


Cra), C= One — 1) (9) 


The equality c, = 0 means that the probabilities for 
Ky3 and Ke3 are in a definite ratio: Wy3/Wes 
= 0.6875. This results from the data given by 
Okun’! (p. 473), since in our case f,; =f,, g = 2f 
(in the notation of the above-mentioned review), 
which is not in bad agreement with the experimen- 
tal value 0.765.° 

Thus, 


<a |Va| K> = [b/(mx a m=) | V ZK ViZ (Dye aia ane 


X(T | ParPxr | K). (10) 


The last matrix element is of the same order of 
magnitude as the free-field matrix element. This 
is valid in the case when Km scattering processes 
contribute insignificantly to this matrix element. 
Therefore Eq. (11) below is valid only approxi- 
mately. By making use of Eq. (10) one can find 
the probability for Ke; decay. Comparing the re- 
sultant formula with the experimental value we 
obtain 


6 V Zsx Zon!(m — m?) =~ 0.16. (11) 
2. LEPTONIC DECAY OF THE A PARTICLE 
The amplitude for this decay is 
27" Give (1 + Ys) Uy KKp|ValA> + <p|PalA>]. (12) 
On the basis of Eqs. (1) and (2) we have 
<p|kaPa|A> =aV Z5x <p|@,,|A), (13a) 
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<p\BVal|A) =OV Zsx V Zan <P |PxePx,|A>; (3b) 


k= py—D, <P\Px|A>D = F(R + mi) Bn tp total (h) 


(14) 
Here ga is the strong interaction coupling constant, 
k is the A-nucleon momentum transfer, and L (k?) 
is the form factor of the vertex part. 
It follows from relativistic invariance consid- 


erations that 
<p|Val A> = Gp (tals + fe (tak — bra) +foka} ua, 

<p | Pal A> = Mp (Yahr+ Ma (Yak — hr) + Mska} Yetta. (15) 
From here it follows that 

RaVa | AD = Up (fk ++ k?fs} Ua, (16a) 

<p |RaPa|A> = ap (hy + kh) Ystta. (16b) 

Making use of Eqs. (13a) and (14) and compar- 

ing them with Eq. (16b) for* k* — 0, we obtain 


<p 


— hi (my +m) = aV Zox gaL (0)/tk, (17) 
whereas using Eq. (5) we obtain 
— h = 0,0375 g, L (0)m/(m, 4m). (18) 


The here obtained value of h, agrees with the re- 
sults of Albright,® who made use of the dispersion 
technique of Goldberger and Treiman.’ 
If we assume ge /4m = 2.6° and L(0) +1, then 
—h, = 0.1. 
Let us consider next the vector matrix element 
<p|RaVa\|A> = bV Zex V Zon <p| Pur Px,| A>. 


The matrix element <p | PrrPKr | A) is connected 
with the process shown in the Figure. For small 
momentum transfers k it follows from invariance 
considerations that 

(P| Pn Px [A> = to (g,g/m) Up, . 
Making use of Eqs. (19) and (11) and comparing 
with Eq. (16a) we obtain 
(my — m) f, = 0V Zon V Zen By goulm 


(19) 


~ 0,16 (m2, — m2) g, ga/m, (20) 
Whence 
0.146 ag m,—m= m, +m 
h = G = Ls = 2 = . (21) 
hy 0.0375 L (0) m TUN Te 


An exact evaluation of @ presents a difficult 
problem. It is necessary to remember that there 
are in fact two identical diagrams, one with the 
intermediate state Kr1°, the other with K°r*. In 
the second case the matrix element is twice as 
large. Therefore the Feynman integral of the dia- 
gram (see the figure) calculated in perturbation 
theory must be multiplied by 3. A perturbation 


*Generally speaking the quantity k? is of the order of m2 
(the pion mass) in the decay A> p +e-+v. For the form fac- 
tor of this decay, however, the characteristic mass is Mir and 
the ratio m>/mi may be ignored so that the limit k? + 0 can 
be taken. 
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theory calculation, the details of which will be 
left out, leads to the value a = 0.016. 

If we assume L(0) © 1, g*/4n = 15, then we 
get f,/h, ~ 2.76. For the product of the leptonic 
decay probability by the lifetime T of the A par- 
ticle we then obtain (ignoring the form factor hy ) 


Wav = 0.4.10. 


The experimental value’ is approximately 1.3 x 107°. 


At this time the experimental data on the decay 
A—-p+e+v are most meager. The constant a 
also cannot be precisely calculated. However even 
in the roughest form of perturbation theory one ob- 
tains a not very large deviation from experiment. 

The result obtained here indicates that in the 
A leptonic decay the main contribution is most 
likely to come from the vector part of the interac- 
tion. This can be checked experimentally most 
conveniently by utilizing the fact that the A par- 
ticle is almost completely polarized; it then fol- 
lows that for the axial vector covariant a strong 
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asymmetry of the electron emission with respect 
to the A spin direction should be observed, where- 
as for the vector covariant no such asymmetry 
should be seen (this is correct to the extent that 
the proton recoil may be ignored). 

In conclusion I express sincere gratitude to 
Ya. B. Zel’dovich for interest in the problem and 
to L. B. Okun’ for interesting discussion. 
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We use the s-d exchange model of a ferromagnetic metal and Bogolyubov’s method in the 
theory of superconductivity to study the interaction between conduction electrons which is 
induced by their exchange coupling with the inner (3d and 4f) shells which determine the 
spontaneous magnetic moment of the ferromagnetic. We show that in contradistinction to 
the electron-electron interaction induced by phonons, this coupling is repulsive by nature 
and thus inhibits the establishment of a superconducting state in ferromagnetic metals. 


Ht It is well known that the exchange interaction 
between the conduction electrons and the electrons 
taking part in the atomic magnetic order in ferro- 
magnetics leads to two factors which influence the 
establishment of superconductivity: 1) a shift of 
the Fermi sphere for conduction electrons with 
different spin directions, and 2) an extra interac- 
tion between the conduction electrons produced by 
the spin waves. The first of these factors* was 
shown earlier by us’* to impede the establishment 
of superconductivity in a ferromagnetic. There 
are, however, two opposite opinions about the in- 
fluence of the second factor. 

On the one hand, Kasuya® has shown that in the 
rare earth metals the effective interaction between 
conduction electrons which is induced by the s-f 
exchange is repulsive in character and impedes 
thus the attraction caused by the phonons which 
leads to superconductivity. Kasuya did, however, 
not take into account the shift of the Fermi surface 
for conduction electrons with different spin direc- 
tions and his conclusions refer therefore to anti- 
ferromagnetics, in which such a shift does not 
occur,‘ rather than to ferromagnetics. On the other 
hand, Akhiezer and Pomeranchuk® considered the 
interaction between a pair of conduction electrons 
k t, -(k +x) 4 (see figure)f which was caused by 
the exchange of spin waves of a ferromagnetic and 
they came to the conclusion that this interaction 


*It is clear that the Meissner effect does not impede the 
influence of this factor as the exchange interaction is con- 
nected with an electrostatic and not with a magnetic inter- 
action. 

tIn the figure we have indicated by dotted lines the pairs 
after the exchange of a spin wave. 
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had the character of an additional attraction which 
thus assists the appearance of superconductivity. 
In view of such a difference in points of view about 
the nature of the interaction between conduction 
electrons induced by spin waves it is of interest to 
consider this problem using the method proposed 
by Bogolyubov,® and that will be the aim of the 
present paper. 

2. The Hamiltonian of a system of conduction 
electrons which interact with the spin waves of a 
ferromagnetic can be written in the form! 


a a5 + 
f= Un > EnsCrt Crt > E_(h+x)} C_ (k+x)} C—(R+x)4 
k k 


- 1 + 
+ > Wgbg bg = » Je“ insxyy CrpOn hex + ©.C., 
g VN ey (1) 
where 


En, = E,+ =p = Vela Ep, = Ex 


; ves Ef 
are the energies of the conduction electrons with 
momentum k with spins directed to the left and to 
the right, respectively, counted from the energy 
Ef of the Fermi surface; p is the excess per 
crystal lattice site of d-electrons with the pre- 
dominant spin orientation; N is the number of 
lattice sites; J is the s-d exchange parameter 
which we assume approximately to be independent 
of k (see reference 5); wg is the energy of a spin 
wave of momentum g; cyy, Czy and cK, Cky are 
the electron Fermi-operators, and bg and bg the 
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Spin wave Bose-operators; Up is aconstant. The 
extra momenta x of the conduction electrons with 
their spins to the left in (1) are chosen in agree- 

ment with Akhiezer and Pomeranchuk’s data (see 
reference 5) in such a way that 


|k +%X|=kr| when 


b| ket, (2) 


where ky and kpy are respectively the radii of 
the Fermi spheres for electrons with ‘‘left- 
handed”’ and ‘‘right-handed’’ spins in k space. 
The extra momenta y are thus, generally speaking, 
different for different momenta. 

It is clear that we can not use Bogolyubov’s 
general canonical transformation,® as in the case 
under consideration we study the interaction of 
pairs whose total momentum x is not equal to 
zero. All the same, it turns out to be possible to 
carry out a similar transformation applicable both 
when the Fermi sphere is shifted and when the 
total momentum of the electron pairs is non-vanish- 
ing. To do this we change over from the operators 
Ckt, C(k+y)¥ tO new Fermi operators ay and ay 
through the transformation 


! at ey a, ae 33 
Cry = Unt%ro + VkrtO%r1, C(k+-x)) = UnpO—ri — VUrt%—ho» (3) 


where uk+ and vk+ are real numbers satisfying 
the relations 


Ups a Ut == |. Ups = U_p}, Uns = — U_R}. (4) 


Using (3) and (4) one obtains easily the inverse 

transformation 

+ Ontcn} 
(5) 

and one can easily show that Qk» and ay, satisfy 

all commutation relations of Fermi-operators. 

In the ground state 
Ons = 0 when |k| > Ref, 
when |k|< ef. 


"3 
Ono = UnsCnt — UnrC-(k+x)1 > Oey = UpiC—(k+x)} 


Unt = Ib (6) 


Unt >= 0, Unt = ] 


It follows from (5) that 
Ong = Crt, nr == C_(rt+)) when |&|> ke} and|k +% 


> hp; 


+ 
Oro = — C(k+x) |» 


when |k|< kr} and|k +y|<krl, (7) 


On, = Ct 
so that when |k| > kp+ the operator a, 9 describes 
the annihiliation of an electron with right-hand spin 
above the Fermi sphere of radius kp}, and the 
operator 44 the annihilation of an electron with 
left-hand spin above the Fermi sphere with radius 
kpy. When |k|< kFt the operator Qo describes 
the annihilation of a left-hand hole under the Fermi- 
sphere of radius kpy and Q,, the annihilation of 

a right-hand hole under the Fermi sphere of 
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radius kp}. In the general case when UktVk+ # 0 
the operator Qj (or Q_;) describes for |k| > kp4 
the superposition of a left-hand electron (or a 
left-hand hole) above the Fermi-sphere of radius 
ky and a right-hand hole (or a right-hand elec- 
tron) under the Fermi-sphere of radius kp}. A 
Similar superposition of electrons and holes also 
occurs when |k| < kp}. The transformation (3), and 
(5) by itself thus does not yet solve the problem of 
whether bound pairs can be formed. To solve this 
problem one must find the equation for ux#vK+ and 
study the possibility that that product is different 
from zero. 

It is clear from (6) that uk+ and vk}t charac- 
terize the occupation of k space by right-hand 
holes and electrons respectively. The fact that one 
then succeeds in obtaining also information about 
the distribution of left-hand holes and electrons is 
due to the fact that according to (2) knowledge of 
the position of k relative to the Fermi surface of 
radius kF+ gives us information about the position 
of k +x relative to the Fermi-sphere of radius 
kFy. It thus turns out to be sufficient here to re- 
strict ourselves to only the first two parameters 
(for which we shall drop in the following the index 
t) of the four parameters! uxt, vkt, Uk}, and vk}. 

Substituting (3) into (1) one can transform the 
Hamiltonian to the form 


H = U, + Ho oe by Se tc Vale, (8) 


where 


U, = Up >) [x4 4- Ex+y, 1 Uks (9) 
k 


2 Dey 3 Ae 2 BO ar 
Ay = yi [(€n Uk — Erty, yUk) Aho%ro + (Enty, ik — Ente) %er%er | 
k 


4. Sab y0e, (10) 
g 
= + 

H,=— pte >) df (UpDn OhrOn — UpeOp%po%n’o) On thr+x + C.C., 
VN aw (11) 
lols, —— = Al (UpUp tn n'o — ORV RA ko%R'1) Dp trtx + C.C., 
Ve (12) 

(13) 


el + on ' 
Hy = Dy (Ent + Entx, 4) UROr (Cno%er On 1%n0)» 
k 


It follows from (11) to (13) that the terms contain- 
ing the operators Qf ya@k, describing the creation 
of pairs occur in H; and can also be obtained if 

H, and Hy operate simultaneously. If we put the 
coefficients of the terms which contain the opera- 
tors aff )ai, (since in the ground state the creation 
of excited pairs is forbidden®), we get in second 
approximation the compensation equation 


1 2 9 2 
E,UnU, = — oN (uk a ub) >) J? Upp [Mg—p’trty 1 Eaty, Uk 


— €p40h + Ext, ji — Ende] *, (14) 
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where 


: 2 2 2 
26 eee Oe) 


X l@gar'petx + Ertx, uh — EntVk 
+ Spt y, [Uhr — Enh] 2. (15) 
If we take into account that Ekry — Ekrt = pd 


and that relative to the Fermi surface Ef the re- 
lations 


Eri, 1 — Ont = Enix — Ep — pl © Enpy — Ent — pl = 0 
hold, we can in the limits of the approximation 
which we have used put 
Cnty, Ue — EntUe = Ex (Wh — Uh) = En. (16) 
We then get for Eq. (14) 
E,UpU, = — 7 (a, — Of) Cy, (17) 
where 


Cr =e uw On [Og—r't+rtx + Erber)’. (18) 
Re’ 


From (17) and (4) it follows that 


ue= +l +8 (eto, oh => — & (Ee +4) 41, 
: (19) 
UnOn = ——~> Cn (Ex 4 ci), En = Eh (Ex + ch) 7; (20) 


these relations differ formally from the usual re- 
lations® by the sign of the product uxvk. Substitut- 
ing this product from (20) into (18) we get an equa- 
tion for °k 


= = = SJ? (@ gantry + Ex + En)? Ce (Eee ce) ©. 
(21) 
Equation (21) differs also by the sign of the 
right-hand side from the analogous equation for 
the case of an interaction produced by phonons 
which occurs in the work by Bogolyubov, Tolmachev, 
and Shirkov (see reference 6). The quantity 


P?(Wg =n tr+xt Ex + Ex) 
is thus positive and Eq. (21) has only the trivial 
solution: cy, = 0. Equation (19) goes then over 
into (6) which is satisfied in the ground state. 

We have thus shown that the interaction between 
the conduction electrons caused by the exchange of 
spin waves in a ferromagnetic is repulsive by na- 
ture and can not assist the formation of a super- 
conducting state. 

3. The contrasting character of the phonon and 
the ferromagnon (spin-wave) effective interaction 
between conduction electrons can also be seen 
directly from comparing the expression 


hog| Mg |?[(@h —&n + 2)? — (Whwg)?) Mew — g, Cry Chg, Cnt > 
(22) 


which occurs in second perturbation theory approx- 
imation for the interaction between two electrons 
with spins in opposite directions which is produced 
by the exchange of a virtual longitudinal phonon® 
with the analogous expression* 


Qa? A*[en; —Er+g, 1—9 (ag) ten og, pery Ce gee 

(23) 
which occurs in the same approximation for the 
interaction produced by the exchange of ferromag- 
nons.® Indeed, introducing the creation and anni- 
hilation operators for a (kt, k’t) pair: 


bier = Cha Cee ’ Der’ = Cry Crt (24) 


(unlike reference 8 we do not assume here that 
k’ = —k) and using the commutation relations for 
the Fermi-operators ck+ and ck} we can trans- 
form (22) and (23) to 


hog| Mg PLC Ep — Ext Ale = (ho)?) “pe a, (ye Der’ 5 (22’) 
— Q a3 Aen — 2nd g, 4 —0(ag)* Owe, n+ gOnr- (237) 


The difference in the signs of (22’) and (23’) showsf 
that in the first case the ‘‘phonon interaction’’ is 
attractive near the Fermi surface, while in the 
second case the ‘‘ferromagnon interaction’’ is re- 
pulsive.? The physical cause of this difference is** 
that in the first case transitions of electrons are not 
accompanied by a change in their spin orientation 
while such a change does take place in the second 
case. 

Indeed, if, for instance, there are initially two 
electrons in the states kt and k+ with opposite 
Spins, absorption of a phonon may lead to a transi- 


*The notation in (22) and (23) is the same as in references 
5 and 8; we note merely that in reference 5 expression (23) 
was written down without taking into account in the numerator 
the operator which is essential for grouping the electrons in 
pairs and thus for the determination of the sign of the matrix 
element. See also the text of reference 8 after Eq. (2.7) for 
this problem. 

TIn order to avoid misunderstandings we note that it is 
clear from (24) that byy¢ te * — beg, k+g So that (22') and 
(23') indeed have Opposite size Interchanging the indices 
of bite, k/—g in (22') and (23) means only that in the first 
case the pair (kt, k's) goes over into the pair (k+ gt; k’ —gv) 
and in the second case into the pair (k’—gt; k+g4). 

tWe note that Cooper’® also considered pairs with y #—0, 
and that the binding energy of the pair turned out to be ener- 
getically preferred only in the case of a negative matrix ele- 
ment of the interaction energy. The difference in sign of the 
matrix elements of the interactions caused on the one hand 
by longitudinal phonons and on the other hand by spin waves 
which we obtained means thus that the latter interaction will 
not lead to the Cooper effect. 


**See also the concluding remark in a note by the present 
authors.” 


THE CONDUCTION-ELECTRON INTERACTION 


tion kt ~ k+gt while the absorption of a ferro- 
magnon must lead to the transition ki ~ k + et. 
Two electrons which before the transition are in 
different states kt and kt must after the above 
mentioned transitions turn out to be in the same 
state k + gt which is forbidden by the Pauli prin- 
ciple. It follows thus that the exchange of a spin 
wave inhibits the effect caused by the exchange of 
a longitudinal phonon. 

What we have said so far allows us also to con- 
clude that the opposition to the establishment of 
the superconducting state is not a basic property 
of the exchange of a spin wave, but will occur gen- 
erally whenever a quasi-particle with unit spin is 
exchanged. In particular, there are some grounds 
for assuming that transverse phonons have unit 
spin. In metals (not necessarily ferromagnetics) 
the exchange of transverse phonons as well as the 
well-known Coulomb repulsion can thus inhibit the 
establishment of superconductivity. This problem 
we propose to consider in more detail at a later 
time. 
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The angular distribution functions for electrons and photons in a cascade shower produced 
by a primary electron or photon of finite energy E) are deduced in approximation A of the 
cascade theory.! The angular distribution functions of the shower particles are also derived 


in the case when the electrons and photons are 


continuously produced along the whole shower 


path by some non-electromagnetic penetrating component. 


M ANY papers have been devoted to the determina- 
tion of the angular distribution function of particles 
in cascade showers. In the multiple-scattering 
small-angle approximation (Landau approxima- 
tion), this function was obtained by several au- 
thors.!-* In some papers’~® the angular problem 
was solved without assuming the particle scatter- 
ing angles to be small and without using the Landau 
approximation. In most of these investigations, 
only the so-called ‘‘equilibrium’’ angle function 
was studied, i.e., the function integrated over the 
entire depth of the layer of the substance in which 
the cascade developed. In all the indicated papers, 
the authors neglected the dependence of the cas- 
cade parameter s on the angle @, i.e., they obtained 
essentially expressions valid only for Ey= ~~ (Eg 
is the energy of the shower-producing primary). 

One of us! obtained for the shower particles 
an angular-distribution equilibrium function valid 
for any finite value of Ej. We have previously! 
calculated approximately the particle angular dis- 
tribution functions in a shower produced by a pri- 
mary of specified finite energy. The purpose of 
the present investigation was the derivation of 
exact expressions for the sought angle functions 
for many particular cases. 

1. Let us write the principal equations of the 
cascade theory, assuming the particle deviation 
angles to be small and regarding the scattering 
as multiple, so that cos @ can be replaced by 
unity and the Laplacian operator can be expressed 
in the form Ag = 671(8/90)( 09/80): 


OP(E;,-E, t, ot =a LP (By, E,.t, 9), 
D (Eo, E, t, 8)] + (EX/A4E*) AoP (Ep, E, t, 9), 
Ol(Har et, Or = La lP (Ey, £60), Pie ee 9). 


(1) 


Here P(Ep, E, t, 9) and ['(Ep, HE, t, @) are the 
sought electron and photon distribution functions 
over the energy E, the depth t (measured in 
shower units), and the angle of deflection from 
the shower axis 6 (two-dimensional angle); L, 
and L, are integral operators that account for the 
radiative retardation and pair production;+ Ex 

= Ea lree/Lrad) 7 3) be S21 Mev Usually aye 
assume E, = E,. The boundary conditions 


P (Eo, £,.0, 0) ==00 (Eo ==) Dal Ge T: (Bond Op0) 50. 


OG 


P (Eo, E,0,0)=0,  T (Eo, E, 0, 8) = 8 (Eo — B) 6 (0) 


correspond either to one primary electron vertic- 
ally incident on the boundary of the layer of matter 
at t= 0, or, analogously, to one photon. 

Let us expand the functions P and I in Bessel 
functions of zero order, using the relations 


P(E;, £.7,8) = \ Dp (Eo, E, t, k) Jo (RO) kdk, 
0 


Dp (Eo, E,t,k) =\ P (Eo, E, t, 8) Jo (R08) 048, 
0 


and analogously for the functions [. Multiplying 

(1) by Jo(k@) 6 and integrating with respect to 6 

from zero to infinity, we obtain 

OD p (Eo, B, tRi0t = 11. (De (Eo, & tk), Dalen eat, 
— (EZ/4E*) R°Dp (Eo. EB, t, R), 

ODp (Eo, E, t, R)\/0t = Le [Dp (Eo, E, t, 8), Dr (Ep, E, t, k)]. 


(2) 
We seek the functions Dp and Dr in the form 
Dp, PP (Eo, ss ibs k) 


nha E co 
. 6 a\s 
g(e) 2 


m=0 


= Saat we isd. (3) 


—{ico 
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Substituting (3) in (2) and equating coefficients of 
equal powers of (—E? ee we obtain equations 
for the Steraraee ee of ye, Dy Sis ws 


Oo (s, N/Ot +A (s) Pi (s, t) —B (3) Wh (s, ) =0, 

Orpo (s, N/dt — C (s) We (s, t) + opyt (s, ) = 0, 
Grpn (s, t/t -+ A (s + 2m) wh (s, t) — B(s +2m) WF (s, 2) 

ae (s, t) a 0, 

Opn (s, t)/dt — C (s + 2m) pk (s, 2) 
ie 
The explicit expressions and the values of the func- 
tions A(s), B(s), C(s), as well as the functions 
Ai(S), Ay(s), and H,(s), which will be introduced 
subsequently, can be found in reference 1. Multi- 
plying the preceding equations by e7At and inte- 
grating with respect to t from zero to infinity, we 
obtain equations for the ee Ym(s, A). The 
form of the functions ye Ds, t= 0) is determined 
by the initial pendinones It is easily seen that in 


the case of a primary electron the only non-vanish- 
ing functions are 


{ipo (s, A)}° = I/rp (A, 5), 
{po (s, 4)}” = C (s\p (A, 8) (A +00), 


and in the case of a primary photon 
P Fr See B (3) 
{Yo (s, A)} aa a» (A, 


5) (A+ Go) ’ 
{apo (s A} = B (s) C (s) + % ( x S) (A+ 5) 
p (A, s) = 


p (A, S) ) (A + Gp)? 

[A —Ay (s)] [A — Az ()]/(A + 50), 
where A,(s) and A,(s) are the roots of the equa- 
tion w¥(A, s) = 0. In the case of the primary elec- 
tron we obtain for { yF (s, rA)}P the following ex- 
pressions: 

(hr (s, A)}" = Up (A, 8) ~ A, s +2), 
{tha (s, A)}” = Ip A, s)~p (A, s+2)p (A, 5 + 4), 
(pe (s, A}? = Ip (A, s) pA, s +2)... (A, s + 2n). 


Hence, taking the inverse Laplace transform, neg- 
lecting terms proportional to exp {Az(s) t} ; 


+ opm (s, ) = 0, 


Here 


exp {A,(s+2)t}, exp {Ay(s+2)t}, exp {Ay(s+4)t}, 


etc., and substituting the resultant expression for 
{yP(s, t)}P in (3), we obtain* 
fe ds PE 
P one C Ss \s 
Dp (Eo, E, t, k) =e \ > (3) 
Eek 4 EGR \ 2 
4E? wp [Ar(s), 5 +2] ( AEs } 
{ 
p (An (8), $+ 2] p [Aa 


ys (Ge) sae 


H1 (s) emis 


fot (H I 


(s), s+ 4] 


i 
5 . [Ar (Ss), S + 2n| A760 . uy 


*It should be noted that this method of analysis makes it 
possible to take the discarded terms into account. 
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Integrating De CE jE tek) with respect to E’ 
from E to infinity, we obtain the function 
Dk (Eo, E, t, k), which determines the number 
of electrons with energy greater than E. 

Let us approximate the function y (A, s) by the 
following expression:! 


p (A, s) = Yo (A, s) = Ff (A) [s — m1 (A)I/s. (4) 
Substituting ~o(A,s) in DB (Eq, E, t, k) and 
Dk (Ep, E, t, k), summing the series, and using 
the formula for the inversion of the Fourier- 
Bessel transform, we obtain 

$+/co 


\ = (4 =) Jalan 


8—J00 


22 p2 SS 


After evaluating the integral with respect to k, 
we get 


1 


1(s)t 
~ Ane L )e 


{P (Eo, E, t, )}? 


$+-200 (eso 
( S 2 AG ol 
(PE. EL) = | Se, eee 
at Seco Q72 TEN (1 —++ s/2) 
(Np (Eo, F, t, 9)} 
5-00 (24+8)/2 pe 
=e \ as Hy (s) eus+™(sot z K(2—s)/2 (2) 
ee 2 Pr (2) 


where {Np (Ep, E, t, 9)+ is the electron angular 
distribution function, integrated over E. Here y 
=In(E)/E), z= E6/P, where P = Ex /2vV£(Aj) , 
K,(z) is the modified Bessel function of second 
kind of order v, and I'(s) is the gamma function 
of argument s. If we calculate the integral with 
respect to s in {Np(Ep, E, t, Pye by the method 
of steepest descent, neglecting the dependence of 

s on 9, we obtain Belen’kii’s results! for the case 
Eg = ©: 


{Np (Eo, E, t, 9)}” = 


+ ae - 
{Np (Eo, E t)} 20 922'S—2)/2p (s/2 (5) 


In this same approximation we obtain for 
{P(E , E, t, 6)}P the expression 
esa Lea (2) 


(6) 


{P (Eo, E, t, 9)}” = {P (Eo, E, t)}” 


2nQ225?7 (1 + s/2) 
The quantities y, s, and t in (5) and (6) are re- 
lated by the equation y + Aj(s)t = 0, which coin- 
cides with the corresponding relation in one- 
dimensional cascade theory. Let us calles 
{Np (Eq, E, t, 6)}? and {P (Eq, E, t, 9)}? by 
the method of steepest descent more accurately, 
taking the dependence of s on 6@ into account, 
i.e., assuming Ep, to be a finite quantity. Then* 


*In all formulas of Sec. 1 we have a=,(s)t and L 
= X\(s)t; in all formulas of Sec 2, we have 


a =h, (s)t—4, (8) / [Aa (s) + 4], 


L = hi, (s) £— Ay (5) (Aa (5) +) — Ay (8) 92 / [Aa(s) +B). 
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Vo"Vo GUZHAVIN and ie Pe 


IVANENKO 


Gaal 


{Npi(Bonk, t, 9))' == Hi (9) fils, Ketan (2))L1) 3’) 


y= 

and s is determined by the condition 9, (s, ae a) 
= 0, where 

CM(SaV, Oa yey .0.0) Ines) ds) im Ky ce): 

(2-+s)/2 x t 
fi [s, K, (2), L] . @ exp {ys =F 1 (5) FAG (z) see 
20 §225/P (1 + 5/2) {2m [L + (a2/ds®) In K, (2)]}' 
Analogously we find 


(P( Eo, Ee, 1, 6)} = Hr.(s).fx 1s, Keg (D, LI e/E: 6") 


s is determined by the condition ~,(s, s/2, a) = 0. 
When z <1, (5’) and (6’) can be rewritten in a 
more convenient form 


UN oi Eon nt e0)) alses 
Pum & 


- 2|s 


Here s is determined by the condition gy, 
= 0, where 


L| 2 Fh (s) 20 (1 —s/2)/T (8/2); (5”) 


( 2s 
, ) , a 


gz (s, Vv, a) =y +a +1n2z—0.5 In2 — 0.5 p(v) +1/2 v. 
Analogously 
{PM Eo dE t,08)\ze, — f(s) fa ls sini ee. 6") 


s is determined by the condition g,(s, s/2, a) = 0. 
Here 


exp {ys + Ay (s) t} 


I (SL) = Fee am [L + als) (0.5 (v) tw 


In these formulas ~(x) = d InI'(x+1)/dx. When 
z< 1, the value of s for the function {Np}P can- 


not be greater than 2 (if s is one-dimensional it is 

less than 2). The value of s for {Np}P depends 

on z, approaching s = 2 as z— 0, where for {P}P 

the value of s is independent of z when z <1. 
When z > 1, (5’) and (6’) assume the form 


{Np (Eo, E, t, 0)" ling = Ne (Eo, E, OY fa(ey so) 

{P (Eo, EH, 8)}" psa WP (Bo, B, Die siee) 2. (6””) 
Here s is determined by the condition 3(s, a) 
= Wear dh ar On lin va = W,, Blin! 

g(i+s)/2 bee 
eS PASC FG 27 RYN 

By way of an example illustrating the applica- 
tion of the formulas obtained for Ey) ~ ~, mee iL. 
2, and 3 show the function {Np (Ep, E, t, 0) } 
calculated by formulas (5’), (5”), and (5”) for 
three values of the parameter s. The abscissas 
represent log z, where z = E6/2vV 2.29. The or- 
dinates represent the logarithm of the quantity 


> 


(Fp (Eo, 2, 8)}°= InP? {Np (Eo, E, t, 9))"/ E® {Np (Eo, E, ty". 


The solid curves correspond to different values 
of (E)/E) =10". The dotted curves are calculated, 
in accordance with references 1 and 7, for the case 
(E)/E) =. The values of the cascade parameter 
S are indicated in the figures. It is evident from 
the figures that the less the ratio E,/E and the 
less z, i.e., the less 6, the greater the influence 
of the finite E) on the form of the angular distri- 


bution functions, as expected from physical con- 
siderations. 
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log { Fi, oP 
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-4 =3 “2 


“4 =f x, 


Let us derive expressions for the photon angu- 
lar distribution function. Replacing y (A, s) by 
Wo(A, S), assuming that approximately C(s) = 1/s, 
and using the Fourier-Bessel transform, we obtain 

1 1 ds ( 2) C (s) (st 
Ani) E \ E/ d1(s) — re (s) 


$—/o0 


{T (Eo, E, t, 9)}" = 


e E2p2 7? , 

0 
Integrating with respect to k and calculating the 
integral with respect to s in {I'(Ep, E, t, g)}P 
by the method of steepest descents without allow- 
ance for the dependence of s on 6 (Ey = @), we 


obtain 
(2++s)/2 
/ Ki 


pe P z 2—s)/2 (z) 7 
fli Ho, et 0)} == {0 (Bo, ts, 2} Qn 9225—2)2P (5/2) (7) 


where s is determined by the condition y + Aj(s)t 


logzZ 7 


logZ 7 


FIG. 3 


=0. Integrating {I (Ep, E’, t, 0)}P with respect 
to E’ from E to infinity, we obtain the angular 
distribution function integrated over the energy 


SF (s, 2) 
209 22(S—2)/2p (s/2) U (8) 


{Nr (Eo, E, t, 9)}” = {Np (Eo, E, t)}” 


where s is determined by the same condition as in 
(7), and 


co 
Fi(s 2) = Z| dz'2’—9?K ios» (2’). 
z 


For convenience in comparison with experiment, 
it is expedient to introduce angular distribution 
functions normalized to unity 


co 


| F (s, 2) -2d2 ==). 


0 
We note that these functions F(s, z) can be 
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readily obtained from the corresponding functions 
of angular distribution for the total number of 
particles 

P2(P,T (Ey E, t, 6)” 

EP GP T(E a Es ty 


(FE, r (Ss, zy" Tl 


P 

pt AN pea Ep Ent Oy) 
Penge |S ones 

(Fp (Ss, 2)} EF ti (EB, py? 


Let us write them in explicit form 


252K lo (2) i _ S : 
d ge ede Se ; = : 
Pe(s2)) = Sara 5/9)” {Fr (s, Z)} DSF HaT gfe) et) 
(s—2)/2 1¢ 
. ‘ D 2Z Lake 2—s)/2 (2) 
(ip (oye) = (in (sy2)) aE 2) 


From a comparison of these formulas we see that 
the electron angular distribution function, normal- 
ized to unity and integral in E, is the same as the 
photonangular distribution function, which is differ- 
ential in E. At the maximum of the shower (when 
s=1) the foregoing expressions assume a particu- 
larly simple form 


(FS (1,2 =e", {Fr(1, 2)” = — Ei (— dz, 
{Pol Wy = (Fel, ay =e /z. 


We now calculate for {FP} and {Np}P the 
integral with respect to s by the method of steep- 
est descent, taking into account the dependence of 
s on @. Then 


(7) 


2-Ss a) 
2 ’ 


= 0, and H3(s) = C(s)/[A4(s) — AQ(s)]. Analo- 
gously, 


T (Ev, E, t, 9}? = fils, J"; L| sts (9) /E: 


s is determined by the conditions 9g, (s, 


{Ny (Eo, E, t, ®)}" = Hs (s) sfi Is, Fi (s,2),L). — (8’) 
Here s is determined by the condition ¢,4(s, a) 
Soyer at d/ds)) in s(s8,2) = 10; 

As before, the expression (7’) can be simplified 
for z <1 and z >1. When z <1 we have 


SI Eee tO (ace 


= Hs (s) fas, 


‘5 L| s-2'-szsT (1 — s/2)/T (3/2) E; 


2-s is 
9) ’ 
= (0. When z > 1 we have 
‘(Bsr E a nO)y (sy dB Bs 0} os (8:2); 


s is determined by the relation @, |s, 


(7 yn) 


where s is determined by the relation ¢3(s, a) = 0. 
Let us consider now the angular distribution of 
particles in a shower produced by a primary pho- 
ton. As in the case of a primary electron, we seek 
the solution in the form (3). Calculating the cor- 
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responding integral with respect to s by the method 
of steepest descent, disregarding the dependence of 
s on 9, we obtain 


{P (Eo, E, t, 8)" = 2 {P (Eo, E, DY fals, Ks (2)] 2/s, (9) 
{Np (Ep, E, t, 8)}" = 2{Np (Eo, E, #)}" fa [s, Kes (2)). (10) 


Here s is determined by the condition of the one- 
dimensional theory, and 


f, Is, Ky (2)] = 272K, (2)/20 072227 (s/2). 


If we calculate in the expressions for {p}P and 
{Np}? the integrals with respect to s with al- 
lowance for the dependence of s on @, i.e., for 
Ey ~ ©, we obtain 


{P (Eo, E, 4, 0) =A (8) ls, Kon @ Ll ie oT 


{Np (Eg; Be t,-0))- = Als) 4, (8, Keone), Ll ee 


s is determined by the condition ¢g,(s, v, a) = 0, 
and H,(s) = B(s)/[A4(s) —A2(s)). 

If z<«<1 or z >1, the preceding formulas can 
be written in simpler. form. When z «<1 we get 


{P (Eq, By £49) leet a (8) 7 1s os eo 
{Np (Eo, E, t, 9)}" jeer 
= H,(9) f.ls, S=  L] 25-2 (1 —s/2)/0 (8/2), (10”) 


s is determined by the condition ¢g»(s, v, a) =0 
(with s < 2). When z >1 we get 


{P (Eo, Br ty OF Lea {P (Ey, By a0 fe (Ss, 2) 


{Np (Eo, E, t, 9)}" lei = {Np (Eo, E, t)}"fs (s, 2): 


(9’”") 
(024) 


Here s is determined by the condition 93(s, a) = 0. 

We consider the angular distribution function of 
the photons in the shower due to the primary pho- 
ton. After making all the necessary calculations, 
we obtain the following final expressions. Disre- 
garding the dependence of s on 6, 


{T (Eo, E, t, 0)}" = (2n)-¥e-™t3 (Ey — E) 8 (8) 


4-210 (Es, By 1)) fa 1S Keexaya 2); (11) 
{Ny (Eo, E, t, 8)}" = (2n)-18 (8) e—0t 
+2 {Np (Eo, E, )}' fa [s, Fy (s, 2)] 2-422; (12) 


s is determined by the condition of the one-dimen- 
sional theory. If the dependence of s on-@ is 
taken into account, 


{I (Ep, E, t, 8)}" = (2n)-1e—-%8 (Ey — E) 6 (8) 
+ 4 (s) C (s) fr [s, Ke—sye (2), L) s/ [Ay (s) + 00] E, 
(11’) 


where s is determined by the condition 


: 2-s 
P4 ’ 2 


; = 0. Further 
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{Nr (Ep, E, t, 0) = (2n)-te-at8 (0) 
+ Hg (s)C (s) fr Is, Fa (s, 2), £1 s/TAy (s) + 09] zist2v7: 
(29 
Ss is determined by the condition y,4(s, a) = 0. 
When z < 1, making allowance for the depend- 
ence of s on 6, we get 
(T (Eo, Ey t, 9)" lar= e-™! 8 (Ey — E) 8 (0)/2n 
4Hy (8) C (8) fal: 5 L| s Q-szF (1 — s/2)/ [ry (s) 


+09] T (s/2) E 
2-s 
Ss, ’ 
2 


S is determined by the condition Do ( 
=0. For z > 1 we get 


6 (Eo — E) 6 (8) 
27 


{PE 4By (ES 8)} le 


“fs (s, 2) 8 


where s is determined by the condition ¢3(s, a) 
= 0. 

For the corresponding functions, normalized to 
one particle, we obtain the following expressions: 


2(S—2)/2 
Hg GPO 
22 T (5/2) 


et 


+ {Tf (Eo, E, f)} (11’””) 


—— 


d if 
{Fp(s, z)} = PA + 


, {F(s, z)}r 


The functions oe and {Np} are each a sum 
of two terms, the first of which contains 6(@) 
and consequently complicated expressions are 
obtained for Anes z) +? and {FH(s, z)}P. 
Simpler and more convenient expressions can be 
obtained by normalizing to unity only the second, 
non-singular term. Then the corresponding func- 
tions assume the form 


CK tae (z) 
eM AT (82) 


r___sFi(s, 2) 
9(s—2)/2 


(Fa (s, zy = , (Fr(s, 2)} 


From a comparison of the electron angular distri- 
bution functions normalized to unity we see that 


Des] 222 . 


FOR PARIICLES IN A SHOWER 1191 


they are independent of the nature of the shower- 
producing particle at all depths t. For the corre- 
sponding photon functions, this conclusion is valid 
only for depths t > 1, where the effect of the term 
with the 6-function can be neglected. Consequently, 
the nature of the primary particle must be taken 
into account only in calculations of the photon an- 
gular distribution at depths t< 1. We note that 

in this case it is necessary to include some of the 
terms which we have previously discarded—those pro- 
protional to exp {A,(s)t} ete. The method of cal- 
culation used in the present paper enables us in 
principle to take these terms into account. The 
table lists the asymptotic behavior of the normal- 
ized angular distribution functions for z — 0 at 
different values of s. 

2. We now obtain the angular distribution func- 
tions of the particles in the case when some pene- 
trating radiation of non-electromagnetic nature, 
which is absorbed as e7Ht, generates electrons 
or photons continuously along the entire path of 
development of the electron-photon shower. Let 
Sp (Ep, E, t, 6) electrons and Sp(Ep, E, t, @) 


’ photons be generated in a single energy and angle 


interval of unit thickness. 
The fundamental equations of this problem can 
then be written in the form 


OP (Eo, E, t, 9)/6t = Li [P (Eo, E, t, 6), T (Bo, E, #, 6)] 
+. (ER/4E*) AvP +. Sp (Eo, E, t, 9), 
OV (Eo, E, t, 0)/ot = Le [P (Eo, E, t, 9), T (Eo, E, t, 8)1 


+ Sp (Eo, E, t, 4). (1’) 


Asymptotic behavior of normalized angular distribution 
functions as z — 0 in the case Ey = © 


Region of ; ; £ 
Form of function variation peveplots ec Peestice ° 
FL (5,2, FSG. 2y" s>0 ihe 
pee? oP (1 s2yie* 1 (5/2) 
FA 2, ass OY = ae 
s>2 ~ 4}(s — 2) 
O<s<4 ~ 21ST (1 — s/2)/2"°T (s/2) 
(Pace ele nent s=2 Eee ine 
SS 2 ~ 1/(s —_ 2) 
O<s<2| ~s2' SF (4 —s/2)(—Inz)ez jz? (5/2) 
(PAs, ay. dF, 2)" s=2 ~ (Inz)? 
: ee ~ s/(s— 2)? 
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We take the source functions in two forms:* 
eS ip Monee t..0)e== Os 
Sp (Fo, BE, t, 8) = 6 (Eo — £) 6 (6) ee", 
2) Spi (Ho, Et; 9) = 6 (Eo — £) 040) ee, 
Si (Hone 00) == 0, 

1) In this case, making the necessary calcula- 
tions, we obtain the function P(Ep, E, t, @) in the 
form 
(PACE ee it, Oy)" 


8+i00 


1 ¢ ds /Eo Ha (s) exp [Aa (s) ] 24F9)K,,, (2) 
oo | au © [Aa (s) + pw] 22°79 (4 + s/2) 


—1L00 


(13) 


Let us calculate the integral with respect to s in 
(13) without regard of the dependence of s on @. 
We then sum the series in the second term, and, 
integrating with respect to k, obtain finally 


{P (Eo, E, t, 8)}5 =2{P (Eo, E, t)}"fa [s, Kye (2)] 2/s, (14) 
{Np (Eo, 1g. ib g)}°r = 2 {Np (Eo, iE. t)}T fa [s, K (g—sy2 (z)]. (15) 


Here {P(Eo, E, tek and {Np(Ep, E, Fabel S are 
functions of the one-dimensional development of a 
cascade shower, generated by the penetrating radi- 
ation,! while the quantity s is determined by the 
condition y+a=0. 

Evaluating the integral, with allowance for the 
dependence of the saddle point on 6, we obtain 
CPM Fone, t540)) 5 

=—ha(s) 71 1s) Ksp (2), 01 2/E ta (8) = el, 
tN p (Lo, £, t, 0) F 

= Ha (s) fa [s, K(2—syo (2), L1/TAa (s) + pI. 
The quantity s is defined here by the condition 
y,(s, v, a) =0. The expressions (14) and (15) be- 
come simpler when z «<1 and z > 1: 
Mien 0) © lees "aa (5) forls, s/2, 0 22/2 (Aa (s) ul, 


(14”) 


(14’) 


(15’) 


{Np (Eo, E, t, 9)}*¥ lex 
etal (s)apils, (2— s)/2,L) 2*-*251 (1 — s/2)/1 (s/2). 
(15”) 
where s is determined by the condition 9,(s, v, a) 
= 0. Further, 


(P (Eo, E, t, 9)}¥ |1 =4P (Eo, E, t)yTfs(s, 2) 2, (14) 


(Neat t00)} Ole = {Nip (Ho, £, 2)¥']s (S82) s, (15) 


where s is determined by the condition 9;3(s, a) 
= 0. 

For the photon angular distribution functions, 
analogous calculations for the case Ey) = ~ lead to 


*The solutions obtained with these sources can play the 
role of Green’s functions for sources of more complicated form. 
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sp 6(Ey— E) 6(8) 7 ee 
{T (Eo, E, t, 6)}* = Sea (et — e—%t) 
AO Ts(Eow By YS Pha 1s Rigen (2g (16) 
: sp 6 (6) as oo 
(Np(Eo, E,2, )" 5 pe oe ) 
HONG (Eo, Bot) fy le Pela ie ae (17) 


where s is determined by the condition y+a=0. 
If the dependence of s on @ is included, we get 


sp _ 6 (Eo— E)6(6) 


20 (Go — P) 


ae Hy (sy CS) Pols Ke eeg le) es oa) 


(E" et) 


CUM Eo Bart Og 


++ ol [Ay (s) + vl, (16’) 


where s is determined by the same condition as 
in (15’); 


tN (Losds¢: Oe eS 5 (9) 


——— = eat eae esol 
27 (So — p) ( ) 


++ Ha (s) C'(s) fx Is, Fa (s, 2), £1 so! Xe (5) 


+ oo] [Ar (s) + p] 2242, (177) 
and s is determined by the condition g,(s, a) = 0. 
When z «<1 and z >1, the foregoing formulas 
can be more conveniently written as 


sp, ___ d(Eo— E)8(8) 
ADi(BonE tn 8)" lem = gre, a) 


+ Hs (s) C (s) fe [s, (2 — s)/2, L] 

* el ise) 7 

© E [Aa (8) + 90] [Aa (s) + w] TP (s/2)’ 
here s is determined by the condition 
@o [s, (2—s)/2,a]= 0. Further, 


(en e— oot) 


(16”) 


{T. (Bo, E, ty 8)}? los, = 40 (EE see Ge) 


where s is determined by the condition ¢3(s, a) 
= 0. 

2) Our problem can also be solved when elec- 
trons of given energy are generated along the en- 
tire path of the shower. The general outline of the 
solution is the same as given in item 1). We there- 
fore give only the final results. 

If we assume Ej = ~, i.e., disregard the de- 
pendence of s on @, we obtain the following ex- 
pressions for the angular distribution functions 
of the electrons: 


(P (Eon Ear Gg) 2 


= 2 {P (Eo, E, t)}°P fa [s, Ks (2)] 2/s, (18) 
{Np (Eo, E, t, 6)}°? 
= 2 {Np (Eo, E, t)}*P fa [s, Kes (2). (19) 


In (18) and (19), s is determined by the condition 
yta=0. 
If the dependence of s on @ is taken into ac- 
count, we obtain 
{P'(Eo, E52, GY? = Hi (s) fa (Ss) Ken (QeLVE ia (s) + x], 
(18’) 


ANGULAR DISTRIBUTION PUN CTO ORSPAR TICLES IN AusSHoOW EE 


where s is determined from @i0S,1s/ 2, a)'= 0, and 
CV (Eo, Ext, 8)yP 

= fr (s) fi [s, Kie—sye (2), LV/[Aa (5) + pl, (19’) 
where s is determined from O, 1S, (2—s)/2.-a | 
= 0. 


Formulas (18’) and (19’) can be rewritten for 
i Sil EMAC b4 SS i Ae 


Pao, £00). ey 


= His) falsys/2, EVE Wks) ta), 
{Np (Eo, Es, Ds Oe le<1 
= H, (s) fe Is, (2 — 8)/2, L) 2s2sF (1 — 5/2)/T (5/2): 


(197) 
Here s is given by the condition On Sonvs 2) — Ur 


Further, 


(18”) 


{P (Eo, E, t, 8)}°? |2n1 = {P (Eo, E, £)°Pfs (s, 2) z, (18) 
{Np (Eo, E, t, 8)}°? |21 = {Np (Eo, E, t)}°P fs (s, 2) s. (19) 
The quantity s is determined in (18”) and (19”) by 
the condition 93(s, a) = 0. 

For the photon angular distribution functions, 
disregarding the dependence of s on 6, we obtain 
Eugene 8) a2 (i (eB, Pia IsK eee (2), (20) 
4 No (Bo, Et, 8)}°? 

= 24Nr (Es, ED) Pfads, F332) en. 


In (20) and (21) s is determined by the condition 
y +a=0. With allowance for the dependence of s 
on 8 we get 


Cis(Epn et e8)} 


(21) 


= Hs (s) fi (s, Ke—sye(2), LI s/E fn (3) +p], (20°) 
{Np (Eo, E, t, 8)}°? 
= Hs (s) fi Is, Fi (s, 2), L) s/fMa (s) +p]. (21’) 


In (20’) and (21’) s is defined by g4(s, a) = 0. 
When z «<1 or z >1 we can rewrite (20’) as 
(le teo, Be TAO ji 
= Hs (s) fe Is, (2 — s)/2, L] s2!—-szsT (1 — s/2)/E [Aa (s) 
== u] I (s/2), (20”) 
where s is givenby g,[s, (2—s)/2, a] =0 and 


Al (Bom Eee) i) a) a (Bo, E) th}? fs (Ss; 2)58;(20”") 
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where s is given by the condition ~3(s,a)=0. 
We note that in the formulas of Sec. 2 the cas- 
cade parameter s cannot be greater than Sy, cor- 
responding to equilibrium of the secondary electron- 
photon showers and the primary radiation, no mat- 
ter what value t has. Therefore the form of the 
energy spectrum in the region of large energies 
differs greatly from the energy spectrum of the 
ordinary shower, generated by a primary particle 
of specified energy. Consequently, the angular 
distribution function under consideration, particu- 
larly in the region 6 « 1, will differ greatly from 
the corresponding function of the ordinary shower. 
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The effect is determined of a strong electric field on the optical absorption coefficient due to 
the conduction electrons of a nonmetallic crystal (semiconductor, insulator). 


‘Tere are several mechanisms for the absorption 
of infrared radiation in semiconductors: 1) intrin- 
sic absorption; 2) absorption due to local states; 
3) lattice absorption; 4) free-carrier absorption. 
Recently attention has been given to the effect of 
external fields on these mechanisms, e.g., on the 
intrinsic absorption.?”? This interest is due in 
particular to the fact that semiconductor devices 
(p-n junctions, transistors) operate under condi- 
tions which create strong electric fields in them. 
However, no theory has yet been given which takes 
into account the effect of a field on the remaining 
three mechanisms. In connection with the prospec- 
tive use of semiconductors to amplify and generate 
infrared radiation,‘ the carrier absorption mecha- 
nism merits particular study, since it can be a 
competing process. 

In the absence of a field, the mechanism under 
consideration consists of the absorption of a photon 
and the transition of an electron between levels of 
a single conduction band (in an n-type semicon- 
ductor). However, by virtue of the selection rules,! 
a direct transition in a single band is forbidden, so 
that it only occurs through intermediate states, 
with the participation of lattice vibrations or im- 
purity centers. From the viewpoint of perturbation 
theory this process is of the second order. How- 
ever, because the selection rules mentioned are 
determined by the wave functions of the electrons 
in the perfect lattice, it can be anticipated that they 
cease to apply when the wave functions are signifi- 
cantly changed owing to the strict periodicity of 
the lattice field being destroyed. The character of 
the optical absorption by the electron should also 
change. We shall consider changes of this type, 
assuming that the periodicity is destroyed by an 
external homogeneous electric field. As a result, 
we will show that under defined conditions a suffi- 
ciently strong field can so change the electron 


1 


states that direct transitions (in the first order of 
perturbation theory ), with simultaneous absorption 
(emission) of a photon, become possible between 
levels of the conduction band as altered by the 
field. 

It is convenient to expand the wave functions in 
terms of Wannier functions:” 


p (r) <3 > PD, (Tm) Wn (r a lm); 


n,m 


(1) 


where wn(r—Frym) is the Wannier function of the 
n-th band localized at the lattice site m(lx, ly, lz). 
The coefficients ®pn are determined from the sys- 
tem of equations’ 

(E2 (p) + rF —E) ®, = — >} Fran Pn 


n’én 


(2) 


Here F/e is the electric field strength, rnn’ are 
the coordinate matrix elements, and Eo (p) is the 
operator obtained from the expression for the 
energy in the n-th band as a function of the quasi- 
momentum in the absence of the field, by replacing 
hk by the momentum operator p. 

In the zero-order approximation, we neglect the 
effect of the energy bands on one another by dis- 
carding the right-hand side of (2). This means 
that we ignore the Zener effect,® which occurs in 
very large fields of the order of 10° v/em. Of the 
equations obtained for the separate bands, we will 
consider below only the equation for the conduction 
band. 

In order to determine py and E, an éxplicit 
form of E}\(hk) is needed, which forces us to use 
an approximate model. With a view to revealing 
the conditions under which the effect of the field 
on the states will be significant, we will use the 
‘‘strong coupling’’ approximation, which, for a 
simple cubic lattice, gives: 

3 


EE, = 94) cin ee ' (3) 


il 
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where aj are the primitive translations, 2Qy is 

the width of the band. Limiting the summation in 
(3) to nearest neighbors only corresponds to as- 
suming that the band is narrow.’ If we put 


®, (r) = \9 (p) exp (—irp/h) dtp, 


then we obtain from (2) 


= 


(p e A se D) » ee a i 
aa : 


s Ss 


(4) 


Using the series expansion of exp(—izsing) 
in terms of Bessel functions,® we reduce @y to 
the form 


®D, (r) = Ady (— onlaF x) Syn (—On/aF y) Jpn (— clic). 


iki = (CrypeilPce ake seta. k" = Co/aF, 
ie" == (Cy @les 25 Bier (5) 
The requirement that the wave function be finite 
can only be satisfied when J, is a Bessel function 
of the first kind, and k’, k”, k” are whole numbers. 
The energy spectrum of the electrons in the band 
then becomes 


35 y/a, 


a IB —3Gn == (6) 


Dra rash 


: 
where sj, So, S3 are whole numbers replacing 
Cj /aFj, and the normalized wave function is 


Qt e 


0 


a) are | 


ea 


\d. tae ( apt 


Ps,sess () = 


(7) 


XWnr (tr — Tm). 
Since the external field does not change the 


number of states in the band, the limits of the var- 
iables sj are given by the relationships 


= Nj2<7=N/2, (8) 


where Nj is the number of elementary cells in the 
crystal in the i axis direction. 

The wave function (7) and the discrete spectrum 
(6) which have been obtained correspond to finite 
motion of the electron. We emphasize that this 
result is essentially related to the assumption that 
transitions of electrons from one band to another 
can be neglected. The possibility that the energy 
of an electron in the crystal in a homogeneous 
field can be quantized has been discussed under 
similar assumptions by I. Lifshitz and Kaganov, 
using a different method,’ for an arbitrary disper- 
sion law Ey(fik) as applied to metals. This quan- 
tization cannot, however, give observable effects 
in metals. In fact, for the quantum character of 
the states to be displayed, it is necessary that the 
amplitude of the periodic (in the quasi-classical 
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sense ) motion, which is of the order 20n/F, 
Shall be smaller than the mean free path. Even 
for large current densities j = 10? amp/cm’, the 
attainable fields F/e in metals amount to 107° 
— 10° egs esu, so that 2an/F © 10‘ cm, which 
greatly exceeds the mean free path.’ In semicon- 
ductors and insulators fields of F/e ® 104 cgs esu 
can be realized when the energy gap separating off 
the conduction band is sufficiently large. If, more- 
over, the width of the band is small, so that, for 
example, 2ay ~ 0.1 ev, then 2an/F is 10-® em 
The mean free path in a number of semiconductors 
(Ge, Si) attains 10-°°—10~ cm, which greatly ex- 
ceeds the amplitude of the periodic motion.” 
Assuming that all the required conditions are 
satisfied in our model, we will calculate the optical 
absorption coefficient due to electrons of the band. 
The interaction of an electron with light is given in 
the coordinate representation (1) by the operator 


6V = eAp/me, (9) 


where p is the momentum operator, A is the 
vector potential: 


A = (Qe) >) qokor exp (ir), (10) 


copies 


where ¢@ is the photon wave vector, é gt are the 
unit polarization vectors, and Q is the volume of 
the crystal. The matrix element of the transition 
from the state sx, Sy, Sz to eae state sk, Sy, Sz is 


aa 2 oll Jeet (= 


« [wy (t — 11) Bop) ewe (F — ty) de, 


<r | V | ps> = 


(11) 


The integral in (11) admits the following trans- 
formation: 


a (r — rr, (6 p) ew, (r—ry) dt 
© = 0 an (p) (Zap) Pn (@ — (Ft). 


Since the region in which the function wn(p) is 
localized has linear dimensions of the order of the 
lattice constant, a, but the wavelength of light A 
>a, then we put eid'p = 1 in the integral. The 
matrix element (11) can only be non-zero if ac- 
count is taken of the overlapping of the Wannier 
functions for neighboring cells. 

Taking the cubic symmetry into account, we ob- 
tain the relations 


Ao = (wn (¢) pattn (P a1) dt = \ we (2) prin (0 a2) dt 
= | wa (6) pen (@ + as) dr; 


An = \ 2, (g) Px2n (pg + ao) i \2n (p) PxWn (g Bas) dt. (12) 


if 
— ah 
a share ( aF ; 
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The fundamental formula determining the ab- 
sorption coefficient , is 


(13) 
(14) 


= PVe Ic, 

= 2m & 

P= THe A | <aps- | dV | %ps> 
where P is the total absorption probability, calcu- 
lated’for 1 sec, f(Eg) is the electron distribution 
function (Maxwell-Boltzmann) normalized to the 
number of electrons N, € is the optical dielectric 
constant, and p(E) is the density of electronic 
states on an energy scale. 

Because of the complexity of (11), calculation 
using formula (14) presents great difficulty for an 
arbitrary flux direction. We therefore evaluate pu 
for the particular case when the light flux is di- 
rected along the x axis of the crystal. We will 
also assume that the radiation is unpolarized, so 
that 


> p (Es) i (Es) 


= = ' — ——- 1 
i OE ¢ ¢ = 
Saz = Soy = 0, a a ee. = 9. < 


In the optical frequency region considered, w 
~ 10'4 and for all attainable fields hw 
> | Qn sin( aa/2) |. With these assumptions we 
obtain 


20ne? (Ag + 2A))? 79 On . Ga 
re mca V eaF nl = a ee | oe) 
(n=N/Q2). Because also oa « 1, then when ay 
~ 0.1 — 1 ev we have, for all frequency ranges, 
hw > aF. This inequality permits us to use an 
asymptotic form of the function Jp (x),* and to 
bring (15) to the final form 
meen (Age 2An)e 
ay me V & hw? . 


fe SNe in(—* ms 


2a a, Sin (Ga) 


e—ho/k A) e—F(o)/F ; 


(16) 


The multiplier (1 — efw/kT ) takes the induced 
radiation into account. For small fields (F< Fy), 
the absorption p is small, and disappears as F 
— 0. For fields F > Fy, the quantity pp tends to 
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saturation. It is of interest to note that the fre- 
quency dependence of the absorption p is the in- 
verse of that which was observed under the exper- 
imental conditions used by V. Vavilov and Britsyn® 
where the intrinsic absorption mechanism appa- 
rently dominated: with increasing frequency the 
absorption gets smaller. This fact can serve to 
separate the contribution of free carriers to the 
absorption in a field from other contributions in 
the total absorption coefficient. 

We remark finally that the effect discussed 
should be expected in semiconductors with im- 
purity bands the width of which is small, and that 
at sufficiently low temperatures the applicability 
conditions of the calculations given improve. 
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The Latter potential is employed to calculate the following quantities for a free neutral atom: 
the field at the atomic nucleus due to the variation of density, the total induced quadrupole 
moment, and the change in the gradient of the electric field at the nucleus produced by an 
external charge. These quantities turn out to be finite, in contrast to the result obtained on 
the basis of the usual statistical theory of the atom. Also the diamagnetic susceptibility of 
atoms is calculated according to the Thomas-Fermi model corresponding to the effective 


charge distribution of Latter and Byatt. 


Ir is well known! that in the statistical theory of 
Thomas and Fermi? (T.F.) for a free neutral atom 
the field at the nucleus, the total induced quadru- 
pole moment, and also the gradient of the electric 
field at the atomic nucleus due to the external 
charge cannot be evaluated since these quantities 
all diverge in this theory. In this paper we shall 
show that if we assume for the potential of a free 
neutral atom the Latter potential,’ then all the 
quantities enumerated above become finite. 

We assume that the electric field is due toa 
single charge +e situated at a large distance R 
from the nucleus along the positive X axis. If R 
is measured in units of the Bohr radius ag, then 
the dipole part of the potential energy (in Rydberg 
units) is given by the expression 


Hi = — 2R™r cos 8, (1) 


where ¥ is the angle between the X axis and the 
radius vector r directed from the nucleus to an 
electron of the filled shell. The momentum p of 
an electron in the presence of the external charge 
+e at the point X = R is given in the case of the 
Latter potential by the expression 


2 Ze &r cos > Ze? ren 
om — 7 @ (x) } R2 for r tY (x) a r? 
2 e’r cos > Ze ee 
oon = 0+ —p for —9(x*)<—- (2) 


Here (x) is the T. F. function for a free neutral 
atom, while the dimensionless variable x 1s re- 
lated to r in the following manner:? 


(3) 


If we denote by py the momentum of the electron in 


x = 2Z""r (30/4) "an'. 


the absence of the external charge, then we have for 
AD = P= pp 


poAp = me?rR~ cos %, (4) 


where 


Po = (2mZqe?/r) for Zep (x) >), 


yl) LOneZ Oe) ae (5) 


The change in density Ap corresponding to Ap has 
the form 


Ap = 8nppAp/h’. (6) 


By utilizing formulas (4) — (6) we find in the case 
of the Latter potential for the field at the nucleus 
produced by the increment Ap the expression 


om \ [x@ (x) ]2dx. 
0 
To obtain a rough estimate of the momentum in- 
duced in the filled shells of the T.F. theory we shall 
express the momentum p corresponding to the max- 
imum energy E = 0 in terms of the nuclear quadru- 


pole moment Q: 


E; (0) = (7) 


a Lee 2Q (3 cos? —1) Ze” uence 
ee og eee 
2 2Q (3 cos? — 4 eg ee 
ei lng nese for ; PH)< >: (8) 


Here v(x) is the T.F. function at the point x of the 
electron cloud, r is the length of the vector from 
the nucleus to this point, ¥ is the angle between r 
and the symmetry axis of Q. Since the electron 
density is p = 8mp?/3h*, then the density Ap due 

to the second term in (8) is given by relation (6), 


Log 
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while the change in the momentum Ap associated 
with the term containing Q is equal to 


(poAp)/m = e? Q (3 cos? 6 — 1)/4r° (9) 
(pp is the maximum momentum p for Q 5 Oy. 
On taking (6), (8), and (9) into account we ob- 
tain for Ap the expression 


Ap = 1 (2me*/h?r?)*2 (Zq/r)* Q (3 cos? 0 —- 1). (10) 


The potential due to this Ap corresponds to the 
quadrupole moment induced by the nuclear quadru- 
pole moment Q. The total induced quadrupole mo- 
ment Q will be obtained from (10) by integration 
over the angles and over r. In the case of the 
Latter potential we obtain 


Qi = 75 2) le (oldx, 


0 


(11) 


where the sign of Q; is such that the nuclear mo- 
ment q is screened. It can be concluded from (11) 
that the gradient of the electric field at the nucleus 
due to the external charge is altered by an amount 
@Ex\_2e 3 (° ; 
A(5) = B10 \ [xp (x) ]'2dx. 


0 


(12) 


It can be seen from (7), (11), and (12) that in the 

case of the Latter potential the quantities Ej, Q; 
and A ( dE, / dx) exist. The upper limit of inte- 

gration Xp in the aforementioned formulas is ob- 
tained from the relation Zp(xX)) = 1. 


Table I. The values of 
R’e-'Ej(0) obtained in the 
present work and by 
Sternheimer! for the case of 
the T.F. D. model for dif- 
ferent values of the slope 
at x =0 


Sternheimer Present work 


Xo R’e—1E; (0) Xo Re1E ; (0) 


2,98 
18 


of 11.8352) 3.36 


wo wor 
om abv 
=D OCT 

to 

iw) 

be 


In Table I we compare our results for Ej(0) 
with those obtained by Sternheimer! for Z = 18 
and Z=57. We obtain the integral of [o(x)x]” 
numerically by utilizing the tables of the T.F. 
functions due to Taima and Kobayashi ‘. The 
Thomas-Fermi-Dirac (T.F.D.) solutions with a 
smaller negative slope at x = 0 have a minimum 
at large x corresponding to a neutral atom; they 
were cut off at a distance xj). The smallest value 


Te. eee 


Table II. Effect of the induced 
quadrupole moment* 


UE EIEEEEIISS DaEnEUEEEEEE ESSENSE EEE! 


piement | z | gurvemt | Seerpeiess | Perageltt 
Lu 74 5.9% 7,0° 6,77 8.0° §.4°19, 2" 
Eu 63 ie zeoonee De caaee Bnei, 14 


*The indices correspond to the different isotopes: a—Lu’’®, b Sue 


eae, Calpe, 


for (R*/e)E; (0) is the best one. It can be seen 
from Table I that our results agree with Stern- 
heimer’s results. 

In Table II we compare our numerical results 
for the corrected nuclear quadrupole moment Qe 
= Q + Qj; with Sternheimer’s quantum mechanical 
calculations.® It can be seen from Table II that 
the agreement is only rough. 

We now go on to consider the diamagnetic sus- 
ceptibility according to the T. F. model in the case 
of the Latter potential. It is well known that the 
original T. F. model cannot explain the molar dia- 
magnetic susceptibility of free neutral atoms be- 
cause of the excessive smearing out of the elec- 
tron cloud in this model. 

For the diamagnetic susceptibility of a gram- 
atom of the substance yg one obtains the depend- 
ence of xg on Z in the form xg = const: Zr whe 
constant in this formula gives according to the T.F. 
model excessively large values of x. For this 
reason this formula has been corrected in differ- 
ent ways with the best agreement being obtained 
in the case of a free neutral atom if one evaluates 
Xq according to a modified T.F. model, viz., ac- 
cording to the Fermi-Amaldi model. The T.F.D. 
model usually does not lead to any better results 
than the Fermi-Amaldi model. 

In this paper we evaluate xq by utilizing the 
Latter potential and also by assuming Byatt’s ex- 
pression’ for the effective charge Zp(r). The sus- 
ceptibility per gram atom is given by the formula 


Xa = — (7.923 -10-?) ap*(0| 79] 0), (13) 
j 
where rj is the distance of the j-th electron from 
the nucleus, ay.is the Bohr radius, and 0 denotes 
the ground state of the atom. For a spherically 
symmetric atom we have 
ee 
(0| 17/0) =6\ Zp (r) rdr, 


i 0 


(14) 


where Zp(r) is the effective charge. In the T.F. 
model the charge Z, is related to the T.F. func- 
tion for the free neutral atom ~o(x) by the ex- 
pression Zp = Zpyo(x). Here Z is the atomic 
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Table III. Numerical values of the constants cj and bj in (19) 


LSD 


Ele- 
or C4 G | Cs by | by bs aie C1 C2 G b, be it 
| 

He |4.25 |—0.25/0.0 14.75 13.845! 0.0 |O 14.95 0,35/0.4 |0.991/}1.63 q 

) ; ; ‘ .20 |—0, ‘ sols : VSia 
Ne |4,0 0.0 |0.0 0,978 | 0.0 OROM Bem 0525 0.5610.19 | 0.335 | 0,828 3.76 
Ar 0,659) 0.341/0.0 |0,574] 2.77 J.0 |} As 0,295) 0,705]0.0 |0,387/4.295] 0.0 
Kr 0.415) 0.51)0,075) 0.378 | 1.48 TOM ees 0), 419 OLIG|OP25 OM25 7 WON nT Oe on 16 
C |4.25 |—0.44/0.19 | 0.828]4.44 4,29 


Table IV. Values of the quantity — 10° Xq obtained 
according to the different models 


| 
Element He Ne | Ar Kr | Xe 

T. F. model (uncor- 

rected) — 67.0 81.0 10.20 11.70 
Fermi-Amaldi model — 12.62 PAN aol Seo 49.93 
T. F. D. model — 14.33 PIPR ANS) 30.04 45,96 
Hartree-Fock model — 8.06 = 31.10 = 
According to formula (18) —- APH 24.60 42.15 64.0 
According to formula (20) Wyle} 8.39 19,97 38.61 — 
Experimental — 6.8 19.5 28.0 42.4 


Table V. Gram-atom susceptibility —10®yq 


Element | G 
According to formula (18) | 6,71 42.50 oy BA. f 
According to formula (20)| 3°38 | 6.35 | 31.90 | 2857 | 61.40 
Experimental 6.2(8] 4.6[8] na 23 .2[9] 38..1[9] 
number, x = r/u, where p = 0.88534 Anz In Ruark was the first to propose (cf. reference 6) 
the case of the Latter potential Zp, as is well that the following expression should be utilized for 
known, is given by the formula the effective charge Zp 
2, =Zo(9, if Zo (x) >1, Epic Oia NE oh ae Sa 
Zp = 0, if ZG (x) =< 1: (15) The constants cj and bj in the last formula depend 
ieicine jis into aecount we write (14) for the on Z. Byatt has calculated these constants with 
; great accuracy for several values of Z. In Table III 
case of the Latter potential: , : 
are given numerical values of c; and b; as func- 
. ° tions of Z 
S77 Oe: dr. ae 
(0| or ri| 0) Paty rer 1s) By utilizing (19), (16), and (13), we obtain for xg 
th i 
The upper limit of integration rpg is given by the Shee aie 
equation Z~o(X) = ZPo(ro/u) = 1. By utilizing — 10%%¢ = 3.72602" Ie,by* + coba” ++ C505 “1. (20) 
the expression obtained earlier’ 
Pee dees (17 In Table IV the values of xq evaluated by us in 
Eis A MING SES 5 ale ) accordance with expressions (18) and (20) are com- 


where b = 0.7105, c = 0.03919, we obtain in ac- 
cordance with (13), (16) and (17) the expression for 
Xd: 

2 + bx 
4 + bx + ox? 
with Zyo(xX)) =1. The function ~o(x) of the form 
(17) gives a very good approximation to the exact 
values of (x) in the interval from x =0 to x 
= 1000. The maximum error in this case amounts 
to less than 3%. 


= 10'y) = 21 All Ze 2] a 8) 


pared with numerical values obtained in the original 
T.F. model (cf. reference 2), in the modified Fermi- 
Amaldi model, in the T.F.D. and the Hartree-Fock 
models, and also with experimental data. It may 

be seen from Table IV that expression (18) gives 
better results than the original T.F. model, although 
they are still too large in comparison with experi- 
ment. Formula (20) gives better results than (18), 
and this means that the charge Zp obtained from 
(19) is very close to the true Hartree-Fock effec- 
tive charge distribution. 
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In Table V we give values of xg, obtained from 
(20) and (18) for a number of substances which are 
not listed in Table 4; experimental data®»® are also 
shown there. As is well known, these data are not 
very definite, since it is difficult to find experimen- 
tally the diamagnetic susceptibility for atoms other 
than those shown in Table IV. 

It can be seen from Tables IV and V that for- 
mula (19) for Zp can be utilized for the descrip- 
tion of the problem of interest to us. 

From the present work it follows that the quan- 
tities Ej(0), Qj and A(8Ex/ax) [formulas (7), 
(11) and (12)], obtained with the aid of the Latter 
potential have finite values. Numerically they 
agree with the experimental data only very roughly. 
In order to obtain better agreement itis necessary 
to carry out a quantum mechanical averaging. 
Table II shows that Qj evaluated with the aid of 
the Latter potential gives a somewhat worse re- 
sult than the more elaborate T.F.D. model. It can 
be seen from Table IV that the diamagnetic sus- 
ceptibility obtained with the aid of the Latter poten- 
tial gives better results than the uncorrected T.F. 
theory. The results of Table IV provide evidence 


Te Rie 


that the Latter potential, in principle, leads to 
values comparable to those obtained in the T.F.D. 
and the Fermi-Amaldi models. !° 


1R. M. Sternheimer, Phys. Rev. 96, 951 (1954). 

2P. Gombas, Die statistische Theorie des Atoms 
und ihre Anwendungen, Springer Verlag, Vienna, 
1949. 

3R. Latter, Phys. Rev. 99, 510 (1955). 

4S. Kobayashi and T. Taima, Table of the Exact 
Values of the T.F. Function, Kagava University, 
Japan, 1956. 

5R. M. Sternheimer, Phys. Rev. 102, 80 (1950). 

6W. J. Byatt, Phys. Rev. 104, 1298 (1956). 

'T. Tietz, Nuovo cimento 4, 1192 (1956). 

8. C. Stoner, Magnetism, London, 1930. 

9 Handbook of Chemistry and Physics, 3rd ed. 
(Chemical Rubber Publishing Co., Cleveland, 
Ohio). 

10S. Kobayashi, J. Phys. Soc. Japan 14, 1039 
(1959). 


Translated by G. Volkoff 
289 


BOW FE ler Hy oICS* JE a P VOLUME 13, NUMBER 6 DECEMBER, 1961 


THEORY OF THE ABSORPTION OF SOUND IN DILUTE He? IN He II SOLUTIONS 


A. F. ANDREEV 


Institute for Physics Problems, Academy of Sciences, U.S.S.R. 


Submitted to JETP editor November 10, 1960; resubmitted February 18, 1961 


J. Exptl. Theoret. Phys. (U.S.S.R.) 40, 1705-1709 (June, 1961) 


We have evaluated the absorption coefficient of first sound due to second viscosity in dilute 
solutions of He® in He Il. The processes that lead to the establishment of equilibrium in 
the phonon and roton numbers are regarded as the slow processes which cause second vis- 
cosity. We compare our results with experiments. 


NGEAy Gee obtained phenomenologically the 
following expression for the coefficient of absorp- 
tion of first sound of frequency w in dilute solu- 
tions of He? in He II: 

o Dc? / dp 


os \> “bee 8 sen ($y Tet ; (1) 


a(x) = 


where p is the density of the solution, c the sound 
velocity init, n, ¢, and D respectively the coef- 
ficients of first viscosity, second viscosity, and 
diffusion, x the He® concentration, and m3 the 
mass of a He® atom. 

The second term in (1), which is connected with 
the second viscosity, is the main contribution to the 
absorption coefficient. The processes that estab- 
lish the number of excitations (see reference 2) are, 
as in the case of pure He II, the slow processes 
that cause second viscosity. 

The measurements by Harding and Wilks? have 
shown that the absorption of sound decreases ap- 
preciably when the He*® concentration is increased. 
This indicates that the coefficient of second viscos- 
ity ¢, must depend strongly on the concentration. 
In the present paper we evaluate the sound absorp- 
tion connected with second viscosity. 

Equilibrium in solution for a given number of 
excitations is much faster established than equi- 
librium in the number of excitations. We shall 
therefore assume that the first equilibrium is es- 
tablished, i.e., that the excitation distribution func- 
tions are the equilibrium ones, but that the chemi- 
cal potential is different from zero. As far as im- 
purity excitations are concerned, their number is 
given (it is equal to the number of impurity atoms ) 
and we shall thus assume the ‘‘impurity gas”’ to be 
in complete equilibrium. 

The basic processes which in pure He II accom- 
pany a change in the number of excitations are the 
five-phonon process and the processes where a 


phonon-roton scattering changes a phonon into a 
roton, and vice versa. We must elucidate the in- 
fluence of impurities on the speed with which the 
number of phonons and rotons changes. In the fol- 
lowing we consider the most probable of the proc- 
esses which are of interest to us: scattering by 
impurities involving three phonons or involving 
roton-phonon interchanges. 


IMPURITY SCATTERING INVOLVING THREE 
PHONONS 


The Hamiltonian for the interaction between 
impurities and phonons is of the form (see refer- 
ence 4) 


3 
V=—Z(Pvt vP) + So +555 wt + Ga 
where A is the zero energy of the impurity, p’ the 
change in density due to the presence of phonons, 
v the velocity of the medium, connected with the 
presence of phonons, and P = —ihV the momentum 
operator of the impurity. 

Our problem consists in calculating the proba- 
bility that an impurity makes a transition from a 
state i with momentum P into a state f with mo- 
mentum P’ during which a phonon with momentum 
p, is absorbed and two phonons with momenta Pp» 
and p; are emitted. 

We apply the method of approximate quantiza- 
tion of the nonlinear equations of hydrodynamics, 
developed by Landau and Khalatnikov,® and we per- 
form our calculations in a manner similar to theirs, 
taking terms of fourth order in p’ into account 
(this is necessary because three phonons are in- 
volved in the process considered by us); we then 
get for the matrix element for the above-men- 
tioned transition the expression 


M=Vi = = (f)" (P1P2P3)"? {Miz + Mig +- Mp3}, 


20 


1201 


1202 
where 
= (pa — p2)* ee ia ica TH 
Mis pips [4 — mine + 3 (p1 — p2)?] it pe Here atte ) 
GN 


D OA /3nyng B F 
(1 + n,ns) aa = a) ecg ase? 


M,3 is obtained from My, by the substitution 
No wie Ns, Ng —= Ny, Po =e P3 ; M93 is obtained from 
Mj, by the substitution nj — nj, nz — Ny, Py — —P3; 


A =Cc/p +1/2 dc?/dp, B=C/p — 0c*/0p; 


the constant y is defined by the dependence of the 
phonon ouerey. €ph on the momentum p: €ph 
=c(p-yp 3); Ny, Ny, M3, and m are unit vectors in 
the directions of the momenta Pj, Po, P3, and P, 
respectively. 

The absolute square of the matrix element M 
can easily be integrated over the directions of the 
vectors M, nj, n,, and Ns: 


: A? / p \ (4a) 4P? 
is =\1M Ws OdO HO sd0s = ae Ge PiPoPa  K + 35) 
x (Pi — P2)” (Pi = Ps)” (P2 zs vn)? \e 
PrP PiP3 pipe 
ee 1 /PA\2 | 2BdA GA 3 
oe (5 a a 1 3) | oe at ct Op dp? * (3) 


In integrating we have used the fact that yp? « 1 
(p is a momentum of the order of the average pho- 
non momentum ). 

The probability dw for the transition in which 
we are interested is determined by the perturba- 
tion-theory formula 


dw = 2nh-| Mj? 6 (E; — E;) dps dpa/ (2xh)®, 


where Ef and Ej are the energies of the final and 
initial states. 

If one uses the momentum conservation law one 
sees easily that as P, pj, pp, pj KX mc, where m is 
the effective impurity mass 


E; — E;=c (py — po— Ps). 
We are interested in the rate of change of the 
total number of phonons Nph per unit time, due to 
the process considered: 


Non= \\\ (N (P) 2 (pr) +1 (po) UL + 1 (p9)] 


—N(P n (ps) [1 + n (pi)]} dw dP dpi (20h)~*, 
(4) 


’) n (p2) 
Here 


N (P) = (2h)? © = (2mkT)~“+ exp |— sar 
is the impurity distribution function and n(p) the 
phonon distribution function. 

If the number of phonons is not equal to its 
equilibrium value, this means that n(p) contains 
a non-vanishing chemical potential ppp 


n (p) = lexp {lepn(p) — ponl/kT} — 1)7. 
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If the deviation from equilibrium is a small one, 


n (p) = No (p) + Mo (p) (1 + Ao (p)] Mpn/RT, (5) 


where no(p) is the equilibrium distribution function. 
oa (5) we transform (4) to 


i — = a \\\N (p) No (pr) [1 + no (pe) ] 


dPd 
x (1 + flo (ps) } dw Sani (6) 


Integrating in (6) over the angles, integrating over 
p; to get rid of ae é- HON ME and using (3) we get 


(ean)! a\ aps\ dpsN (P) P¥ (pa + pa?P¥p8 
0 


0 0 


vee 
x el(P2tPs)/kT [eo (P2+Pa)/RT —_ Lie 


OW. (7) 
We can without great loss of accuracy neglect 

in the denominator of (7) unity as compared to 

exp {c(p. +p3)/KT}, and we can then again per- 

form the integration in (7) and we get 


64728 pQ és 1) 
(Qnh)*mscn \ 4 | J 


x [ecP2/kT —— hip [ecPa/kT (= 


(RT)* . 
(8) 


iene = Xx 


Neg= ae Dphipn, 


In (8) we have used the notation 


ee _ = 


The quantity K contains the derivatives 9A/8p 
and 0°A/dp? which we do not know and which we 
shall therefore in the following determine from 
the experiments. 

The three-phonon process can occur also in 
pure He II through scattering by a roton, but cal- 
culations show that its contribution is small com- 
pared with the contribution from the five-phonon 
process (at low temperatures) or as compared 
to that from the roton-scattering process involv- 
ing a roton-phonon transition (at higher temper- 
atures ). 


IMPURITY SCATTERING INVOLVING A ROTON- 
PHONON TRANSITION 


We must now calculate the probability for a 
transition of the impurity from a state with mo- 
mentum P toa state with momentum P’ during 
which a phonon with momentum p is absorbed 
and a roton with momentum P, is emitted. 

It is clear that the phonon that takes part in 
this process must be very energetic. We shall 
assume that it interacts with the impurity in the 
same way as the roton, but that it has a different 
dispersion law. We get thus for the probability 
of the above mentioned process 


dw = Ih | vis |? 8(E,— Es) dPy/(2nhy?, (9) 
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where viy = 8 x 107*8 erg-cm? is the impurity- 
roton interaction constant, and E, and Ky are the 
energies of the initial and final states. 

We are interested in the rate of change in the 
number of excitations due to this process; this 
rate of change is, moreover, determined by the 
formula 
Pon By Cer 


kT \\\ No (p) N (P) dw dpdP 


(20h)8? 


N, = — Non= (10) 


where py is the roton chemical potential. 

Khalatnikov? has shown that we can estimate in 
this way only an upper limit for the quantities which 
we evaluate, i.e., we get from (10) 


N= Nese Vogler We). (11) 
where 
2 vee ox PEAS Yim. a, 
Tyna x LP oie mane ee ae 
— 1,1-10!xT~e-As/k?, (11’) 


Here, Py, Ay and my, are the roton spectrum pa- 
rameters. The exact value of [pp rj will be de- 
termined from experiments. 


THE SOUND ABSORPTION COEFFICIENT 


The following expressions hold for the rate of 
change of the number of phonons and rotons in pure 
He II:? 


eee (toe CS i once) 
N, = —Tphebr + pnslpm (12) 
where one must take for [ph and I'phr the values 
[pn= 6,3-10"7, Tie = 6.0108 e-24e/7., (13) 


When there are impurities present we must ac- 
cording to (8) and (11) replace [ph by l'ph + l'phi 
and 'phr by 'phr+TVphri in (12), i.e., we have 
now instead of (12) 

Now= a (Upn+ one lepe + 1) Mont 
N- = — ([pnrrt [pnri) tr + 

The coefficient for the absorption of sound of 
not too high a frequency in pure He II, due to 
second viscosity, is given by the equation (see 
reference 2) 


(Vpne+ Nes) Ur, 
(14) 


(Vphri + Iphr) Ppp. 


on Paes _ OP 


2 1 (Op \2] 
pale 
Boye? || M wf OW, ' Oph ( | 


cs (0) = ear Ope / J, S, 
where Sy is the entropy per unit mass of pure 
He II. As the sound velocity is independent of the 
impurity concentration! at low concentrations we 
can compare (12) and (14) and immediately write 
down for the solution 
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fo a o& fl Op , Op 2 | 1 Op \2 

& (x) 2pc8 eee Fal OW. : Ou oy ona me iu.) lk Sug 

(15) 


where S is the entropy per unit mass of the solu- 
tion. 

We transform this last expression in terms of 
D; PFs Xx) Py, and Lph using the fact that the de- 
rivative (8p/9T)p x is small: 


ae 2c il te Op 
CHlLSAaY == ae, 
(*) 2p li sae Saas | 


dp \2 | 1 dp 

Opn r Toast ler ep Ber, o 
(16) 

Using the thermodynamic identity (for constant 


concentration ) 


N N 
dO =e Sita ; dp ——PUttips—— ditg, 


we get the following expressions for the deriva- 
tives occurring in (16) 
0 p/Oppn=P (ON pn/Op)r, x — Nopn/c?, 


dp/Ou, = p (ON,/dp)r, x —N,Ic?. (17) 


One can conclude from the work of Dash and 
Taylor® that 


EE aed 
Ox Opn = Oph 


0 Op Op 


Ox Ow,” Op,” 
but it follows from (8) that 
Tengit 2.10" 7°? Ss when (sia 
The main concentration dependence of a(x) comes 


thus from taking [phi and I'phrj into account and 
we can thus in (16) put 


Op/Ou, = (Op/Op, )o, 


where (dp/du), is the value for pure He Il. The 
values for (9p/duy)) and (8p/ Oph )o were calcu- 
lated by Khalatnikov:” 


Op/Opipn= (0p/0p prado, 


une N, Eat © — 23.2 \— -225] [ee| (E+E 
ta) mat: a 


2 


r (Nee of (Ae jX.. 
+94 +93 c (te 


+(e) 


~ e oie 4 - 

et Ae Rar Sy ta a 0 
4 Op 

+ Teel on (oH, (19) 


In the figure we have given a comparison of the 
values of the sound absorption coefficient deter- 
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mined from Eq. (19) (adding to it the quantity 
2w?n/3pc? which at high temperatures becomes 
appreciable) with the experimental data of Hard- 
ing and Wilks,° where we have put 

Tea 14-10“ e7* (1, 3 + 1.97), 
which corresponds to 

Kp =5.3 -10-%g* em? sec? 
Apne — es ONG 10°°T~g~Ar/T 5 


the value of 7 was evaluated by Zharkov.' 
In conclusion the author expresses his grati- 
tude to I. M. Khalatnikov for his assistance with 


Ay Fac AN DRE EY 


this paper and to V. N. Zharkov for valuable 
remarks. 
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DOUBLE DISPERSION RELATIONS AND THE PHOTOPRODUCTION OF PIONS, II 


N. F. NELIPA and V. A. TSAREV 


P. N. Lebedev Physics Institute, Academy of Sciences, U.S.S.R. 


Submitted to JETP editor November 17, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 40, 1710-1712 (June, 1961) 


An approximate estimate of the contribution of the annihilation of a nucleon pair intoa t 
meson and a y quantum to the -meson photoproduction amplitude is made by using pre- 


viously derived! integral equations. 


lie aim of the present paper is the approximate 
evaluation of the contribution of the process of an- 
nihilation of a nucleon pair into a meson and photon 
to the 7-meson photoproduction amplitude. A sys- 
tem of integral equations derived previously by one 
of the authors! will be utilized. 

If one assumes that there exists a resonance in 
the m-7 interaction with angular momentum J=1 
and isospin T = 1 and that this resonance is suffi- 
ciently narrow, one can write according to Eq. 
(5.6) of reference 1 (we assume that only the iso- 
scalar part of the amplitude will contribute to the 
two-meson approximation )* 

AEy, = (A/e) {C.inh + rls — Akgr*) 
= Gairifaort lel segs |rilg—* akgri|}, (1.1) 


AE,_ = (Ale) {C, ite fel Carats Zeus ts == 4k] 


aoe [ r3fs— 3 akeqrs] oF qCorals} , (1.2) 
AM, = (A/2e) {Cr ee aii rile] = Corkla 
—+ qi [rsls — = akgrs | (1.3) 


AM, = (A/e){— Ci [ile + rile] 


Be OeNrily rel, —Akgra\ 4 9C1 [ral —= akgrs|}. 


(1.4) 
We have used the following abbreviations: 
I,=I1n a =68, l2=—2 +af, /; = 2a +(1 — a’) B, 
I, = — 6a + (3a? — 1) B, le-= 4kqg(2E,k — 1), 
Io = —8q°k?, 
—M 
C= ag ga —V En +) (Em +), 
C 1 WM Eee te 
ce Ae 8a Eyt M ’ 


a= (2E,,k — 1)/2qk, A is the photon-meson coup- 
ling constant. 


*We shall use the notation of reference 1 throughout. 
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The values of rh are: 
ty 2(W — M)?—1 
r Qi 4 2(W — M) Qs, 
2(W M)? —14 
ro = Qi nea Orn 
rs =(W — M) @ — Q,, r, = —(W + M) Q@— Q, 


ri= Qo, r= Qo/2(W +M), 
ri = ria + Qa/2 (W — M), 
Here 
Onze = Oane, Q2 = — Qi/t,, 

& = ytrl(tp-+y)Vit-— 1. 
In deriving the above formulae, we used the follow- 
ing expressions for the amplitudes of photoproduc- 
tion of 7 mesons on mesons and of the annihilation 
of nucleon pairs into two mesons, which have to be 


inserted into Eqs. (5.6) and (A.5) of reference 1. 
The form of the 7-7 resonance was chosen? as 


ry = reo. + Qs/2 (W +- M), 


Qs = FQ Vite 


fan = (/(tr —t — irq’), 


where q = (t/4 - 1)!/2 is the meson momentum in 
the intermediate state, ty is the energy of the 
meson-meson scattering resonance, and y is a 
parameter characterizing the widths of the reso- 
nance. 

The expression for the amplitudes T, of the 
process of annihilation of a nucleon pair into two 
mesons* is written as?” 


a 


ope 


Imf4,(t’)dt’ 


eC re) 


In obtaining N,(t) we have utilized the connec- 
tion between T,(t) and the isovector parts of the 
nucleon formfactors.* 


*We use here the following connection between the partial 
amplitudes G/+,,,[see Eq. (A.15) of reference 1] and the 
coefficients in the expansion of Ak in helicity states:* 
Gp ey? 1) Grey 6 ET I= Te 
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In the determination of the 7-meson photopro- 
duction amplitude on 7 mesons we have made use* 
of the solution of Gourdin and Martin:° 


p21) (b=) 20 et 
Bae pelt Ie ( 9) ) ie ae 
8 i 2+ t—3 


t+ 
(= = UN 


— 


(f{, is the meson formfactor ). 

It should be noted that the expression (1) has 
been obtained without an expansion in powers of 
1/M. 

With the presently available experimental data 
it is not possible to determine uniquely the param- 
eters which enter the formulae (1). However, the 
limits within which these parameters are deter- 
mined are not too large: the parameter ty lies 
between ~15 and ~ 25, and 1.7 <= q3 <3.2 There- 
fore we have carried through an evaluation® in the 
region close to threshold (Ey =< 250 Mev in the 
laboratory system) for a few choices of the param- 
eters, remaining within the indicated limits. 

From these evaluations it can be seen that the 
additions to the multipoles do not exceed a few per- 
cent of the results obtained by simple dispersion 

*We note that our choice of the form of the solution 
of F.,,,, which differs from the solution of Gourdin and Martin,® 
influences in the present calculation only the choice of the 
constant A. 
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relations.’ The additions to the coefficients A 
and B, which characterize the angular distribu- 
tion of the photoproduction are, a few percent, and 
those to the coefficient C are on the order 10 — 
20%. In both cases it was assumed that A/e = 1. 
These results are close to analogous results ob- 
tained by somewhat other methods. 

In conclusion we thank P. N. Komolov and A. T. 
Matachun for numerical computations. 
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A regular method is given for calculating in the quasi-classical approximation the amplitude 
for above-barrier reflection of a particle from a one-dimensional potential barrier, by the 
use of the properties of the potential in the complex plane. 


ls a previous paper! an expression has been found 
for the amplitude for reflection of a particle from 
a one-dimensional potential barrier in the quasi- 
classical approximation, and it was shown that in 
cases in which the potential U is an analytic func- 
tion which has no singularities on the real axis the 
reflection amplitude is exponentially small and can 
be put in the form of an iteration series in which 
all the terms are of the same order. This problem 
has been treated earlier in a number of papers.?~4 
In these papers, however, the authors confined 
themselves to only the first terms of the iteration 
series and consequently obtained an incorrect co- 
efficient for the exponential. For this same rea- 
son the results found in references 3 and 4 for the 
three-dimensional problem of the scattering of 
high-energy particles by centers of force in the 
region of classically inaccessible angles are also 
INCOLEreeL: 

The method of reference 1 is, however, ex- 
tremely cumbersome. Although it provides an 
elucidation of the structure of the series, it re- 
quires a knowledge of the answer for some par- 
ticular case. The purpose of the present note is 
to present a much simpler and more regular 
method for getting the amplitude for above-barrier 
reflection (without requiring previous knowledge 
of the answer for any particular case). 

The present method, like the so-called Zwaan 
method,**® is based on an investigation of the be- 
havior of the wave function in the complex plane. 
Let U(x) be an analytic function of x which has 
no singularities on the real axis, and such that the 
particle energy E > U(x) for all real x. We shall 
assume that the particle is quasi-classical: 


kds>1, k=V 2mE, (1) 


where d is a characteristic dimension of the po- 
tential U(x). 
The Schrédinger equation 


d*p/dx* + pp = 0, p? = 2m(E—U) (2) 
has a solution ~) that behaves asymptotically like 
e!P.* for x—~+. Then for x —+-—© the function 
Wy behaves like ae!P-* + be"'P-*, where p% 
=lim p*(x) for x ~+”, and a and b are con- 
stants. The reflection amplitude A is the ratio 
b/a. 

It is well known that in the quasi-classical ap- 
proximation considered here the equation (2) has 
approximate solutions of the form! 

Ve = pm exp( i \ par) (3) 
where x is an arbitrary lower limit. The solutions 
w, can be interpreted as waves traveling in oppo- 
site directions. The general solution can be rep- 
resented in the form 


p= ap, +5, (4) 


where a and b are constants. This way of writ- 
ing the function has meaning, however, only in 
cases in which the two terms in the right member 
of Eq. (4) are of the same order of magnitude, 
since the solutions themselves are inexact and the 
separation into waves traveling in different direc- 
tions is defined only to the fractional accuracy 
~ 1/kd. 

The coefficients a and b take on exact mean- 
ings only for x ++, where p(x) — p, = const. 
In the case considered we have for x ~ +” 


a = exp[i| (p — p,) dx — ip,x |, b= 0. 
According to what has been said, as we go along 
the real axis the coefficient a remains unchanged 
to accuracy 1/kd, and b is everywhere not larger 
than order of magnitude 1/kd. For real x (|x| 
<d), however, the exact value of b is not defined. 
Therefore we cannot determine the value of b for 


x — — by moving along the real axis. 
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The idea of the method is to leave the real axis 
and move in the complex plane along a line L on 
which the two waves are of the same order of 
magnitude. First of all it is clear that the condi- 
tion 

Im \ pdx = const (5) 
must hold on the line L, since otherwise one of 
the exponentials will increase and the other will 
decrease. Furthermore, this line must pass through 
zeroes or singularities of the function po In fact, 
otherwise the solutions ~, will be correct to accu- 
racy 1/kd along the entire line L and all of the 
difficulties still remain. 

Thus we can try to find the coefficient b in the 
following way. We continue the solution that be- 
haves like e!P+X for Rex + away from the 
real axis into the upper half-plane of x until we 
get to the first line L that satisfies the stated 
condition. This can always be done, because the 
potential vanishes for |x|— ©. We then move 
along L to a zero or singularity x, of the function 
p*. Near x, the solution ~, with which we came 
to the point will be irregular, and we must ‘‘join 
it on’’ to the solution of the approximate equation 
obtained from Eq. (2) by expanding p? in powers 
of X—X . We then make the passage around the 
point x) that is necessary to get to the branch of 
L that goes toward Re x —~—. By moving along 
this branch and then going down to the real axis 
we get the coefficient b. 

Let us begin with the case U/E <1. In this 
case the simplest and most likely situation is that 
Xo is a simple root of the function p*. In analogy 
with the case of below-barrier reflection we shall 
speak of a complex “‘turning point,’’ since x) sat- 
isfies the equation 


U(x) = E. (6) 


Near X9 we can write approximately 


x 


De CV KX. \ pdx =—=C (x — xo)", (7) 
x 
It is obvious that the lines Im a pdx go out from 
Xo 


the point x) at angles of 27/3 with each other. 

Two of them are the branches of the curve L, as 

is shown in Fig. 1, which represents schematic- 
x 


ally the level lines of Im { pdx. Near Xq9 Eq. (2) 
is of the form » 


py + C* (x — xo) 1p = 0, (8) 
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The solution of this equation that goes over into 
the wave traveling ‘‘to the right’’ on the “‘right”’ 
branch L, takes the form 


» = CV x — mH es C(x — x0)"). (9) 
Using the well known asymptotic formulas for 
the Hankel functions, one can show that for 


C (x—x,)9/? > 1 the function (9) has the form 


CV x— mH? (+ C (x — 20)"") ae exp («| 

t (10) 
This solution differs from w%) by a constant factor. 
Since we are concerned only with the ratio A =b/a, 
the value of this factor is of no importance for what 
follows. 

Let us now go over to the branch L,; to do so 
we make a rotation by the angle — 27/3 and ex- 
press the function H{7} on the branch L, in terms 
of its value and that of H{?) on Ly. To do so we 
use the relation (cf., e.g., reference 8) 


Hi) (e-*2) =H? (2) 6 Hoe). (11) 


Using the asymptotic formulas for HYj}(z) and 
HY7}(z) for large positive z, we get on Ly 


» = CV x— xh (= C(x — xo)" | 


+te-ins exp (i \ 
We see that on Ly the two waves in fact are of the 
same order of magnitude and therefore can be dis- 
tinguished. Their coefficients remain the same 
also for Re x ~—-~, 
We still have to go over from functions of the 
x 
type exp (+i if pdx) to functions that behave like 
X 
exp (+ip_x) for x ~—~”. To do this we use the 
obvious relations 


(12) 


\ pdx = p_x — qo, po = \ (p — p_) dx + p_X%, (13) 
Xo —oo 

and thus get from Eq. (12) 
po as [e#P-*e—#(P0+57/12) + e—in/s e—ip-x et(%+57/12) |. (14) 


Vp 
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x 

We emphasize that the coefficient of exp (i J pdx) 
Xo 

is not changed, since in the passage below the 

point Xp 


x 


exp (i| pdx ) S>exp (— i\ pdx ). 
From Eq. (14) re find N 
Aub) (a——— terion (15) 


It is not hard to extend this result to the case 
in which p* has at xp a singularity or zero of the 
form p* = C?(x—x,)??-? (with 6>0). In this case 
the solution of the equation 

p” + C* (x — xo)22—-2p =.0, 


that goes over into a wave running to the right on 
L, has the form® 


1 


» = AY (+ (4 — %9)® ) a exp ‘\ pa $2 (4 +1} , 


x 
The level lines of Im hh pdx =0 go out from Xp 
X 
at angles 7/8 with each other. Therefore in this 
case the passage from L; to L, is equivalent to 
a change of the argument of (x —x,)P by -T. 
Using the general formula for rotation by —7 
sin 2vit A 
sin Vit 


eS One) (z) +e“ HP (2) 


and the asymptotic formulas for H“‘?)(z), we get 


A=— i(sin : /sin ee 
where ¢y is defined by Eq. (13). For B = % we 
get the result already known. 

If on the single line L there are not one but 
several singularities (on zeroes) xX, X2,... of 
the function p*, their contributions to A are addi- 
tive if the condition 

itd 
| \pdx | S> 1 (16) 
md 4 
is satified. If, on the other hand, the condition 
(16) is not satisfied, it is necessary to treat the 
equation with close-space singularities. 

If we abstract from accidental coincidences, 
the situation with two close-spaced zeroes arises 
in the case of small values of the ratio (E-U)/E. 
In this case the energy of the particle is not much 
above the barrier, and near the point on the real 
axis of x at which U takes its maximum value 
there are two closely spaced complex conjugate 
roots of Dp Here, however, there is no need to 
go off into the complex plane, since the line L 
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FIG. 2 


coincides with the real axis. Physically this is 
associated with the fact that in this case the re- 
flection coefficient is not small. This situation 
has been treated in detail earlier (cf. e.g., ref- 
erence 6). 

A zero and a pole are close together for small 
values of the ratio U/E. In fact, the potential U 
takes large values equal to E only in the complex 
plane near a singularity. Let us consider the 
case of a simple pole x, near which U(x) has 


the form 
U (x) = Uoxol (x — x). (17) 


Then the root x, of the function p? = 2m (E—U) 
is determined from the equation 


The condition for the zero and pole to be close 
together is 


\\ pdx|~| rele (19) 
Near Xp) and x; we have 
po (Oe), (20) 


{pdx =&| Ve — x) (em) 
ey Oe iis | X — Xqy — (Uoxo/2E) + V (x — X,) (x — x1) ) | ; (21) 


DE — Ux /2E i 
x 

The position of the level lines of Im J pax near 
Xj and x, is shown schematically in Fig. 2. A cut 
is taken through the point x9, which is a singular 


point of the Eq. (2). As L one can take, for ex- 
x 


ample, the line Im J pax = 0.* Its two branches 
Pet 

L,, L, are shown in Fig. 2. Obviously for |x—X9| 

>>| xX, —Xo| the passage from L, to Ly corresponds 


to a rotation through the angle —7.{ 


*At first glance it seems natural to take for L the line 
Im f pdx = 0. Unfortunately, however, this line has only one 
branch and does not go to infinity in one of the directions (cf. 
aioe) 

*We emphasize that in the case of the pole the results of 
going around above and below are not the same, since in going 
around above we cross the cut. In the case in which the point 
X, was a simple zero of p? the results of going around above 
and below coincided, since a simple zero of p” is not a sin- 
gular point of the equation (2). 
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The solutions of the approximate equation* 


yy” - Rk? (x == SE Wil (Ee = seal wp = 0 (22) 


are of the form 


== W 2x (Se 2); [ie + Rx) Uo /E, 


Z= — 2Zik (x — Xo); (23) 


where W),, are the Whittaker functions (cf. refer- 
ence 8). The asymptotic formulas for the Whittaker 
functions for large |z| are of the form 


Win ~ e722 (| arg z| <a). (24) 


We see that for large values of k(x—xX9) on 
the branch L, 
Wi, (2) > Bvvexp(A In a= -- i\ pdx ) 5 
th (25) 
On L, the second solution W_) 1 has the 
asymptotic formula 


Weay,(— 2) Etsexp (— A In — i\ pdx), (26) 


and we shall set -A =e7!7,, —z = e717. 

Equation (22) is noninvariant under change of 
sign of (x—xX,)), and therefore there is no linear 
connection between Wa,u(-Z) and Wp,u(+Z). 
Equation (22) is, however, invariant under rotation 
through 27 around the point xX). Therefore there 
does exist a linear connection between Wy ,(e?™z) 
and Way, (+2) (cf. reference 10): 


Wap (e-2% z) — e—27th Wap (z) 
2mie—inA 


T @/p + p —A)T C/2 — p—A) (27) 


Woes (—~ A). 


On Ly the argument of z is —37i/2. Therefore 
in the right member of Eq. (27) we have arg (+z) 
=+i7/2. Using the asymptotic formulas (24) and 
going over, as in the case of the simple zero, to 
solutions that behave like exp (+ip_x) for x ~-», 
we get 


xy 


A = F (A) exp {2i] \ (p — p_) dx +p || 


fo (28) 


—oo 

F (A) = 2nie—2*!m—We) /T (— A) F (1 — A). (29) 
If |A| ~ U/fiv > 1, then F(A) » —i, and Eq. (28) 
goes over into Eq. (15). In the opposite case with 
U/fiv « 1 we have F(A) = —27id, and Eq. (28) 
gives the Born approximation: 

*An analogous equation has been considered by Denisov’ 
in connection with a different problem; in Denisov’s case, how- 
ever, unlike the present problem, the zero and pole were on the 
teal axis, which decidedly alters the situation. 


(arg z= —= : 
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A == — 2Qmidere-, (30) 


Taking the square of the absolute value of the 
scattering amplitude (28), we get the reflection 
coefficient 
R SVA PS FA) exp {4iIm \ pdx}. 


—oo 


(31) 


In the one-dimensional case the formulas of 
Gol’dman and Migdal® and of Saxon and Schiff* 
give the same result 

A =— 2mik exp | 2i | \ (P=) GX "ae p+, |}. 
This differs from Eq. (28) by the replacement of 
the function F(A) by the quantity —27iA. As we 
have shown, this is correct only in the Born case 
U/fv « 1. In the case U/fiv ~ 1 the results of 
references 3 and 4 are correct only in order of 
magnitude. 

In conclusion the writers express their deep 
gratitude to L. D. Landau for helpful discussions. 
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CONCERNING THE THEORY OF SPIN-LATTICE RELAXATION IN RADICALS IN LIQUIDS 
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Spin-lattice relaxation times due to the interaction between the spin and the vibrations of in- 
dividual atoms of a radical are calculated for radicals in a liquid. It is demonstrated that the 
direct, as well as the combinational (‘‘two-phonon’’) relaxation transitions yield, as a rule, 
larger relaxation times than the Brownian rotational motion of the radical. 


IM eaeret has considered the mechanism 
of spin-lattice relaxation associated with the 
Brownian rotational motion of a radical as a whole 
in a liquid. In this case the relaxation transitions 
are due to the anisotropy of the spin-orbit and the 
hyperfine interactions and to the rotation of the 
radical. Al’tshuler and Valiev? have proposed a 
different mechanism for the spin-lattice relaxa- 
tion associated with the interaction of the spin 
with the orbital motion of the electron and with 
the normal vibrations of the complex ion in solu- 
tion; however, as will be shown here, the method 
of calculation proposed by Al’tshuler and Valiev? 
is incorrect. In this paper we shall examine in 
greater detail this mechanism for spin-lattice 
relaxation as applied to radicals in liquids. 

We shall discuss relaxation processes asso- 
ciated with the intramolecular vibrations due to 
the Fermi interaction of the electron spin S with 
the nuclear spin I (the contribution of the spin- 
orbit (S-L) and of the dipole-dipole (S-I) inter- 
actions usually turns out to be smaller in the case 
of radicals; we also note that, if necessary, these 
interactions can be easily taken into account within 
the framework of the calculation proposed below). 
The spin-Hamiltonian of the unpaired electron in- 
teracting with one of the nuclei of the radical has 
the form 


#H = gBSH-+ ASI, (1) 


where the constant describing the Fermi interac- 
tion is A=A(Q), Q is the diplacements of the nu- 
cleus of spin I from its equilibrium position R, 
and the remaining notation is the usual one. Fol- 
lowing Al’tshuler and Valiev,’ we shall assume 
that the vibrations take place classically, i.e., 
Q=Q(t). By expanding the quantity A in a power 
series in terms of the small displacements from 
the equilibrium position, and by restricting our- 


selves to the linear and the quadratic terms, we 
obtain 


H = Hy aah (t) +Vso (4), 
where 
t 2(/ 
V: @ =A, SI, Va) = Ape St 


A =A, +A, Q()/R +A, Q(O/R?. (3) 


Hy = ef SH + A, SI,(2) 


In formulas (2) and (3), Q(t) is a random function 
describing the vibration of the nucleus under con- 
sideration, modulated by the random interactions 
with the surrounding medium. 

We first evaluate the probability of relaxation 
transition per unit time due to the term V,(t). By 
regarding the quantity V, as a perturbation we ob- 
tain for the transition probability between the mag- 
netic levels k and k’? 

00 
ie | St[k’)P | @ (x) ede, (4) 
where hwy, is the spacing between the levels k 
and k’, and g(T) = Q(t) Q(t+7)/Q2 is the corre- 
lation function for the random variable Q. 

In the case when the interaction of the vibra- 
tions with the medium is large (much larger than 
the energy of the natural vibrations of the nucleus ) 
it is reasonable to assume for the correlation 
function 


AY @O 
Whr’ = fh?  R 


gp (t) = exp { —|t|/t}, (5) 


where Tc is some characteristic correlation time. 
Then we immediately obtain from (4) 


A?) ne rae. 
War’ = Riek) | eg ieee (6) 


1+ Of yt? 


to 


i.e., an expression analogous to formula (9) of the 
paper of Al’tshuler and Valiev.2, However, in the 
case under consideration of strong interaction it 
is not possible to relate the quantity Te to the op- 


ag al 
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J(w) 


ElGoes 


tical characteristics of an individual intramolecu- 
lar vibration (as is done in reference 2). Indeed, 
the correlation function (5) yields for the spectral 
density of the nuclear vibrations J(w) the curve 
shown in Fig. 1, and this corresponds to a continu- 
ous optical spectrum and to the absence of any 
spectral lines due to the natural vibrations of the 
nucleus. 

However, if the interaction of the natural vibra- 
tions with the medium is small and may be treated 
as a perturbation of the characteristic vibrations, 
then a different expression is obtained for the cor- 
relation function. Representing the quantity Q(t) 
in the form 


Q(t) = 4 (4) cos (wot + 1 (4), (7) 


where wy is the natural frequency of the vibra- 
tions, while q and 7 are respectively the random 
amplitude and phase of the oscillator, and assum- 
ing that q(t) and y(t) are not correlated with 
one another, we obtain the correlation function for 
the quantity Q(t) in the form 


@ (t) = exp {—|t|/ Tc} cos WoT. (8) 
In this case we obtain from (4) 
A? 9 


yf leiste) 2? ———""___. (9) 


gos (0 — Opp)? T 


Wr’ = 


For WoTc > 1 the spectral density J(w) has the 
form shown in Fig. 2; the maximum at w = wy cor- 
responds in the optical spectrum to a line due to 
the natural vibration of the nucleus, the breadth of 
this maximum being of the order of 1/T¢. 

We note that formulas (6) and (9) lead to essen- 
tially different results, for in all the cases of in- 
terest to us we have Wy > Wy. 

As an example we evaluate the probability of 
the relaxation transition for an unpaired electron 
in the C atom of the CH fragment caused by the 
vibrations of the C-H bond (modulated by the mo- 
tion of the medium). The constant A for the CH 
fragment has been evaluated by McConnell: 


8 1 (Cx) —1 (aH 


&bgubu Sree | '¥ (0) [?, (10) 
where gy is the g-factor for the proton, by is 
the nuclear magneton, (0) is the value of the 
1s-wave function for the H atom at the origin; 


A= 


7 (a) 


\ 
! 
| 
| 
| 
| 
1 


(Wo w 
RIGS 2: 


* 1(Cr) is the exchange integral between the 2p- 
orbit for the unpaired electron of the C atom and 
the hybridized orbit of the C atom responsible 
for the C-H bond; I(7H) is the exchange integral 
between the 2p-orbit of the C atom and the l1s- 
orbit of the H atom; I(CH) is the exchange in- 
tegral between the hydridized orbit of the C atom 
and the 1s-orbit of the H atom. Keeping in mind 
that I(7H) « I1(C7), we note that the dependence 
of A on Q is essentially determined by the de- 
pendence on Q of the exchange integral I(CH). 
The latter can be approximated by the formula? 


I (CH) = J, exp{ — QR. (ia) 


Thus, in formula (3) A, = Apo, and for the transition 
probability we have 


9 
ZV 
c 


h2 R2 


(12) 


(| SI|R’) (2; 


Oi + (@) — Ogp)?te 
The quantity Ay can be estimated from the hyper- 
fine structure of the electron paramagnetic reso- 
nance (e.p.r.) spectra of the aromatic radicals, 
while q?2 and Te can be estimated as in the paper 
by Al’tshuler and Valiev;? finally, on assuming for 
the natural frequency of the vibrations of the C-H 
bond a magnitude of the order of 10/4— 10" sec™}, 
we obtain 


Warr ~ 1— 10-3 sec! 


and this corresponds to a spin-lattice relaxation 
time of the order of 10*—1 sec. Taking the re- 
laxation mechanism associated with deformational 
vibrations into account does not lead to any essen- 
tial increase in the quantity w,,. which would be 
sufficient to explain the experimental data. 

The direct process considered above, that of 
transfer of energy from the spin system to thermal 
motion, is a process involving the transfer to the 
oscillator of a quantum of energy hw,,, which is 
considerably smaller than the mean self energy 
of the oscillator. As can be seen from formula 
(9), the probability of this process is proportional 
to the spectral density of the coordinate of the os- 
cillator far from the maximum (Wig etd (Ore )s 
Wkk’ K W 9; cf. Fig. 2), and this is responsible for 
the low probability of relaxation transitions. From 
this point of view one might expect that those sec- 
ond order processes will turn out to be more ef- 
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fective which are associated with changes (actual 
or virtual) in the vibrational energy of the oscil- 
lator by a quantity of the order of hwo, which 
evidently occur with a probability proportional to 
the value of J(w) at the maximum. 

If, as before, we treat the nuclear vibrations 
classically, then the effect just mentioned can be 
evaluated by taking into account the term V(t) 
in the spin Hamiltonian (2). Let the two-dimen- 
sional distribution function for the random vari- 
able q be given by the normal distribution function 


: exp | 


+43 —2rq92 | 
= 
= (13) 
where o* = q? is the mean square amplitude of the 
oscillator, while p = p(T) is the correlation func- 
tion for the random changes of the amplitude. For 
the random phase 7 we can choose a distribution 
function of the form 


F (M1; qo» T) = 


2707 (1 — p2): z 


P (M1, Ne, t) — (20)? 6 (Hy — np) exp {— t/t. } 


t (21) (1 — exp {—| t| / t}), (14) 


where T¢ is a time of the order of magnitude of 
the time between collisions. The distribution func- 
tion (14) describes a process in which the phase 
of the oscillator does not change in the intervals 
between collisions, while the phase after a colli- 
sion is not correlated with the value of the phase 
before the collision. We note that the function 
P (74; Nz, T) could also have been chosen of a 
different form; for what follows it is essential 
only that all the values of the phase should be 
equally probable, and that the correlation of 7 (t) 
and 7 (t + 7) should decrease with increasing 
pea) Ip 

Further, we represent V,(t) in the form 


V2 Oi =V2O.4- Ve = Va) +B SI (15) 


and include the constant quantity B = A,Q*(t)/2R? 
in Ay. Then for the evaluation of the probability 
of a transition under the influence of V(t) we 
can apply a formula analogous to (4), where y(T) 
now denotes 


gD= CO CE+0/%C 


[formula (4) is inapplicable to V2(t), since the 
quantity V.(t) V,(t+7) does not tend to zero as 
To], 


By using (13) and (14) we easily obtain 


(16) 


p(t) =+ pot +4 o%exp {—|t /T,} COS 2wot (1 + ales 
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Finally, by choosing p(t) in the form p(T) 
= exp(—|7|/tc), we obtain for the transition 
probability 
way = <2 | (| SE] /2(G2)2 2% 
kk 8h2R! | | )| (q ) one ao Gano teal (18) 


Sk Hie? 2 
14 LO) pT 


In expression (18) we have omitted the terms cor- 
responding to the last term in (17), which leads in 
the expression for the spectral density of the quan- 
tity Q*(t) to a maximum at the frequency w = 2. 

Estimating the quantity wi. by means of for- 
mula (18) in exactly the same manner in which we 
made an estimate of formula (12) we find that for 
wy ~ 1044—10" sec™! we have Wkk? ~ 10?—1 sec! 
Thus, the combined transition indeed turns out to 
be more effective than the direct transition dis- 
cussed by Al’tshuler and Valiev.? 

Formulas (9) and (18) show that the mechanism 
of spin-lattice relaxation in radicals in liquids as- 
sociated with the vibrational motion turns out to 
be, as a rule, less important (T, 2 107? sec) then 
the mechanism proposed by McConnell! (es 2 
sec). The predominance of the ‘‘vibrational’’ 
mechanism can apparently be expected in cases 
when: 1) the anisotropy Ag of the g-factor and 
the anisotropy AA of the hyperfine interaction 
are both very small (Aq?/R? > AA and Aq?/R? 
> AgBHy; Hy is the constant external magnetic 
field), or 2) the hyperfine splitting is large, and 
the constant A is determined by exchange inte- 
grals which depend on the coordinates correspond- 
ing to low frequency vibrations. 

The authors wish to thank Professor N. D. 
Sokolov for discussions. 
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The branchings of the electron Green’s function G(p) and the photon Green’s function D (k) 
at the respective points p? = m? and k* = 0 are discussed. In electrodynamics the branching 
of G(p) indicates a nonstationary behavior of the amplitude of the one-electron state, and 
with the usual gauge for the potentials this amplitude increases with the time; this is con- 
nected with the indefinite metric. A branching of D(k) at k? = 0 arises as a consequence 
of the weak three-photon and photon-neutrino interactions, but the singularity of the function 
at this point is a weak one, so that the one-photon state remains stationary. 


In the nonrelativistic case the Fourier component 
of the Green’s function 


G(p, 0) = 5\ G (p) ed, 


is equal to the probability amplitude for finding 
the initial state Bop = ap |vac) in the state 


@, (t) = exp (—iHt) Dop, 


obtained from @g, after the time +.! We shall de- 
rive analogous relations in the relativistic case. 
If the Schrodinger operator yw of the spinor field 
has the form 
p (x) = > (pn 2?* Gp) =U" =p. * Dy): 
pa 


then 
2 (t “ 
Galpetle==.<apne an eae Sp G (—p, 1) (p +m), 
p 


; 4 a 
Gz (p, 1) = <64, eH Bx = G— Sp G (p, 1) (Pp — m). (1) 
p 
Here T > 0, the averaging is over the physical vac- 
uum, and po = €p = (p? + m?)¥2; the notations are 
those of Feynman. In electrodynamics the function 
G(p) has a well known branching at the point p? 


= m?,233 


aa slits 
(psp mayeee 


G(p)= (2) 


p>m? 


— Br a (3 — dy). 
For dj) < 3 (for example, for the commonly used 
djo = 1 or djp = 0) we have £ > 0, and according 
to Eqs. (1) and (2) this means an increase of the 
amplitude of the one-electron state with time: 


(3) 


G, (p, t) = const -exp (—ie,t -- B In €p7). 


The increase of the amplitude, Eq. (3), is connected 
with the indefinite metric in electrodynamics. In 
addition to the ‘no-quantum”’ state *9p) = apa | vac) 
the state vector contains states of negative norm 


with longitudinal and scalar quanta, which are phys- 
ically indistinguishable from ® op, by gauge invari- 
ance. The complete norm of the state exp (—iHT)x 
®op, is conserved, according to general theorems.‘ 

In the usual case of states with positive norms 
the replacement of the pole of the Green’s function 
by a branch point describes a damping of the one- 
particle state. Such a branching is due to the pres- 
ence of a spectrum of two-particle excitations join- 
ing on continuously to the one-particle ones. Since 
through the weak interaction a photon can go over 
into two photons and two neutrinos, a replacement 
of the pole by a branch point must occur in its 
Green’s function Dyn(k). If the quantity k*Dyy(k) 
went to zero for k? — 0, the photon would be in 
principle unstable, dissociating in time into a pair 
of massless particles with the same direction of 
motion. Let us find the form of the branching of 
D(k). 

In lowest order in k, when we take into account 
CP invariance and symmetry in the particles, the 
three-photon vertex part must have the form 


C17 Cor Czy Vins = QEikim ley Cor C31 (Rim (R2 a k?) 4 Ren (Re =—— R®) 
+ Ram (R2 — R?)) — 2 (€y; €or Riz Rom (€3 Rs) 


+ Cag C3k Ro Ram (e; ky) + esi 1k gy Rim (e5 ks)) ll. (4) 


Here €jk]m is the unit antisymmetric tensor, ej, 
kj are the polarization and momentum vectors of 
the quanta, and k, + k, + kj; = 0. The expression 
(4) is gauge invariant: in a longitudinal external 
field, for example, e3 = kgf (he); the scattering 
amplitude of a real photon with k? = ke = 0 is zero; 
the general case can be reduced to this by means 
of dispersion relations. If we derive the interac- 
tion (4) from the known weak and electromagnetic 
interactions, we get for the constant a the esti- 
mate a~ eG’Nu-*, where G2 ~ 10743, y is the 
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mass of the meson, and A is the momentum at 


which the four-fermion interaction is effectively 
cut off.° 


Similarly, the amplitude for transition of a 
quantum into two neutrinos must have the form® 


CaO neon OO nen (6-nk? — k-Rn). (5) 


Here oy = (g,1) is the two-rowed matrix spin vec- 


tor; we are using the two-component representation. 


The case b, # 0 corresponds to a charged mass- 
less particle, and we have treated it earlier;’ we 
here take b; = 0. On the assumption of a direct 
(ev, ev) interaction the quantity by has the order 
of magnitude b, ~ Geu~? In(A/m). 
Setting, as usual, 
Den (R) == | ia [di (8rn R? =e k, Rn) =F dy k, Rnl, 
d, = (1 — 4nITI (k?)]", 


we find that the contribution of the processes in 
which we are interested to the imaginary part of 
II is 


ALICE) a i aes 


From this we have 


d;* (k?) = 1 — k* (8a2-+ 03/6) (In (—&)+ const). (6) 
Because transitions to two-particle states are 
strongly forbidden, the singularity in dt is rather 
weak, and there is no ‘‘infrared’’ damping. Thus 
the hypothetical case b, ~ 0,’ for which dg!=1 
— (b?/67) In(—k*), is the only one in which the 
photon is not rigorously stable. 


We note, finally, that the expression (4) can be 
interesting in itself as the phenomenological am- 
plitude of a ‘‘purely electromagnetic”’ process 
that does not conserve parity.*»® For example, it 
describes a rotation of the plane of polarization 
of a photon in scattering by a Coulomb field. These 
effects are small, however, if we use the estimate 
for a given here. 
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It is demonstrated that the suggestions made by various authors to explain the suppression 
of the p+p—7 +7* reaction can be distinguished experimentally. Annihilation involving 
the emission of K mesons is examined from the viewpoint of the various proposals and cor- 


responding experiments are suggested. 


One of the most interesting experimental facts 
is the suppression of the two-meson annihilation 
in the antiproton-proton interaction. Among 3000 
annihilation stars in a propane bubble chamber 
(antiproton momentum ~ 1 Bev/c) Goldhaber et 
al. (cited in Sakurai!) did not observe a single 
two-meson annihilation event (see Sakurai, ! 
Dao). 

In the studies of annihilation of antiprotons with 
momentum up to 1.15 Bev/c in a hydrogen bubble 
chamber? altogether only two events were found, 
that the authors could interpret as the reaction 

p+ponw tnt. (1) 
At that an estimate of 1/400 was given for the upper 
limit of the relative probability of this process. 
This number is significantly smaller than esti- 
mates made on the basis of various versions of 
the statistical theory which gives good agreement 
with experiment for the average multiplicity of 
pions in annihilation. According to these estimates 
the two-meson annihilation should amount to 2 — 
10%.°-' Nevertheless the possibility that the sup- 
pression of the two-meson annihilation could be 
explained within the framework of some version 
of the statistical theory cannot be excluded (see, 
for example, Desai’). 

Various assumptions regarding the character 
of the annihilation process have been made in order 
to explain the above mentioned experimental fact. 
Thus, for example, Okonov’ suggested that the 
annihilation proceeds mainly through the singlet 
state of the pp system, for which the two-meson 
transition is forbidden by existing selection rules. 
He proposed experiments in which three-meson 
annihilations would be studied with the aim of es- 
tablishing the presence or absence of a dependence 
on the spin (and isospin) state of the pp system 


of the annihilation transition matrix.* Sakurai! 
suggested that the annihilation proceeds through 
intermediate bosons, each of which rapidly decays 
into two or three pions. Since in the annihilation 
act on a free nucleon at least two such bosons 
should be emitted two-mesonic (and also three- 
mesonic) annihilations would be suppressed.f 
Finally, Shirokov and the author?! have shown that 
annihilation into two pions is forbidden if the 
charge parity of the pp system is opposite to the 
one that follows from Dirac’s equation. The ob- 
servation of two events of annihilation into 1 1* 
seemingly excludes this last possibility. However, 
if one takes into account the difficulties noted by 
Chamberlain,’ in the identification of two-mesonic 
annihilation events then, apparently, the question 
of the forbiddenness of reaction (1) cannot be con- 
sidered as definitely settled.+ 

It should be noted that the study of the reactions 


no p= en, (2) 
ptasox 4- 7° (3) 


permits one to distinguish between the proposals 
here discussed. Indeed, if the suppression of re- 
action (1) is due to statistical factors, then reac- 
tions (2) and (3) will also be suppressed. An analo- 
gous situation would result if the annihilation pro- 
ceeds through intermediate bosons, however in 


*A study of this question within the framework of the Ball 


and Chew model shows that such a dependence should take 
place.*° 

TAnnihilation into two (three) pions could arise in this case, 
in principle, only through virtual interactions of the intermedi- 
ate bosons. 

+For example, it cannot be excluded that the events repre- 
sented annihilation into 7- and 7+ with the emission of a soft 
photon. 
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that case three-meson annihilations should be sup- 
pressed to the same extent. The simultaneous 
Suppression of reactions (1) — (3) could be caused 
by dominant annihilation in the singlet state of any 
NN system independently of isospin (and not only 
of the pp system). The same experimental situ- 
ation arises in the case when the annihilation pro- 
ceeds not only mainly through the singlet state, but 
basically in the state of isospin 1.* In that case, 
as already indicated by the author,’ the question 
about the dominance of annihilation in the !S) state 


can be settled by studying three-meson annihilations. 


If it should turn out that reaction (1) is forbid- 
den while reactions (2) and (3) are allowed, then 
two of the above discussed possibilities will re- 
main: 

a) the charge parity of the pp system is oppo- 
site to the one that follows from Dirac’s equation, 
1.6.3, Cpp =-1; 

b) the Dirac parity holds, but the dominance of 
annihilation in the singlet state is true only for the 
pp system (and not for NN in general). This is 
possible, for example, if the amplitudes for the 
annihilation transitions in the triplet state with 
isospin 0 and 1 are equal in magnitude and oppo- 
site in phase. 

The versions a) and b) can be distinguished by 
the energy dependence of reactions (2) and (3). 
This is easily shown in the framework of the se- 
lection rules based on the so-called G-parity,? 
first introduced by Lee and Yang.’* For the Dirac 
version of Cee parity one has for the np (pn) 
system G = (- 1) T+s+t, and if Copp = —1 then G 
=(-1)!*S (1 and s are the values of the orbital 
angular momentum and spin respectively of the 
NN system ). When it is noted that the 27 transi- 
tion of the NN system is possible only in the trip- 
let state (s =1), and that the G-parity of the 77 
system is +1, then it is seen that reactions (2) 
and (3) are possible in version a) for odd values 
of orbital angular momentum (1, 3,...), and in 
version b) for even values of 1 (0, 2,...). 

This means that in the region of not too large 
energies (up to Ep ~ 50 Mev) in the version a) 
the cross section for reactions (2) and (3) will rise 
like BEY? and in the version b) will fall like EY2, 
Further if the estimates of Desai! are correct, 


*In this connection it should be noted that in the Fermi- 
Yang model the existence of the pion indicates a strong attrac- 
tive interaction between the nucleon and antinucleon in the 
singlet state with isospin 1. 

tG-conjugation stands for the consecutive operations of 
charge conjugation and rotation by 180° in isospace: G = 
Cc exp (izl,). 
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who showed that the capture of a stopped antipro- 
tons proceeds mainly from the S state, then the 
relative yield of reaction (3) will sharply increase 
(decrease ) in going over to annihilation in flight 
[respectively for versions a) and b)]. Study of re- 
action (2) is in principle preferable, since it per- 
mits the observation of the elementary process, 
however from the experimental point of view it is 
connected with definite difficulties. Apparently it 
is best to observe such a process in an antiproton 
beam with the help of a hydrogen bubble chamber, 
making use of the antineutrons produced by charge 
exchange: p+p—-n+n. The kinematic analysis 
of such an event makes it possible, in principle, to 
determine the energy of the antineutron annihilated 
as a result of a subsequent interaction. In any case 
the probability of such a process should be no 
smaller, than the probability of antiproton double 
scattering, which was observed in a large hydrogen 
bubble chamber.* 

As regards reaction (3) information can be de- 
duced from already existing experimental data on 
the annihilation of antiprotons on deuterons. Here, 
however, it is necessary to select events in which 
the proton remaining after annihilation carries 
away little momentum. 

All the indications are that the system K™K* 
(K°K®) has the same symmetry properties as the 
ae system. !3 Therefore, if the reaction (1) is 
suppressed because the annihilation proceeds pre- 
dominantly through the singlet state or because of 
a non-Dirac charge parity of the pp state, the re- 
action 


ptpoKikKk (4) 


will also be suppressed.t 
At the same time the reactions 


(5) 
(6) 


will, generally speaking, not be suppressed [pro- 
vided, of course, that the suppression of (4) is not 
due to statistical factors]. Nothing more definite 
can be said about the behavior of reactions (5) and 
(6), as long as no definite information is available 
on the parity of the K°K* (K~K°) system. 

An analysis of annihilation stars in a hydrogen 
bubble chamber failed to produce a single event 
that could be reliably interpreted as p +p —K™ 


n+ pK + Kt, 
De 


*Up till now ~200 events of double antiproton scattering 
were registered in a large hydrogen bubble chamber.? 
tObviously the same conclusions would follow for a Dirac 


parity if CxqK =—1. 
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+ Kt; this results in an upper limit for the rela- 
tive probability of this process of 0.1%.? 

Among 3000 annihilation stars in propane, anni- 
hilations with production of K” and K* are, ap- 
parently, also absent. Indeed, the kinematic pic- 
tures of annihilation into m7* and K”K* are very 
similar. The only difference consists of slightly 
different values of the momenta of the 7 and K 
mesons (for annihilation at rest the momenta are 
0.93 and 0.8 Bev/c respectively ). Consequently, 
annihilations into K~K* could not have been missed. 
It is known that in the annihilation of antiprotons 
on nuclei a significant number of K mesons is 
produced. Thus, in a propane bubble chamber the 
fraction of annihilation stars containing K mesons 
amounts to 4% at Ep = 70 Mev, and to more than 
5% at Ep = 500 Mev." 

It follows from these results that the contribu- 
tion of reaction (4) must be at least a 100 times 
smaller, as compared to other processes that 
lead to production of K mesons in annihilation. 
These processes could consist of reaction (6) or 
of annihilation with emission of several pions in 
addition to the K-meson pair; the latter process 
has already been observed in emulsions.® 

The relative probability of the latter process, 
according to various versions of the statistical 
theory, is several times larger than the contribu- 
tion of reactions (4) — (6).2-® However, compari- 
son with predictions of the statistical theory can- 
not serve as a reliable criterion for establishing 
the existence and degree of suppression of reac- 
tion (4). As a first step one must compare the 
yields of reactions (4) — (6), which should be of 
the same order in the absence of some factors, 
other than statistical, that might act to suppress 
reaction (4). 

In those cases where the antiproton annihilates 
by interacting with two nucleons reactions of the 
following type could occur:'* 

p+ (2N)—> A(2)+ K, 


p+(2N) > 8-+42K. 

A similar reaction (with emission of a A’ and 
K°) was recently observed in the annihilation of 
an antiproton on a carbon nucleus in a propane 
bubble chamber.'’ The relative probability of 
such processes can be estimated from the number 
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of hyperons emitted in annihilation. This _proba- 
bility (as well as the probability for the K meson 
produced in the annihilation to give rise toa hy- 
peron in the same nucleus ) increases with in- 
creasing atomic weight of the nucleus. However 
the relative yield of K mesons from annihilations 
in emulsions (Agy ~ 40) and in propane bubble 
chambers (Agy = 12) is approximately the same 
(~4%). This makes one think that annihilation 
processes with the emission of hyperons do not 
play a decisive role. 

The author expresses gratitude to M. I. Shiro- 
kov for discussion and valuable remarks. 
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It is shown that for collective models with quadrupole excitations the branching ratio and 
interference phase shift of M1 and E2 radiation in a mixed M1 + E2 nuclear transition do 
not depend on the specific structure of the collective nuclear models. The ratio of the quan- 
tities 67(M1/E2) = W(M1; I, > 1,)/W(E2; 1, —1,) for two different M1 + E2 transitions of 
a given nucleus is a function only of the transition energies and nuclear spin states involved 
in the radiation process. By comparing this quantity with the experimental data one can esti- 
mate to what extent the collective degrees of freedom are smeared out with increasing excita- 


tion energy of the nucleus. 


ike It has been variously proposed to describe the 
spectra of even-even nuclei in the intervals 60 

=A =196 and A > 210 by means of the vibration 
model,'’* the axial-rotator model,!’” and the non- 
axial rotator model,’ in which quadrupole collective 
excitations of the nucleus are considered. Common 
to all these models is the assumption that the exci- 
tation spectrum and the radiation properties of the 
nucleus can be described in terms of the param- 
eters Q>,, of the deformation of the nuclear surface, 
and their derivatives oy» regarded as dynamic 
variables (a),, and a, are defined in the labora- 
tory system throughout). It is assumed here that 
the coordinates a2, and the generalized momenta 
Tay = Boy}, Where B, is the inertia parameter 
of the collective motion of the nucleus, obey the 
commutation rule 


[Toy Oop] = — ihbyy 


and the corresponding excitations of the nucleus 
are of the boson type. 

This naturally raises the question of how accu- 
rately a boson-type collective excitation can be 
built up from the nucleons of the nucleus. It is of 
interest to estimate experimentally the accuracy of 
separation of such excitations. As will be shown 
below, a study of the angular correlations ina 
cascade of gamma quanta, one of which is a mixed 
M1 + E2 radiation of the nucleus, enables us to 
make this estimate. 

2. The angular correlation functions (with and 
without detection of the quantum polarization) ina 
cascade that includes the nuclear transition |, 


— J, with mixed M1 + E2 radiation depend essen- 


tially on the branching ratios of the M1 and E2 
transitions 

(1) 
and the relative phase é of the reduced matrix 
elements of the E2 and M1 transitions, which we 
define through 


71/004 <h| Mil» 
be =iV ne Ta E2] his , 2) 


it being assumed here that 6 is always positive; 
w is the energy of the nuclear radiation transition 
I; — 15, expressed in mec” units (multiples of 
0.511 Mev). 

The reduced matrix elements of the M1 and E2 
transitions are defined by the equations 


A 

(Ip) M11) Citta = Cl Ma| Sy Vine My, ©) 
j= | 
4 © * 

[ql E2\ I) CEMem = <E Mz) S\erp Yom | Ii M,». (4) 
p= 


All the quantities are best defined in units for 
which h = me =c =1 and e? = ‘57; the nuclear 
radius is Ry = 0.43A%%e?, corresponding to Ry 
=19%10 Ay em. Cha. is the Clebsch-Gordan 
coefficient and Yq,m are spherical vector har- 
monics (see reference 4). 

In order to define 6 and & uniquely, we give 
the angular correlation function for two gamma- 
quanta in the cascade I,(M1 + E2)I,(L)Is3, where 
L is the multipolarity of the second quantum 


W (012) = 5} CxPz(cos 2); (5) 
x=0,2,4 
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C= CAH Inn eblp Ta? Lely) 
Si Corns (Ql Kleste2)) Se ©. Grinte (lla levees) 


4.28 cos E Cito U(21%1; 11) w (1, %12; 122)}. (6) 


Here u(abcd, ef) is the normalized Racah function, 
tables for which are found in the paper by Yang.” 

For the inverse cascade I;(L)I,(M1+ E2)\,, 
the gamma-quantum correlation function is also 
given by (5) and (6), but it is necessary to reverse 
in (6) the sign of the interference term propor- 
tional to 6 cos ¢. The angular correlation func- 
tions with and without detection of quantum polari- 
zations are described in greater detail in the re- 
view of Biederharn and Rose.° 

3. A sufficiently accurate correlation experiment 
will thus enable us to find two physical parameters 
of the radiative transition of the nucleus I, — ly, 
namely 6°(M1/E2, 1, >I.) and cos &. Let us 
consider these quantities in the collective models 
of the nucleus. 

In all the previously mentioned collective mod- 
els of the nucleus’ the operators of the E2 and 
M1 transitions in terms of the variables a), and 
ou, have the following form: 

the E2 transition operator 


Zz 
27* onurh 3 2 
e S175 Yam = \ Pp (6) Tavonn (ta Gu 2 Ro etm Sonam (it) 
joi 
the M1 transition operator 


A 
Se Vinge iw Vino =I" +I... 


é=1 


(8) 


Here 
70) Dies is cu ee 9 
M An ERM VA emey Ay Do Lamy ( ) 
mv 
“ (41) 5V3 e@ 720 1M jp2v S 
Jum = Oe Ep M Cr020 yy (Cage QU42he Fou, Cop, Ooo 


MV 


(10) 


M is the mass of the nucleon in me units (M 

= 1840) and gp is the gyromagnetic ratio for the 
collective motion of the nucleus in the hydrody- 
namic model, gr = Z/A. 

In the derivation of (7) —(9) it is usually as- 
sumed that the charge density of the nuclear 
transition, pp(r), is uniformly spread over the 
volume of the nucleus, and the collective current 
of the nuclear transition, jn is determined in 
terms of the rate of flow of the nuclear liquid 


Vv = +S} oem Vr? Yom: (i) 
We note, however, that these model assumptions 
are essential only for the values of the coefficients 
of the operators of the E2 and M1 transitions of 
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the nucleus, whereas the functional dependence of 
E2 and M1 operators on the variables Gm and 
thm = Bo@am does not involve the models. In 
order for relations (7) and (8) to hold, it is suffi- 
cient to assume that the expansion terms contain- 
ing the higher powers of Qym and Tm are small 
and can be neglected. We note also that the opera- 
tors B,@.m and a2, freely commute in (10). 

The specific forms of the operators Qj, and 
™),, may differ in the vibration and rotation mod- 
els; for the vibrator, @),, and ™,, can be repre- 
sented in terms of operators of creation and anni- 
hilation of quadrupole phonons @j and ¢,, while in 
the rotation models @2,, and ™,, act on the angles 
of orientation of the deformed nucleus. In both 
models, however, the operator If (see reference 
1) is proportional to the angular momentum oper- 
ator of the nucleus I, for which we have according 
to Bohr! 


(31) fee 2) 10> Ce ea bee (12) 
mq 


and in the particular case of the vibration model 


At A 


(1), = LE een nee 
mq (13) 


Formula (13) for the operator 1 holds also 
for the anharmonic vibrator, inasmuch as the 
state function V[M;j of the vibrator can be ex- 
panded in terms of the states YIM of the harmonic 
vibrator (n is the number of phonons): 


Vim; 2 = Di Gin Vy: (14) 
Applying the operator (— ats (13) to ¥IMi. 
we get 


(—1)” f_ Yim: > DiGi (—1)7_, XiM 


(—1)" VT (T+) Cita Erm; 2 


(15) 


Thus, regardless of the specific structure, the 
operator IM makes no contribution to the radia- 
tive M1 transition of the nucleus, and the proba- 
bility of the M1 transition is determined by the 
operator SLR. 

The operator IM can be expressed in terms of 
the operator of the E2 transition, proportional to 


24, and the operator of angular momentum of the 
nucleus {_): 


+(e 5V3 * v 
JY = pee 2 Carooni en eles (16) 
vu 

Relation (16) for Jf} is not self-evident. It was 
obtained by Davydoy and Filippov and given without 
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proof in reference 7, where relation (16) was used 

to calculate the probability of the M1 transition 

between the states 2’— 2 of a non-axial nucleus. 
Relation (16) can be obtained from (10) by using 


the following equation for the Clebsch-Gordan 
coefficients 


ay isi M 
> Comay Cou ,90, Sipe ———2 ye », Giant Cinatee Spaper (1 7) 
Dabe Pipe 
where 
3 lo a Stott is an arbitrary symmetrical 


function of py. [a derivation of (17) is given in the 
Appendix ]. It is not necessary to consider here the 
specific action of the operators Q@2y and ™,, on 
the wave function of the nucleus. Relation (16) 
holds for any model with collective quadrupole ex- 
citations of the nucleus. 

4. Using (16) and taking into account the result 
of the action of the operator (—1)’I_, on the wave 
function of the nucleus Wj [see (15) ], we obtain 
after summation over the magnetic quantum num- 
bers the following expression for the matrix ele- 
ment of the M1 transition of the nucleus 


<Wiu,| SSP a To | M11.) Crim 


; Bis te ees ee 
i — faa ava i CRS Cee 21;) 


x <1, || a2 Le Chen: 


and for the operator of the E2 transition we get 


: 5 5 
CPM: | Zz ZeR0 tom 


(18) 


: , TM 
Yim > = <1e|| £2 || 11> Criatom 


(19) 
= = Ze} Fa|iaa | J1> CiMon, 


where we have from the definition of the reduced 
matrix element 


<IgMz| oem | 14 Mi) = Cito (|| 9 || 1) (20) 


The quantity <I,|l a, lil; > depends essentially on 
the structure of the model, but the branching ratio 
of the M1 and E2 transitions does not contain this 
matrix element. 

Using (18) and (19) for the experimentally 
measured quantities 6° (M1/E2,1,—~I,) and cos £, 
we obtain, according to (1) and (2) 


Coase =n, (21) 
8? (MI/E2, I, — Iz) 
= 7 y+ le +3) (4 — Fe +2) (a — +2) 
x (Iy-+la— 1) (gr/ZoMR)*; (22) 


here w is the transition energy in units of 
mec?(0.511 Mev). Formulas (21) and (22) are 
valid for all the collective models with quadrupole 
excitations, independently of the specific structure 
of the model; only these formulas are inapplicable 
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for certain transitions of the strictly harmonic vi- 
brator, which proceed via annihilation of two 
phonons. 

In general, the quantities (gR/Z)’* can not be 
considered known, since the coefficients in the 
operators of the M1 and E2 transitions depend on 
the models assumped. It is therefore more conve- 
nient to compare the ratio of two values of 

”(M1/E2) for different mixed M1 + E2 nuclear 
transitions I; ~1,, and 1; > I,. In this case the un- 
known factor (gp /Z)’* drops out of the final result 


82 (M1/E2, I, —> Is) 
8? (M1/E2, Is —> Is) 


= (= (hh + Ie + 3)( — In + 2)(Ie ty 2) (a sed 2B) 
Oe U3 + Ja + 3)(/3 + 2)(fa — 13+ 2)(13 + Ig —1)° 
(23) 


5. The deviation of the experimental values 
from the quantities (22) and (23), predicted by the 
collective models of the nucleus, may be due to the 
inaccuracy in the separation of the collective de- 
grees of freedom. In this case the contribution of 
the single-particle admixture can change the result 
appreciably. Actually, the estimated probability of 
the most intense single-particle M1 transition be- 
tween the levels of one spin-orbit doublet is 


e2@? We mM, (oc 


WEB? Ce) 


We.p.(M1) = 


where [ln is the magnetic moment of the nucleon 
in magnetons, whereas the collective M1 transi- 
tions have a probability 

fo? th pte? 


M2 i 


<2) | Coy [eS 
U 


Weer (M1) = (25) 


where B* = is the nuclear deforma- 


tion. Thus 


Ws.p.(M1)/Weo1 (M1) © (Un/Sr 8)’. (26) 


Neglecting the contribution of the single-particle 
transitions to the probability of the nuclear E2 
transition, and taking them into account only in the 
M1 transition, we obtain a rough estimate for 
6°(M1/E2, I, — I,): 


8 (MI/E2, Ih 12) 


= [1 +a? (ua/Bge)?] 8001 (MI/E2, I, > 12), (27) 
whe re aT is given by (22). 

The parameter a’ is a measure of the admix- 
ture of the single-particle states. Its structure 
can be made more precise only with a specific 
microscopic model of the excitations of the nucleus. 
Since (Un /BgR)* © #107 — 1:0"; even a small admix- 
ture of single-particle transitions changes the 
value of 6°(M1/E2) appreciably. The sign of 
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; : M 2 
cos — can also change when the admixture of single- > Betir Caan (Oar 


particle transitions becomes considerable. 

We are thus able to estimate experimentally the 
purity of separation of the collective degrees of 
freedom for even-even nuclei, where the reduced 
probability of the E2 transitions is appreciably 
greater than the single-particle estimate. Unfor- 
tunately, there are not enough exact and complete 
data at present to make this analysis possible. The 
available experimental values of 6°(M1/E2) appa- 
rently do not contradict the estimates of the collec- 
tive models,® but the accuracy of these data is low. 
It is of exceeding interest to measure the values of 
6°(M1/E2) for several transitions of one and the 
same nucleus, so as to be able to trace the ‘‘smear- 
ing’’ of the collective degrees of freedom of the nu- 
cleus with increasing nuclear excitation energy. 


APPENDIX 


Relation (17) can be obtained by successive ap- 
plication of the expansion formula 


EY 
A 


By (202 eA NIC wan Caren 


(A.1) 


Oye 2-2 Cy = 
We have 


12) 2) ba Eis Ci. in Comp 


Br Pe 


BE (229 le, 22) Cores Coa, 


Pape 
ge 282) Ca Coty (A.2) 


ae the symmetry Fup. Sem eras is an ar- 
bitrary function symmetrical in py.) and trans- 
forming, in accordance with (A.1), the terms in the 
curly brackets, we obtain with allowance for the 
numerical values of the u-functions 


De een Cae eon = Uu (2221; 


Pape 


Yr P-2 Taal. 
1 7 13 
= 2 V3 ae BV 


i 2n 
=e >) Giana Fe Coe Comap, = 


1M 
i 5 Cissee ie ae 


Pipe 


Bay Che Ca a (A.3) 


Applying formula (A.1) successively at each 
stage to the terms with N = 1 in the curly brackets, 
and separating each time the new terms with N = 1, 
we obtain a geometric progression 


P-ipP2 


1M 
amav Cou,on, = 


») SpipsC 


Piles 


x > hale ries Coe 


Ube 


and after summing this series we arrive at 
formula (17). 
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The procedure for calculating electromagnetic corrections to weak interactions is studied. 
It is shown that at present there is no basis for asserting that the coupling constants of vari- 
ous weak interaction processes are equal or unequal with an accuracy better than electro- 


magnetic. 


A number of papers appeared in recent years 
containing calculations of electromagnetic correc- 
tions to the simpler weak interaction processes 

(u and 6 decays!*). The totel weak interaction 
Lagrangian is usually taken in the form® 


em iGeg i, (0.1) 


where j is a parity-nonconserving charged current: 


j = @Ov) + (@Ov) + (Op) +... ., 


OP ae ee, ty) 6 (022) 


Afterwards one proceeds in the standard manner 
used in field theory to calculate corrections to the 
probabilities and cross sections obtained from Eq. 
(0.1) due to electromagnetic 


‘Be, Sas vue soe, aes (0.3) 
and strong (n stands for nucleon) 
L, = nie (0.4) 


interactions. 

When this is done one studies, in effect, two dif- 
ferent problems. The first problem consists of 
finding more accurate expressions for angular and 
energetic distributions in up and B decays with 
electromagnetic corrections taken into account. 

To the study of this problem are devoted the papers 
of Behrends, Finkelstein, Kinoshita, and Sirlin,' 
Durand, Landovitz, and Marr,” Berman,‘ and Kuz- 
netsov,? in which, however, bremsstrahlung terms 
connected with recoil are not fully taken into ac- 
count. (The corresponding correction terms for 

p. decay were obtained, in effect, in Kuznetsov’s 
second paper.’ ) 

The second problem consists of the determina- 
tion of the renormalization of the coupling con- 
stants of the various weak interaction processes 


as a consequence of the interactions (0.3) and (0.4). 
Gell-Mann and Feynman have proposed the con- 
served vector current hypothesis,° according to 
which the vector part of the weak interaction does 
not undergo renormalization due to strong inter- 
actions. In the papers of Goldberger and Treiman 
and Chou Kuang Chao® the magnitude of the renor- 
malization due to strong interactions is discussed 
for the axial vector current in B decay and other 
processes (its value is taken from experiments 

on the asymmetry in 6 decay; see, e.g., Alikha- 
nov’). (The observed deviations from the V-A 
scheme (V-A— V-AA) in B decay may also be 
explained within this framework by taking into ac- 
count only electromagnetic corrections with appro- 
priate form factors. This means that experiment 
could be consistent with the absence of renormali- 
zation of the axial vector current due to strong in- 
teractions. In this connection one should also note 
Nambu’s work.!”) 

It is also known that the 6 decay of mirror nu- 
clei (0* — 0* transitions) is due to only the vec- 
tor part of the weak interaction, which, as indi- 
cated, is not renormalized by the strong interac- 
tions. In these decays, as in uw decay, the basic 
weak interaction is deformed only by electromag- 
netic corrections. The coupling constants in these 
cases turn out to be very close in magnitude. This 
raises the question of comparing the electromag- 
netically renormalized coupling constants in these 
processes. The near equality of these constants 
has been discussed in a number of papers. 295 

The present work is devoted to an analysis of 
the starting assumptions that form the basis of 
such a comparison. It turns out that in the frame- 
work of contemporary field theory it is not possible 
to determine uniquely the renormalized coupling 
constants. In different processes these constants 
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may be determined only simultaneously with a cer- 
tain (generally speaking arbitrary ) normalization 
constant. At the moment it does not seem possible 
to establish a relation between the normalization 
constants in different processes. The gauge in- 
variance property, contrary to the expectations 

of a number of authors,!»2»> does not save the sit- 
uation. It follows therefore that a comparison of 
coupling constants for the above mentioned proc- 
esses to an accuracy better than electromagnetic 
makes no sense. 

Below we formulate and prove the concept of 
renormalization for the class of problems under 
consideration. We then prove the gauge invariance 
of the method of calculation used. In the end we 
consider the implications of the indicated facts for 
p and 6B decay. 


1, RENORMALIZABILITY 


It is known that the four-fermion interaction 
(0.1) is not renormalizable, although for observ- 
able processes the inclusion of terms of higher 
order in G does not, apparently, change the V-A 
form.'!! Therefore a consistent discussion of terms 
of higher order in G is at this time simply impos- 
sible.* As a result we are forced to consider a 
semi-phenomenological theory in which only first 
order terms in G are kept, but all terms of the 
perturbation theory expansion in e and g corre- 
sponding to Eqs. (0.3) and (0.4) are taken into ac- 
count. The justification of this approach is usually 
found in the extraordinary smallness of G. 

We shall show that such a theory is renormal- 
izable in the conventional sense. This means that 
the divergent expressions that appear in the course 
of calculations using perturbation theory can be 
eliminated by introducing into the Lagrangian 
counter terms of the type (0.3), (0.4), (0.1) and of 
the type of the free field Lagrangian or, which is 
the same, by renormalizing the masses and wave 
functions of the particles and the coupling con- 
stants of the interactions. 

As is known, by an appropriate redefinition of 
the T products at the equal argument points, it is 
possible to reduce these infinite renormalizations 
to finite arbitrary multiplicative factors in the in- 
dicated quantities and in the simpler Green’s func- 
tions related to them. Below, when referring to 
operations with divergent quantities, we shall un- 
derstand operations with finite (defined up to a 
constant ) quantities that result after the T prod- 


*It should be noted in addition that so far no processes of 
higher order in G have been observed. 
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ucts are redefined. One may also consider these 


divergent quantities to be regularized by the in- 
troduction of an appropriate cut-off. Then the 


above-noted finite arbitrariness in the determina- 


tion of the coupling constants and particle masses 


corresponds, in part, to the circumstance that 
there is no need to choose the cut-off momenta to 


be the same in different, unrelated to each other, 


Feynman diagrams. 
We shall carry out our considerations on the 
simplest examples of » and @ decay, following the 


presentation in the book by Bogolyubov and Shir- 
kov (Chap. A).32 We shall restrict ourselves in the 
matrix elements to only first order terms in G 
arising from the Lagrangians 


Ly = G:(uOv) (vOe): = G:(wOe) (vOv):, (1.1) 


Lg = G:(nOp) (vOe):= = :[n(Gyr" + Gar" i7?)p] (vr#a, e): 


(Gy = Ga =G). (Ge 


As indicated above we will, however, take into ac- 
count all terms of the perturbation-theory series 
corresponding to Eqs. (0.3) and (0.4). After the 
usual renormalizations of the coupling constants 

e and g, and the masses and wave functions of 

the particles, there remains in such a theory only 
one (logarithmic) divergence, corresponding to 
the diagram of Fig. 1. This is easily established 
by the conventional counting of the powers involved 
in the diagram. 


For such G-vertices we can write an equation 


which, in terms of Feynman diagrams, corre- 


sponds to Fig. 1: 
— iS, = G: (wFe) (vOv) : = G: (10e) (vOv) : 
+ G: (Te) (vOv) :, 


. 1 . ry Laat! rs —_ 
— 1S, = > 1 NaPpVsey ? Fag: vs = >: [n (Gyy" 


(1.2) 


+ Gay "iy’) pl (vy" a,e) s+ + : nape vse, : Rap; v8-(1.2°) 
In other words 


Fag = Oug + Tap, (1.3) 


Pap; ys = GOugOys + Rag; vs- (1237) 


Here T and R are contributions due to the strong 
and electromagnetic interactions. They are loga- 
rithmically divergent. 

After some transformations, in which use is 
made of the operator structure of the strong and 
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electromagnetic interactions,* of the properties 
of direct products of operators} (see, e.g., Slav- 
nov and Sukhanov!*), and of the two-component 
nature of the neutrino, the divergent parts of R 
and T are isolated. In this way one obtains, as 
usual, 

To (21) Oe Te 


ap ’ 


(1.4) 


Rag; xo ae [Gy (Z, a 1) ae a Gay iy? (Z2 = 1)}.60.s a Rance 


(1.4’) 


Here TT©&S and R©&8 are finite functions of the 
momenta and the renormalized constants e, 7.0m; 
M, p, etc. 

After introducing into the Lagrangian appro- 
priate counter terms we find that the divergence 
under consideration leads to a multiplicative re- 
normalization of the coupling constant G (the 
constants Gy and Ga in B decay): 


G— ZG; (1.5) 


Gy > Z,Gy, G,—Z,Ga, Zy + ZL. (135%) 


It should be noted once more, that after the 
separation (1.4) of T(R) into a regularized and 
divergent part there remains in the definition 
of TT©8(R'°8) a finite arbitrariness, correspond- 
ing to different possible choices of the subtraction 
constants. This arbitrariness corresponds to the 
finite multiplicative renormalization of the type 
(1.5). At that the constants Z and Z,(Z,.) are in 
no way related to each other or to the analogous 
constants of other renormalizations (electromag- 
netic and strong). At first sight it seems that the 
situation is opposite in electrodynamics where the 
subtraction constant for the vertex diagram is re- 
lated to the subtraction constant for the fermion 
self energy diagram as a consequence of gauge 
invariance. This contradiction with electrodynam- 
ics is apparent only, the G-vertex diagram being 
only superficially similar to the vertex diagram 
in electrodynamics. This distinction will be dis- 
cussed in more detail in the next Section. 


*For the here relevant most strongly divergent parts these 
interactions give direct products of the type (y*y") x (yy*) and 
(yHy”) x (y’y#) respectively. 

tThe following of them are of importance to us: 

CT (yy By as) x (Hary*y9) = DE (Ht asy2y) (Has y7y*) 
= (yHa+) (ay) (C+ and D+ are certain numbers irrelevant for 
the calculations). 

tThis result may also be derived by writing the S matrix as 


s= r {ft any \ Lg (x) dx| exp [i \ dy (D, (0) Ly (x ]} 


and then computing its matrix elements as variational deriva- 
tives with respect to appropriate fields. The electromagnetic 
and strong divergences are in that case separated from the di- 


vergence in the G-vertex. 
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Thus, after the renormalization of the coupling 
constants e, g, and G, the particle masses and 
their wave functions, the theory under considera- 
tion contains no divergences. 


2. GAUGE INVARIANCE 


We have indicated at the end of the preceding 
section that the renormalization constants Z and 
Z,(Z») are unrelated to each other or to the anal- 
ogous constants for other electromagnetic or 
strong Green’s functions (diagrams). In contrast 
to this in a number of papers!»3-5 it has been in 
essence assumed that the constant Z is related 
to the renormalization constant for the fermion 
mass operator by a relation of the type of Ward’s 
identity in electrodynamics. We shall now show 
that the requirement of gauge invariance in the 
processes under consideration does not impose 
any restrictions on the constant Z and that there- 
fore the above indicated arbitrariness in the de- 
termination of the constant Z persists. 

To prove this it is necessary to show that the 
procedure for calculating electromagnetic correc- 
tions to weak interactions is gauge invariant. We 
shall show that the matrix element of the weak in- 
teraction, including electromagnetic and strong- 
interaction corrections, is after renormalization 
independent of the field intensity of longitudinal 
and scalar photons dj. A full proof of this asser- 
tion is somewhat clumsy in perturbation theory; 
we shall therefore not present it but will limit 
ourselves to the consideration of only the terms 
of lowest order in e. The proof can also be car- 
ried out with the help of contour integration. In 
that case one need only to repeat almost verbatim 
the corresponding discussion in the book by Bogo- 
lyubov and Shirkov'? (Sec. 41). 

It is more convenient to give the proof for the 
u-decay process. The generalization to processes 
in which the contribution of the strong interactions 
is relevant presents no difficulty; we leave it out 
here only to avoid a greater, as compared to yu 
decay, complexity. We shall write the weak inter- 
action matrix element in the form 


— iS, = G:(pFe) (vOv):. 
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At that GF =G(O-+ >) e"F,). (Fil) 
n>1 

Since we are concerned with a theory in which the 
electromagnetic renormalizations of the charge e, 
and the particle masses and wave functions, have 
already been carried out, it is sufficient in second 
order to consider only the diagram of Fig. 2, in 
fourth order the six diagrams of Fig. 3,* etc. 

In the series (2.1) the term of the 2n-th order 
in e is a polynomial of n-th order in dj): 


jee s dtp ®, 


k=0 


(2.2) 


To second order in e we have 


Dn cope a Ge imo 
Fy =onr\z k2 — 2pk 0 k2 — 2gk pa dk. 


Here p and q are the momenta of the electron 
and muon respectively. Since in Eq. (2.1) F 
stands between the operators Dy and ~., which 
satisfy their respective Dirac equations, it follows 
that 


FY) = C,0. (2.3) 


Here C, is a ‘‘divergent constant’’: 
1 (dk 
C= ar \ 

An analogous discussion of the fourth order 
terms in e, when the Dirac equations for the elec- 
tron and muon and Lorentz invariance are taken 
into account, leads to the result 


Fy? = Fao + Fup = C20, 
B= COL CRD”. 


(2.4) 
(2.5) 


Here C§”) and C$!) are ‘divergent constants.’’ 
Substituting Eqs. (2.3) — (2.5) into Eq. (2.1) we 
find 
GE G(O-- C40 + ery + ediC?O +. ed,.aro 
Bet COO wet re 4.) ). 


Accurate to within terms of higher order this 
means that 


Gi GO ere! eth ee rag? Oe (206) 


Here G” is the weak-interaction coupling constant, 
renormalized by longitudinal and scalar photons: 


eG. (te eid; eG ds A etd, oe ). (2.7) 


The function F° requires further renormaliza- 


tion, as stated in Sec. 1, however it no longer de- 


*Throughout we make use of the renormalized photon dis- 
tribution function 


D™" (kh) = kd (Rk) [g™” — k-2R™R") 4 djk-4k™ R”, 
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FIG. 3 
pends on dj. Consequently the dependence on dj 
is contained entirely in the renormalization of the 
coupling constant G. An analogous situation occurs 
in mesodynamics, where the renormalization con- 
stant of the vertex operator including electrody- 
namic corrections depends, as is easily seen, on 
d7;. 

Consequently, in order that the observable 
quantities be independent of dj it is not necessary 
to impose any restrictions whatsoever on Z (Z, 
or Z,). This is independent of what gauge invari- 
ant method is used to calculate other processes. 

In contrast to this, in electrodynamics the con- 
dition of gauge invariance leads through the Ward 
identity to a relation between the normalization 
constants (or, which is the same, the cut-off mo- 
menta) for different processes. A relation is also 
established between the vertex diagram and the 
self-energy diagram. In this Section we have 
shown that the weak interaction matrix element 
is gauge invariant by itself, without imposing any 
conditions on the normalization constant. There- 
fore the normalization constant for the matrix 
element of each of the weak interaction processes 
is determined independently and represents an 
independent constant in the theory. 


3. DISCUSSION 


An elementary (but tedious) calculation of the 
matrix elements for and B decay, including 
bremsstrahlung, results in formulas for the prob- 
abilities of these processes of the type given in 
references 1—4 (including corrections due to re- 
coil). These formulas, however, should contain 
additive terms corresponding to the finite arbi- 
trariness noted above. At that it turns out, as 
was to be expected, that the parameters that char- 
acterize the spectrum (such as the Michel pa- 
rameter and the asymmetry parameter )- are in- 
dependent of the normalization constant and are 
determined uniquely. At the same time the quan- 
tity G is determined from the lifetimes of the 
corresponding particles only in combination with 
the normalization constant C. Thus for p decay 
it is only possible to determine the quantity 
G[1—-(a@/2r) C] = G(1-0.001162C). No con- 
vincing arguments whatever are known at this 
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time in favor of one or another choice of the nor- 
malization point. 

In references 1, 3, and 4 a certain normaliza- 
tion for u decay results essentially from the fact 
that the sum of the three divergent expressions, 
corresponding to the diagrams of Fig. 4, are as- 
sumed to be a definite number, in view of the gen- 
erally accidental fact that the divergences cancel 
out. The authors of these papers forget, however, 
the arbitrariness that arises when divergent ex- 
pressions are summed, and tacitly assume that 
the normalization constants (or, which is the 
same, the cut-off momenta) for the G-vertex 
and for the self energies of the electron and pu 
meson should necessarily coincide. The falsity 
of this point of view was discussed in Secs. 1 and 
2. We can also note that the procedure used by 
these authors in substance prevents them from 
calculating corrections to the B decay even with 
a very rough account of the role of the strong in- 
teractions® through the constant form factor A» 
=|Ga/Gy| = 1.2. 

With the help of dispersion-relations techniques 
Durand et al.” deduce unique expressions for the 
probabilities of u and 6 decay, apparently from 
the condition that in the final expression the non- 
physical photon mass A, must vanish (i.e., in 
essence from the gauge invariance condition). It 
should, however, be noted that in applying the dis- 
persion techniques to electromagnetic processes 
they automatically introduce into this field the de- 
termination of the renormalized coupling constant 
taken from the strong interactions. In reality the 
renormalized coupling constant can be determined 
in electrodynamics only when the emission of soft 
photons is taken into account. Therefore only the 
coupling constant determined in this way should 
be finite and independent of Ay.* When this cir- 
cumstance is taken into account the choice of a 
definite normalization point in the work of Durand 
et al.” is no longer unique. 


In this way we are faced with a general situation 


in field theory of deducing experimental results 


from a theory in which the Lagrangians (0.1) — (0.4) 


are not fully known, and in which the constants 
(G, e, g, M, m, ».) entering these Lagrangians are 


*In the language of Durand et al.’ the finite quantity should 
bate sumeG? + G-Culn(Az/m-), and not G* itself. 
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not fully known. It is necessary, in addition, to 
specify a certain number C — the normalization 
constant. Only afterwards will the results be fully 
determined. 

An analogous situation also arises in other ver- 
sions of renormalizable theories. In electrody- 
namics, however, one usually introduces the addi- 
tional boundary condition, which requires that the 
Coulomb law be satisfied at large distances. This 
means that the vertex operator is normalized at 
the point k= 0. In mesodynamics the determina- 
tion of the g-charge as a subtraction at the point 
M corresponds to the normalization of the vertex 
operator as A(M?,M?; m2) =1. In the theory of 
# and f decay there are no conditions of this type. 
For this reason we cannot have in this case a 
unique determination of the coupling constants G, 
Ga and Gy, related to each other. These con- 
stants can be determined only simultaneously with 
the normalization constant C, as discussed above.* 
Therefore, from our point of view, one should not 
talk about the existence of a discrepancy between 
theory and experiment, as is done by Feynman.° 

If an intermediate boson, responsible for weak 
interactions, exists, one might expect that in that 
case it would be possible to relate the normaliza- 
tion constants for various weak interaction proc- 
esses. However, until convincing arguments for 
the existence of such a boson are produced, the 
normalization constants of various processes 
(and, consequently, coupling constants) will re- 
main unrelated to each other. It makes no sense 
therefore (even under the conserved vector cur- 
rent hypothesis ) to talk at this time of the equal- 
ity of coupling constants for various weak inter- 
action processes to an accuracy better than the 
electromagnetic corrections. 

In conclusion the authors express their gratitude 
toD. V. Shirkov and Ya. A.Smorodinskii for fruitful 
discussions, and also to A. I. Larkin, V. G. Vaks, 
and B. N. Valuev for valuable remarks. 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 40, 1746-1754 (June, TOG) 


Possible combustion modes in a magnetohydrodynamic medium are determined. The types of 
magnetohydrodynamic shock and self-similar waves which can accompany magnetohydro- 
dynamic combustion waves in the presence of a moving perfectly conducting piston are inves- 
tigated. The piston velocity, the Alfvén velocity and the reaction energy are assumed to be 
sufficiently small. The conductivity of the medium is assumed to be infinite. 


ls In recent years there has been an increased 
interest in new combustion modes. A number of 
papers is devoted to the problem of the combustion 
of fuel in a supersonic stream. In other papers, 
for example references 1—4, the effect of a mag- 
netic field on detonation is investigated. In the 
present paper we investigate the effect of a mag- 
netic field on the combustion process. 

In ordinary hydrodynamics (in the absence of a 
magnetic field) two combustion modes are pos- 
sible: 

a) subsonic combustion 


U4< C1, 


b) supersonic combustion 


Uz <_ Co; (1) 


(2) 


Here v is the velocity of the medium with re- 
spect to the discontinuity, c is the velocity of 
sound; subscript 1 refers to the region in front of 
the discontinuity and subscript 2 refers to the re- 
gion behind the discontinuity. 

If heating of the medium in front of the combus- 
tion wave occurs as a result of ordinary thermal 
conductivity then v, « c;, and, therefore, super- 
sonic combustion is usually impossible. Super- 
sonic combustion can occur in the case of thermo- 
nuclear reactions when heating of the medium takes 
place by means of heat transfer by radiation; the 
supersonic combustion regime is also realized in 
the case of combustion in a supersonic stream.” 

The difference between subsonic and supersonic 
combustion consists of the fact that in subsonic 
combustion the density is diminishing, while in 
supersonic combustion it is increasing. 

In magnetohydrodynamics there exist three ve- 
locities of propagation of small disturbances: the 
Alfvén velocity U = H/( 4p )¥? and the velocities 


07 = Cy. Caer. 


of propagation of the fast and the slow magneto- 
acoustic waves 


Oa (U2 et (02 ci Ae ay 


(the plus sign refers to the fast wave, and the 
minus sign refers to the slow wave, Ux is the 
component of the Alfvén velocity parallel to the 
direction of propagation of the wave). The exist- 
ence of three characteristic velocities leads, as 
we shall see later, to the appearance of four mag- 
netohydrodynamic combustion modes: 

a) ‘‘slow’’ combustion 


Vie U re, Ope Ups (3) 
b) ‘‘sub-Alfvén’’ combustion 
U;- <s Vix << U4, Us- < Vox =< Us,3 (4) 


c) ‘‘super-Alfvén’’ combustion 
U yx <x U1, Uox << Vox << Ua, | 


d) ‘‘fast’? combustion 


(5) 


U4+ Ke Vix, Or <a Vox. (6) 


(The subscript 1 refers to the region in front of 
the discontinuity, and the subscript 2 to the region 
behind the discontinuity; we recall that UL = Ux 
== Alt) 

The difference between the four magnetohydro- 
dynamic combustion modes lies not only in the 
different manner of density variation, but also in 
the different nature of variation of the magnetic 
field. As we shall show later, in the case of the 
slow and the super-Alfvén combustion the density 
is decreasing, while in the case of the sub-Alfvén 
and the fast combustion it is increasing. The mag- 
netic field increases in the case of fast and slow 
combustion, and decreases in the case of the sub- 
Alfvén and the super-Alfvén combustion. 
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In magnetohydrodynamics, if the condition U, 

« ¢; is satisfied, slow, sub-Alfvén and super- 
Alfvén combustion can occur at temperatures com- 
mon in the case of chemical reactions, and fast 
combustion can occur at thermonuclear tempera- 
tures. 

Condensation discontinuities and photoionization 
discontinuities belong to the same type of discon- 
tinuities as combustion waves. Photoionization dis- 
continuities occur in neutral interstellar gas in the 
case of intense radiation from a star (cf. refer- 
ences 6—8). The excess of photon energy over 
the ionization energy is released in the form of 
heat energy q. The velocity of propagation of a 
photoionization discontinuity can be both smaller 
than and greater than the velocity of sound. 

2. At the surface of discontinuity the laws of 
conservation of mass, momentum and energy hold, 
and also the values of the tangential electric and of 
the normal magnetic field remain continuous: 


(7) 
(8) 


(z= O)7 VE 0; 
{p + (ue — CP /V + Hy/ 8x} = 0, 
{ypV f(y — 1) + (ox — 6)? /2 +07 /2 + VAG / 40 


—VH,H,v, / 40 (0, — C)} = q, (9) 


{(0, — 0) v,/V — Hgl, / 4) = 0, (10) 
CO, = (Ux eg ¢) Ay = 0, 0) 
{Hx} = 0, (12) 


where V = 1/p is the specific volume, v is the 
velocity of the medium, ¢ is the velocity of propa- 
gation of the combustion wave in the laboratory 
system of coordinates, p is the pressure, y is the 
index of the Poisson adiabat which we assume for 
the sake of simplicity to be the same on both sides 
of the discontinuity, q is the energy released at 
the surface of discontinuity (q > 0); the x axis is 
directed normal to the discontinuity, and the sys- 
tem of coordinates is chosen in such a way as to 
make Hz = 0 and vz = 0. 

The conservation laws (7) — (12) are insufficient 
to determine the combustion mode uniquely. In 
order for combustion actually to take place it is 
necessary that in addition the evolutionary condi- 
tions should also be satisfied.*!! They consist of 
the requirement that the number of divergent waves 
on both sides of the surface of discontinuity should 
be equal to the number of independent boundary 
conditions. 

Unlike shock waves and overcompressed deto- 
nation waves, the speed of propagation of a com- 
bustion wave in a medium at rest does not depend 
on the amplitude of the wave, but is determined by 
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the physico-chemical characteristics of the me- 
dium in front of the wave.'* Therefore, when a 
combustion wave is perturbed the velocity of prop- 
agation of the wave remains constant. This leads 
to the result that in order for the evolutionary 
conditions to be satisfied in ordinary hydrodynamics 
(in the absence of a magnetic field) the number of 
diverging waves must be equal to three, while in 
magnetohydrodynamics the number of diverging 
waves must be equal to seven. From this it follows 
that only such combustion waves are possible for 
which the inequalities (1), (2), and (3) —(6) are 
satisfied. The evolutionary conditions (3) — (6) 
restrict the number of waves which can be simul- 
taneously propagated in one direction. 

In the case of fast combustion the combustion 
wave can be followed by a fast magnetoacoustic 
(shock or self-similar) wave, and this can be 
followed by an Alfvén discontinuity, and, finally, 
by a slow (shock or self-similar) wave. Nota 
single one of the magnetohydrodynamic waves can 
be propagated ahead of the fast combustion wave. 

In the case of super-Alfvén combustion the fast 
(shock or self-similar) wave leads, followed by a 
super-Alfvén combustion wave, then by an Alfvén 
discontinuity and, finally, by a slow wave. 

In the case of sub-Alfvén combustion the fast 
wave leads, followed by the Alfvén discontinuity, 
then by a sub-Alfvén combustion wave and, finally, 
by a slow wave. 

In the case of slow combustion the fast wave 
leads, followed by the Alfvén discontinuity, then by 
a slow wave and, finally, by a slow combustion 
wave. 

Some of these waves may be absent. 

3. In order to distinguish the actually occurring 
evolutionary waves from the unrealizable nonevo- 
lutionary ones, we utilize the (vjx, vox) plane in 
which the characteristic velocities U_, Ux, U 
are marked. (cf. Fig. 1). 

We first consider shock waves unaccompanied 
by a release of energy (q=0). By utilizing the 
boundary conditions (7) —(12) (¢ = 0) we can de- 
termine the Hugoniot line in the (v;x, vox) plane. 
From the calculations of Bazer and Ericson!®?!4 jt 
follows that the values vyx and Vox lie on the line 
1—2—3—4—5—6 in the case of slow waves, and on 
the line 7—8—9 for fast waves Cor Pine ly. ibe 
line 0—1—4—8—32 corresponds to the absence of 
a discontinuity vyx = vox. 

The segments 1—2—3—4 and 8—9 correspond to 
compressional shock waves vx > Vox. In such 
waves the entropy is increasing.!4-1° 

os Vix ~ © the line 8—9 has the asymptote 

Vox = (y — 1) Une /2y + (y +1) U3/2r (U <o). 
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The segments 4—5—6—1 and 7—8 correspond to 
rarefaction shock waves vix < vox. In such waves 
the entropy is decreasing and, therefore, such 
waves cannot be realized. 

The conditions for the shock waves to be evo- 
lutionary are of the following form?’!®9: 

a) for the slow wave 


Ute < U1x <a Ue, Vox <U>- ; (13) 
b) for the fast wave 
Uy+ 1x, Uox << Vox < Us+ (14) 


The regions (13) and (14) are marked in Fig. 1 by 
vertical shading. 

As can be seen from Fig. 1, the fast compres- 
sion wave is an evolutionary wave along the whole 
segment 8—9, i.e., for arbitrary amplitudes. The 
slow compressional shock wave is evolutionary 
only along the segment 1—2. Along the segment 
2—3—4 the slow compressional shock wave is a 
nonevolutionary one, and cannot be realized in 
spite of the fact that the entropy in such a wave is 
increasing. 

We now consider discontinuities at which energy 
is released (q > 0). Such discontinuities are 
shown for U «c and q «c? by the lines 
0—10—11—12—4—13—14—15—4—16—17 and 
18—19—20 in Fig. 1: Near the:point v,, = U;_, 

Vox = U»_ these lines are described by the equation 


(Ux wu Frey" ree (Vox a. Ls)? ar -. (Y ot) Giceg Omen eer (15) 


near the point vyx = Uyx, Vox = Uox they are de- 
scribed by the equation 
ee Cag), — [h— 2 (y — 1) qUy| (G5, — Us,) = 
(16) 
and, finally, near the point vyx = U;,, Vox = U2, they 
are described by the equation 


(OU)? — (oe — Ux) = Sf? HI) gq. 19 
For vix « U,;_ this line is described by the 
equation 
Vox = (1 + (y — 1) 7 °q) one. (18) 


The segment 0—10 corresponds to slow combus- 
tion (rarefaction wave ), the segment 15—4 corre- 
sponds to sub-Alfvén combustion (compression 
wave ), the segment 4—16 corresponds to super- 
Alfvén combustion (rarefaction wave ) and, 
finally, the segment 18—19 corresponds to fast 
combustion (compression wave). The segments 
14—15 and 19—20 correspond to detonation in the 


case of slow and fast waves (compressional waves ). 


Points 15 and 19 correspond to Chapman-Jouguet 
detonation in the case of slow and fast waves. The 
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segments 10—11—12—4—13—14 and 16—17 corre- 
spond to nonevolutionary discontinuities and, there- 
fore, cannot be realized. 

Figure 1 also shows discontinuities correspond- 
ing to absorption of energy (q < 0). Such discon- 
tinuities correspond to the lines 0—21—22—23— 
4—24—20—26—4—_27—28 and 29—30—31, The seg- 
ment 21—22 corresponds to ionization in the case 
of a slow shock wave, the segment 27—28 corre- 
sponds to ionization in the case of a fast shock 
wave.‘ 

The boundary conditions (10) —(12) enable us to 
determine the change in the magnetic field in com- 
bustion waves. 

From (10) and (11) it follows that 

(Jor He] aaj? 


H al 2) 
Cig apa 


(19) 


(j = p1Vix = P2Vox). From Eqs. (3) — (6) and (19) it 
follows that in all four magnetohydrodynamic com- 
bustion waves the transverse magnetic field Hy 
does not change sign. Taking into account the fact 
that both in slow and in super-Alfvén combustion 
the density is decreasing (p> < p;), while in the 
case of sub-Alfvén and of fast combustion the den- 
sity is increasing (p» >p,), we obtain from (19) 
that in cases of slow and of fast combustion the 
transverse magnetic field Hy is increasing, while 
in cases of sub-Alfvén and super-Alfvén combus- 
tion the transverse magnetic field is decreasing. 
4. We now go on to the question of the types of 
magnetohydrodynamic waves that can accompany a 
combustion wave. In order to simplify the problem 
we assume that the medium is bounded by a per- 
fectly conducting piston moving with constant ve- 
locity u. Moreover, we assume that the piston ve- 
locity and the Alfvén velocity U are both much 
smaller than the velocity of sound c, and that the 
reaction energy q is much smaller than the square 
of the velocity of sound. We restrict ourselves to 
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the case in which the magnetic field, the piston ve- 
locity and the normal to the piston surface all lie 
in the same plane (the xy plane). 

We first consider fast combustion. The con- 
servation laws (7) —(12) enable us to express the 
discontinuities in the velocity, and the discontinuity 
in the specific volume, in terms of the velocity of 
propagation of the combustion front vix with re- 
spect to a stationary medium (¢ = 0). The corre- 
sponding formulas can be greatly simplified in the 
limiting case Vix > Cc: 
Ae dx = (7 —!) gles 


Ney yd gor 


AcUy 4 (7 a 1) Ux U q/0% ’ 
(20) 


As a result of electrodynamic viscosity” the 
relative velocity of the medium is equal to zero at 
the surface of the piston. Therefore, the sum of 
the discontinuities of the velocity for all the waves 
is equal to the velocity of the piston: 


Acv = A.V == Aav =F (NEY, =U, (21) 


where Acv denotes the discontinuity in the velocity 
of the combustion wave. A+ is the discontinuity 
for the fast and the slow magnetohydrodynamic 
waves (without release or absorption of energy ) 
and Aa is the amount of the Alfvén discontinuity. 
These discontinuities in the velocity are related to 
the discontinuity in the specific volume by means 
of the following relations:* 

A.V 


A= a aoe 


fae any 
4 V ) 


x o— Vy AV \AGV 
Aywy =U ma ) Vine ee 
A_V G2 ASV 
A_v, = — U,—_, Av, = aT ies (23) 
aa cams eit U, V 
Nore == 0, WO 0) pe (24) 


Formulas (23) are valid only if the additional re- 
striction |A_V/V| « uy /c? is imposed. 

By taking the components of expression (21) a- 
long the x and y axes, and by expressing A;v in 
terms of A,V and A_V, we obtain a system of two 
equations in two unknowns: A,V and A_V. This 
system enables us to find the amplitudes of the 
fast and the slow magnetohydrodynamic waves, 

A,V and A_V. If Ai:V < 0 then the corresponding 
wave will be a shock wave, if AiV > 0, then the 
wave will be a self-similar one. 

The possible types of magnetohydrodynamic 
waves accompanying a fast combustion wave are 
Shown in Fig. 2a. In this diagram the longitudinal 
component of the velocity of the piston ux has been 
plotted along the abscissa, and the transverse com- 
ponent uy has been plotted along the ordinate. (For 
the sake of definiteness we assume that the compo- 
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nents Hx, Hy of the magnetic field in the unper- 
turbed medium are positive.) The letters C, 8S, R, 
A denote respectively the presence of the following 
waves: combustion, shock, rarefaction, and Alfvén 
discontinuity. The plus sign refers to the fast wave, 
the minus sign refers to the slow wave. The se- 
quence in which the letters appear coincides with 
the sequence in which the waves follow each other. 

The origin in Fig. 2a lies in the region CR*R’. 
This means that in the case when the piston is at 
rest the fast combustion wave leads the others, it 
is followed first by the fast rarefaction wave and, 
finally, by the slow rarefaction wave. The same 
sequence of waves will also occur in the case when 
the piston is moving outward (ux < 0, uy = 0). If 
the piston is moving inward (ux > 0, uy = 0), then 
for sufficiently low velocity ux we shall have the 
Same combination of waves: CR*R™. As the piston 
velocity is increased the amplitudes of the fast and 
of the slow rarefaction waves diminish and, finally, 
vanish at the point where the horizontal axis inter- 
Sects the lines’ CRi, CS, CR*, CS*.. (Inithe first 
approximation these lines intersect in one point. ) 
As the piston velocity is increased further, we 
enter the region CS*S”. 

In the case of transverse motion of the piston 
(ux = 0) in the direction opposite to the direction 
of the transverse magnetic field in the unperturbed 
medium (uy < 0, Hy > 0), with sufficiently low ve- 
locity |uy| the same sequence of waves CS*S- oc- 
curs as in the case of the piston at rest. As the 
velocity | Uy | is increased the amplitude of the 
fast rarefaction waves diminishes and, finally, 
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vanishes on the line CR™. This line separates 
the region CR*R™ from the region CS*R” which is 
entered as the piston velocity |uy| is increased 
further. 

In the case of the transverse motion of the pis- 
ton (ux = 0) in the direction of the magnetic field 
(uy > 0, Hy > 0) with a sufficiently low velocity the 
Same sequence of waves CR*R™ occurs as in the 
case of the piston at rest. As the piston velocity is 
increased, the amplitude of the slow rarefaction 
wave diminishes and vanishes on the line CR’. 

As the piston velocity uy increases further a slow 
shock wave appears (regions CR*S-) whose am- 
plitude increases with increasing piston velocity. 
Since in the case of the slow shock wave the trans- 
verse magnetic field Hy diminishes" (without 
changing sign), an increase in the transverse 
piston velocity uy in the region CR*S” corresponds 
to a decrease in the transverse magnetic field Hy 
at the surface of the piston. When the piston ve- 
locity uy becomes equal to 


SAD: 
paste yf 
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oats 
[cf. formula (28) ], the transverse magnetic field 
Hy behind the slow shock wave (i.e., at the sur- 
face of the piston) vanishes. 

As the piston velocity uy increases further a 
sharp qualitative change in the flow pattern takes 
place. Behind the fast rarefaction wave R* an 
Alfvén wave A appears which changes the direction 
of the magnetic field by 180°, and the Alfvén wave 
is followed by a slow shock wave S. On the line 
separating the regions CR*S” and CR*AS™ the am- 
plitude of the slow shock wave reaches a maximum. 
As the piston velocity uy increases the amplitude 
of the slow shock wave decreases, and this leads 
to an increase in the absolute value of the trans- 
verse magnetic field |Hy| at the surface of the 
piston. In this case the transverse magnetic field 
at the surface of the piston is directed opposite to 
the transverse magnetic field in the unperturbed 
medium. Along the line CR*A the amplitude of the 
slow shock wave vanishes, and as uy increases 
further a slow rarefaction wave appears (region 
CR*AR ). 

If we continue to increase the transverse piston 
velocity uy, then the amplitude of the fast rarefac- 
tion wave diminishes, and vanishes along the line 
CAR~. A further increase in the velocity of the 
piston uy leads to the appearance of a fast shock 
wave (region CS*AR’). As can be seen from 
Fig. 2a, fast combustion is possible for any arbi- 
trary piston velocity u. 
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The equations of the lines bounding the various 
regions in Fig. 2a are of the following form: 
the lines CR=CS3, CAS: CAR 


U, 
Ux 73 (uy — 2Uy) Uy —(¥ 1) 4 = 0 (25) 
1” 
the lines CR*, CS* 
x WLU lg 
ane Y Satya 
Uy > g Ux 1) ae 0, (26) 
the lines CR*A, CS*A 
U U 
uy — 2U, - Upae i le ‘a = 0, (27) 


The line separating the regions CR*S~ and 
CR*AS-, and also the line between the regions 
CS*S” and CS*AS’, is determined by the equation 


1 U, Ts eee U9 
es — 
- Vie 


uy,—U, 


= 0) (28) 

5. We now proceed to consider super-Alfvén 
combustion. The discontinuities in the velocity 
and in the specific volume in a super-Alfvén com- 
bustion wave are determined in the limiting case 
Uix «K Vix « U;, by the relations 


Ney = —— (YN GOs! Cc, Agdy = (y¥ — 1) UU yq/ 4x0; 
AV = (y¥ — 1) qv /c?. (29) 

The possible types of magnetohydrodynamic 
waves accompanying a super-Alfvén combustion 
wave are shown in Fig. 2b. 

The equations of the lines bounding the various 
regions of Fig. 2b are of the following form: 

the lines CR’, CS’, CAS’, CAR™ 


Us Wr 
Pence =e = BN) 
the lines R*C, S*C 
UU U_U.q 
xy Be ae 
ig a ie — (y — 2) ial 0, (31) 
the lines R*CA, S*CA 
u U, 
uy — 2Uy — = ux +(y¥ — I) = Gn! (32) 


The line separating the regions R°CS” and 
R'CAS-, and also the line separating the regions 
S*CS- and S*CAS™ are determined by the equation 


ee ee Sesh We oe tw ee (33) 

As can be seen from Fig. 2b, super-Alfvén com- 
bustion is possible for any arbitrary piston veloc- 
ity u. 

6. We now consider sub-Alfvén combustion in 
the limiting case Ux — Vix <« Ux. The discon- 
tinuities in the velocity and in the specific volume 
in the sub-Alfvén combustion wave are determined 
by the relation 


1234 
We, Sid. 
Act, = 2(7¥ — 1) = = * q; Acty = (¥ 1) FH ’ 
Ely y 
U,—v 
a3 |) av 34 
Ne rar (34) 


The possible types of magnetohydrodynamic 
waves accompanying a sub-Alfvén combustion 
wave are shown in Fig. 2c. The equations of the 
lines bounding the various regions in Fig. 2c have 
the following form: 

the lines CR’, CS” 


Uy — eee uy +(y¥ — 1) - g= 0; (35) 
the lines ACS’, ACR™ 
Uy + ou) L(y — 1) = g = 0, (36) 
the lines R*C, S°C 
ty + us (1 Ng = 0, (37) 
the lines R*AC, S*AC 
ly —2Uy— Luz tr —1) fe =0. (88) 


As can be seen from Fig. 2c, sub-Alfvén com- 
bustion is possible for any arbitrary piston veloc- 
ity u. 

7. Finally, we consider slow combustion in the 
limiting case vyx « Ux. The discontinuities in the 
velocity and in the specific volume in the slow com- 
bustion wave are determined by the relations 


Acts = — (¥ — 1) quiz/c’, 
Acty = — (y — 1) Uyquix!/ PU x, 
AV = (y¥—1) qV /c?. 

The possible types of magnetohydrodynamic 
waves accompanying the slow combustion wave 
are shown in Fig. 2d. 

The equations of the lines bounding the various 
regions in Fig. 2d have the following form: 

the lines RC, SC 


(39) 


U,U qx 
ee gigi te (ail) aa 9 S20 (40) 
the lines ASC, ARC, 
UU, Wx 
eee) = y) cl} =) — 0, (41) 
the lines R*C, S*C 
U,U Ua dors 
Uy =[ a Us + (Y ea 1) 2U, == 0; (42) 
the lines R*AC, STAC 
U U 
Up Uy ig = (y 1) 0, 1(48) 
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As can be seen from Fig. 2d, slow combustion 
is possible for any arbitrary piston velocity u. 

The authors express their gratitude to A. I. 
Akhiezer for valuable discussions. 
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Schwarzschild’s solution of the gravitational field equations has a singularity at the gravita- 
pon radius. It is shown that this singularity can be removed by a suitable choice of coor- 
dinate system. Examples of such coordinate systems are given. 


Tue centrally symmetric solution of Einstein’s 


field equations in empty space is (see reference 1, 
Beco oi) 


ds? = (1 — —)d#®—(1 —4) ‘ae? — do’, 


ds® = d}* + sin? S.dq? . (1) 


The units have been chosen so that c = 1 and @ 
= 2kM/c? = 1. The solution (1) has a singularity at 
r=0 and also at r =1, whichis the so-called 
gravitational radius. Finkelstein has attempted to 
remove the singularity at the gravitational radius 
by a suitable choice of coordinate system.’ In his 
coordinates the line element is 

ds? = (1——) dt? + =dtar 4 (1 +=) dr? —r*ds®. (2) 


y 


This line element suffers from the disadvantage 
that gj, changes sign at r = 1, which means that 
for r > 1 t is a time-like coordinate, while for 

r <1, t is a space-like coordinate. It should also 
be pointed out that Finkelstein’s coordinates are 
not orthogonal. Fronsdal? embedded the Scharz- 
schild space in a flat six dimensional manifold and 
showed that for a stationary metric (i.e. independ- 
ent of coordinate time), the singularity at r=1 
could not be removed by a coordinate transforma- 
tion. If nonstationary metrics were allowed, then 
the singularity at r =1 could be removed. Al- 
though Fronsdal showed how this could be done, he 
did not actually do it. 

The purpose of the present note is to present 
some coordinate systems which do not have the 
singularity. 

Consider the coordinate transformation 


c=t—| a p= 2 (3) 


Ne r 


where f(r) satisfies the conditions f’(1) = 0, 
Cie iet(a\ciietor me tt (nr) for r< 1. 
In the new coordinate system the line element 

is 


me r—1 dé? 
as Peay a == if: do?, (4) 


f (r) has been chosen so that 1 — f~2 has a first 
order zero at r =1, so that the line element (4) 
does not have a singularity at r =1. 

For the particular case f(r) =r? —-r+1, we 
have 


ie sig (ee eae 
gest 5 Fae Z) |» 
E= 7/3 + r+ In|r—1|—t. (5) 
The transformation (5) is single valued (in both 
directions) for all values of (r, t). Upon carrying 
out the further transformation p = (3¢)14, the ex- 
pression (4) takes the form 
3 Ge Ds UP 2 p4dp® 
af = et ae tte 
in the coordinates (p, 7), where ~ =7(p/3+T) 
and ~(y) is defined by the equation 


p= Pty nw Nt ten ae 
(7) 

Since the right hand side of (7) is a monotonic func- 

tion of y, ~(y) is a single valued function of its 


argument. For finite 7 and p — o (6) may be 
written in the approximate form 


T= 


ap?do?, (6) 


ds? = (1 — I/p) dv? + (1 + Mp) dp? — p* do®., (8) 


Formula (8) agrees with (1) for large values of 
p =r. Thus for p — ~ the coordinate system 
(p, T) is the same as Schwarzschild’s coordinate 
system, but differs from the latter in that it has 
no singularity at the gravitational radius. 

Upon substituting f(r) = Vr in (3) we obtain 


2Vr Vr—-1 
i a 3) in 8 
put = Pin — F (9) 


ds? = (dx)? — [2 (xt + x) 7 (dxty? — [FZ (8 + xt)" do? 
(10) 
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r= [+(x + x) 1%, 
1/ | 3 (xt + x0)/2 
Ca a 


[3 (x1 + 29)/ me 


p= Pe 2 [3 a, 

The coordinate system (x°, x!) has the follow- 
ing properties: 1) the time coordinate is the time 
read by a clock moving on the coordinate lines ee 
3, y =const, 2) the lines x!, 9, p =const are 
geodesics, so that the coordinate system (x®, x!) 
can be realized by freely falling bodies carrying 
clocks. It is a ‘‘freely falling’’ coordinate system. 
It follows from (11) that the transformation from 
(xx, toler, tis single valued. The transfor- 
mation from (r, t) to (x®, x!) is double valued, 
which-eorresponds to the two possible square roots 
of r. This can be explained as follows: in the 
coordinate system (r,t) a freely falling body 
(x! ¥, y =const) will reach r = 0 in a finite 
proper time, and upon ‘‘reflection’’ will retrace its 
path. This explains the double-valuedness of the 
transformation (9), with a branch point at r = 0. 
In other words, the point (r, t) can correspond to 
an incoming particle or an outgoing particle. 

In conclusion, we should like to point out (see 
also reference 4) that the singularity at r =1 in 
Schwarzschild’s coordinate system is associated 
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with the fact that the coordinates change character 
upon passing through r = 1: the space-like coordi- 
nates become time-like, while the time-like ones 
become space-like. This is clear from (1); toman 
r>1, then r is space-like (grr < 0) and t is 
time-like (gtt > 0), while for r <1, the situation 
is reversed (grr > 1, gtt <0). The transforma- 
tion (3) avoids this state of affairs; for suitable 
choice of f(r) the coordinate — is space-like 
everywhere (ggg < 0 everywhere), while 7 is 
time-like everywhere (g77 > 0 everywhere). 

I should like to thank Prof. Ya. P. Terletskii 
for his interest in this work. 
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It is shown that the Bogolyubov causality condition and the condition of local commutativity 

of the operators y(x) of an interacting field lead to identical expressions for the matrix 
elements of the S matrix on the mass shell. In the study of this problem the necessary and 
sufficient conditions are found for the local solubility of the equation for the Heisenberg op- 
erators g(x) on the assumption that the commutator of the currents, [j(x), j (y)], vanishes 
outside the light cone; that is, the so-called Wightman problem is solved. 


1. INTRODUCTION 


‘Tine fundamental problem of relativistic quantum 
field theory is that of finding the properties of the 
matrix elements of the S matrix on the mass shell 
of real particles, i.e., for free-particle values of 
the four-momenta of all incident and scattered par- 
ticles, pi = m? (here pi = (p})?- (p;), and i in- 
dicates the type of particle). In the case of the 
Lagrangian formulation these properties are a 
consequence of the Heisenberg equations for the 
operators of the interacting field and the commu- 
tation relations. For a formulation of the local 
properties of the theory without the assumption 
of the existence of a Lagrangian (i.e., a dynam- 
ical principle), however, it is necessary to go 
outside the limits of the mass shell in the S ma- 
trix. In the axiomatic approach there are two 
main methods for accomplishing such an extrapo- 
lation. 

The first method was proposed by Bogolyubov!»? 
and is as follows.* The S matrix is represented 
in the form of a functional of the free-field oper- 


ators [Qjpn(x) and Poyt(x)] 
= Se ae (as & win) on). 2) 


Here the colon indicates the normal product. For 
simplicity we shall consider the case of a neutral 
scalar field of mass m and assume that it does not 
form any bound states. The operators ¢jp out() 


*A detailed formulation of the initial axioms in the two 
methods can be found in papers by Bogolyubov and his co- 
workers? and by Lehmann, Symanzik, and Zimmermann (here- 
after for brevity called LSZ).°** Here we are interested mainly 
in the difference between the two methods in the formulation 
of the local properties of the theory. 


satisfy the homogeneous Klein-Gordon equation 


(a an m?) Qin, out (x) = 0 (2) 


and obey the commutation relations 


[Pin, out (x); Qin, out (y)] =—iA (x —= JY; mm) : (3) 
The S matrix is assumed unitary, 
Seiya ahs (4) 


and we have 

out (x) = Sy (x) S. (5) 
For the passage beyond the mass shell one defines 
the variational derivatives 


8S/d@in (x) = (6S (n)/6n(4))n=0- 


Here S(7) is obtained from S by the replacement 
Pin(X) — Pin(x)+ n(x), where n(x) is an arbi- 
trary external field. 

Even though this departure from the mass shell 
is accomplished with preservation of Lorentz in- 
variance, unitarity, and other necessary symmetry 
properties, it does not determine Sy (X;,... Xn) 
unambiguously. To secure uniqueness and bring 
out the local properties of Sy (x,,...Xn) one for- 
mulates the causality condition in the Bogolyubov 
method in the form 


3j(x)/Oqin (y) = 9, 
x < y means that Xp < yp Or (x-y)? <0, and x~y 
means that (x-y)* <0.) The current j(x) is de- 
fined in the following way: 


tal (6) 


6S : 6S + 
fy jes (7 
bP in (*) 4 8 Pout (*) 


In the other method, that of LSZ,°2* the current 
operator is also defined by means of Eq. (7).* The 


= ts- 


*We disregard differences between the two approaches that 
are not important in this problem.* 
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interacting-field operator g(x) is introduced in 
terms of j(x) as the retarded solution of the in- 
homogeneous Klein-Gordon equation 


+00 
@ (x) = Qin (x) — \ ICS = il bo eee (8) 

(the advanced solution is written in an analogous 
way). The requirement of causality, instead of 
being written as in Eq. (6), is formulated in this 
method as the vanishing of all the commutators 

of v(x) and j(x) outside the light cone; that is, 
for xX ~ y we must have 


Lj (x), f y)) = 9, (9a) 
[p (x), j(y)] = 9, (9b) 
[p (x), p(y)] = 0. (9c) 


In addition, in both methods one assumes the sta- 
bility of the vacuum state and of the one-particle 
states. 

It is not obvious that these two methods of go- 
ing beyond the mass shell for the determination 
of the local properties of the S matrix are iden- 
tical. Moreover, it has been asserted (cf. e.g., 
references 5, 6) that there are differences in 
principle between the two approaches (cf. end of 
Sec. 3). 

The main purpose of the present paper is to 
show, without bringing in supplementary hypothe- 
ses (of the type of the adiabatic hypothesis) that 
the two methods are equivalent from the point of 
view of the properties of the matrix elements of 
the S matrix on the mass shell, but lead in gen- 
eral to different Sy (x,,...Xn). It is important 
to emphasize that in the solution of this problem 
the need does not arise to make special use of 
the asymptotic conditions of LSZ.? The paper also 
contains the necessary and sufficient conditions 
for the existence of a causal [in the sense of Eqs. 
(9a) — (9c)] solution of Eq. (8) on the assumption 
that j(x) obeys the condition (9a), without resort 
to the S matrix and to the connection (7) of the 
current j(x) with S. This is the solution of a 
problem posed by Wightman.’ 


2. THE CONDITIONS FOR THE EXISTENCE OF 
LOCAL SOLUTIONS OF THE EQUATION (8) 


In this section we shall study the local proper- 
ties of Eq. (8), assuming that all of the operators 
that appear are the renormalized ones. Before 
proceeding to an exact statement of the problem, 
let us make two important remarks. Equation (8) 
has a number of remarkable properties. 

First, owing to the relation 
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(1) — m*) p(x) = 7 (x), (10) 


it follows from (8) that if [g(x), g(y)] = 0 for 

x ~ y, then [j(x), j(y)] also vanishes outside the 
cone, (x—y)* < 0; that is, the local property of 
j(x) follows from that of g(x). The converse 

is in general untrue: the vanishing outside the 
light cone of the bracket [j(x), j(y)] is nota 
sufficient condition for the local character of 
g(x). This fact will be of important use in what 
follows. 

Second, the adiabatic hypothesis, which has 
been brought in particularly by Kaschluhn,® is in 
contradiction with Eq. (8) (on this point see papers 
by Haag, Hall and Wightman, and also Greenberg® Ve 
Moreover, even if this were not so, the adiabatic 
condition [in the sense of strong convergence: 

lim [¢(x) — 9jn(x)] = 0 for xy ~-] would be an 
additional assumption on the existence of a unitary 
connection between g(x) and ¢jn(x), which does 
not contain the assumption of the local character 
of y(x) [in the sense of Eq. (9)] and contains an 
implicit assumption of the finiteness of the renor- 
malization in the theory.* Therefore we shall not 
resort to the adiabatic hypothesis. 

Let us now state in its most general form the 
problem of the local properties of (8). In this con- 
nection we shall not use the connection (7) of the 
current j(x) with the S matrix, and shall deter- 
mine the necessary and sufficient conditions to 
be satisfied by the operator j(x) in order for the 
solution of (8) for g(x) to be local, on the assump- 
tion that j(x) commutes outside the light cone. 
This statement of the problem is equivalent to the 
Wightman problem.’ 

First we shall show (for later use) that the 
Bogolyubov causality condition (6), together with 
Eq. (7), is sufficient for the local properties (9a) 
— (9c) of the operators g(x) and j(x) to hold. In 
fact, it follows from Eqs. (6) and (7) that 


3j(x)/Sqen (y) — 8] (y)/Sqin (x) 


=—il @),j @Ml—0 s~—%, (11) 


8] (x)/8Qin (y) = — 18 (x0 — yo) Li (X), 7 WI, (12) 
apart from quasi-local terms, which will always be 
omitted in what follows. 


*Finally, there is an argument against the introduction of 
the adiabatic hypothesis in the original idea of formulating 
the theory in the language of matrix elements of the S matrix, 
which from the very beginning avoids as far as possible all 
“‘unobservable’”’ quantities such as unrenormalized operators, 
masses, charges, and so on. 
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Let us now take the simplest commutator [y(x), 
j(y)]. Using Eqs. (8), (11), and (12) and the for- 
mula* 


[ in \A}, j =—i ae: ; ll y) ef 
Win (x), 7-(y)] i\A (65 Ra, a) aca GX e413) 
we transform [g(x), j(x)] to the form 
A Ey cne . r 7 , 6j (y) te 
Ip (x), 7 (y)) i\A (x — x’,m) ae d*x 


—\ar (x — x’, m) U(x’), j (y)) dx’ 
abr. \aX(x — x’, m) 0 (x — yo) Lj (x’), 7 (y)) dtx’ 
—\ 4 (x— x, m) 9 Yo— x)Li(x),f(ydtx. (14) 


From this expression it can be seen that [y(x), 
j(x)] =0 when x ~ y, since the first and second 
terms on the right in Eq. (14) contribute only in- 
side the upper and lower light cones, respectively. 
In an entirely analogous way it can be shown that 
[y(x), p(y)] =0 when x~ y. 

Let us now return to the problem stated earlier. 
The causality condition (6) suggests that in the gen- 
eral case it is convenient to try to find 6j (x)/ 
6Yin(y) in the form 
6 j(£)/8 Gin (y) = — 16 (%)— yo) Li)» TY + AC, 9), 

15 
where A(x,y) is an as yet arbitrary igi 


whose properties must be established on the basis 
of the requirement (9b) of commutativity of the op- 
erators g(x) and j(x) outside the light cone. 
Using (13) and (15), we get 


[o(x), (yl=—i\A(x—x', mAYy, 2’) dbx’ 
— {AR (x — x", m) 8 (x0 — Ho) (#), FY) x’ 
Saar x, m) 9 (Yo — 2) LI) MIA". (26) 

Unlike (14), Eq. (16) has on the right an additional 

operator term 


Foe tA x) my Ay, x) ate (17) 


In the spacelike region x ~ y the second and third 
terms in (16) drop out for the same reasons as in 
the case of (14). From this it immediately follows 
that the vanishing of F (x,y) outside the cone 
(x-y)* =0 is the necessary and sufficient condi- 
tion for the existence of a causal solution of (8) 
[causal in the sense of (9a) and (9b)].t 


*This formula is a consequence of Eq. (3) and the assump- 
tion that all operators are functionals of ¢,; (x) [or of welll 

tWe have used the relation A(x, m) = A® (x, m) ~ A*(x,m). 

tNaturally we assume that the solution in the form (8) ex- 
ists, i.e., that the integral in (8) converges for an arbitrary 
matrix element of j (x). 


It is convenient to consider instead of A (x,y) 
an arbitrary matrix element (p|A(x,y)|p’) 
between states with total four-momenta p and p’. 
These states are also characterized by the mo- 
menta of the particles that occur inthem. Invari- 
ance under translations gives 


<p|A (x, y)| p> = exp (iQy) <p|A (x — y, 0) | 0 
= exp (iQ y)  (x—y), (18) 


where Q=p-—p’. (We do not write out the other 
variables on which A(x) depends.) Introducing 
the notation 
<p|F (x, y) | p’> = exp (iQy) f (x — 9), 
we get instead of (7) 
f@= \ A (x — x',m) d(x’) dx’, (19) 
We shall now show that f(x) vanishes outside 
the light cone (x? < 0) if and only if the Fourier 
transform X(k) of the function A(x) isa poly- 
nomial of finite degree in k on both sheets of the 
hyperboloid 
2? a = 0, (20) 
The sufficiency of the condition is easily proved. 
By hypothesis, on the hyperboloid (20) 


i(k) = S\ 4z Py (R), (21) 


where Pj7(k) are polynomials in k,* and the co- 
efficients X7 do not depend on k. 
Substituting (21) in (19), we at once find that 


f(x) = P(t) ACs, m. (22) 
_ 


The proof of the necessity of the condition can 
be given on the basis of the following theorem of 
Bogolyubov and Vladimirov’ on the analytic con- 
tinuation of generalized functions,t which we shall 
formulate suitably for the application to our case. 

Let there be given two generalized functions 
fr(x) and fa(x), which vanish in the respective 
regions 


ty =< Oor = 0, Xp ULOr 47aus (23) 


Let their Fourier transforms fR, A(k) coincide in 
the region 


Rk? me. (24) 


Then one can find a positive integer n such that in 


*From considerations of invariance, P)(k) can be repre- 
sented as a polynomial in the various invariants that can be 
constructed from k and the other four-vectors that occur in 
Ak). 

tI take occasion to express my sincere gratitude to V. S. 
Vladimirov, who called my attention to the proof given here. 
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the region (24) these functions can be represented 
in the form 
fr(k) = fa(k) = >) Pilk) Oi(R*). .., (25) 
/=0 5 
where P7(k) are polynomials, and the functions 
6](k?) admit of analytic continuation to the entire 
plane of the complex variable z except the cut* 


ban == (0), Rez > m?. (26) 


The important points for us in this theorem are, 
first, that the 7(k?) depend on k only through the 
invariant k?, and second, that from the analytic 
character of #7(z) there follows the representa- 
tion 


e pp) ae 
®; (2) = \ ie : (27) 
Furthermore, " 
fr, a (Rk) = lim >) Pi (Rk) Di (2) 
/=0 
for 2 = k= ikoe: e > 0 (28) 
and, consequently, 
fr (k) — fa (k) = 2m 5) Pr (PR) & (Ro) 92 (R’) (29) 
1=0 
in the region k? => m?. 
If we now set 
fr, a(x) = + 8 (4 x) f (x), (30) 


where f(x) is defined by (19), then these functions 
satisfy all of the conditions of the theorem. The 
conditions (23) are satisfied owing to the fact that 
f(x) =0 for x?< 0. The Fourier transform f(k) 


of the function f(x) =fp(x) — fa(x) is of the form 
F (&) = 2mie(ko)d (& — my ih (k), (31) 


i.e., it clearly satisfies the condition (24). Now, 
comparing (29) and (31), we find 


(Qari) * F (hk) = e (ko) 8 (hk? — m?) % (8) =D) Pr (B) 90 (K2) eke). 


‘=0 


From this it follows that p7,(k”) = 6 (k? —m? )Xq- 
This proves the necessity of the representation 
(21) for X(k) on the hyperboloid (20).tT 

It is easily verified that the necessary and suf- 
ficient restrictions on A(x,y) in (15) which we 
have found, and which follow from the requirement 
that the commutator [g~jy(x), j (y)] vanish outside 


*In what follows we shall assume for simplicity that the 
®)(z) fall off for |z| + ©. 

tWe note that the representation (21) also follows from the 
integral representation of Jost, Lehmann, and Dyson.’° 
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the light cone, automatically assure also that the 
commutator (9c) is zero outside the light cone. 
Let us point out two consequences of the condi - 
tions (15) and (21) for the local solubility of (8). 
1. On the mass shell A (x,y) behaves like a 
quasi-local operator. Let us consider 


l= \ exp (— ikx) <p|A (x, y) | p’> d*x, (32) 
for k2 =m*. Transforming I by means of (18) and 
(21), we find 

I = exp [i(Q —&)y] >) AcPr (A). (33) 

t=0 
On the other hand, we can get (33) from (32) if we 
set 
; n i ' é 

<p |A (x, 9) | p’> = exp (iQy) 5) 4Pi(—i 5) 6 (x— y). 


1=0 (34) 

2. Owing to the different natures of the terms 
i0 (Xy—-yo)[j (x), j(y)] and A(x,y) in the right 
member of (15) it is obvious that they cannot com- 
pensate each other. In particular this means that 
if 6j (x)/6@in(y) = 0, or in other words if the op- 
erator j(x) does not depend on @jn(y), Eq. (8) 
has no local solutions for g(x). The examples 
considered by Wightman and Epstein’ refer to just 
this class of operators j(x), and consequently do 
not satisfy the conditions for local solubility of (8). 


3. THE EQUIVALENCE OF THE TWO AP- 
PROACHES ON THE MASS SHELL 


Let us find the additional restrictions on the 
operator A(x,y) in (15) that are required by the 
unitarity of the S matrix and the relation (7) be- 
tween j(x) and S. Substitution of (15) in (11) 
gives 


A (x, y) =Ay, x). (35) 


Taking the second variational derivative of S*S =1 


with respect to gjn(x) and using (7) and (15), we 
get 


MX, Y) ays (36) 


Thus the necessary conditions for the local solu- 
bility of the equation (8) along with a unitary S 
matrix and the connection (7) between j (x) sand 
S are (15), (21), (35), and (36). 

Let us now compare the reduction formulas in 
the two methods. If we start from the causality 
conditions (6), then according to (11) 


A ; al a 
[ain (q), j (x)] =— i (2m) is ae 
0 


8 (Xo — Yo) L(x), (Y)I, 
(37) 


where 
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Go = + (q+ my", 
From the local solubility of (8) it follows that 


lain (q), § (x) = my“ 


++ A (x, y)}. 
But when q? =m? [cf. Eqs. (32) — (34)] A(x,y) 
in Eq. (38) behaves like a quasi-local operator, 
which we have not taken into account in (37). 
Therefore the reduction formulas (37) and (38) in 
the two methods give identical results. Similarly 
it can be shown that in both methods 


ef dY d4y 
(2qo)/2 


(10 (Ap — Yo) Wy (x). fy) 


(38) 


6S —,¢ eff qi 
an, a -m]=— en \ Saye ST i si )- 89) 


From this we quickly find that an arbitrary 
matrix element (py,..., Pn |S|qy,.--, dm) can 
be put in the form (pj # qj) 

__3(ntm) n m 


(<I ny TY a8)" TT ah) 


j=1 


nh m 


xlexp (3 pits — 3 aiui) 


z=1 j=1 


x COTY (a) - f(t) FG) ~~ - i Um) | OT] ates [Tay 


(40) 
where we have dropped quasi-local terms. 

We summarize briefly the results that have 
been obtained. First, the Bogolyubov causality 
condition (6) and the causality conditions in the 
form (9a) — (9c) together with Eq. (8) lead to iden- 
tical expressions (40) for the matrix elements of 
the S matrix on the mass shell. Second, in solving 
this problem there is no need to use the asymptotic 
conditions in the form proposed by LSZ.* This is 
a sharpening of the initial postulates in the second 
method of extrapolation as compared with the orig- 
inal formulation of LSZ.°*4 Third and last, it is 
important to note that the addition to Sy (x;,...xn) 
=) OMNI Xp) 0a )b0 aot terms 
An(X1,---Xn) which behave like quasi-local terms 
on the mass shell (and owing to the unitarity of S 
have the property NG = Ay and are symmetric 
under interchange of any pair, Xj ~~ Xj) does not 
destroy the local [in the sense of Eq. (9)] proper- 
ties of the operators g(x) and j(x) constructed 
from this S matrix by means of (7) and (8), but 
does contradict the causality condition in the form 
(6). 

It is interesting to compare these results with 
those of other papers. In the papers of LSZ*>* the 
basic initial postulates include along with the caus- 
ality conditions (9a) — (9c) the asymptotic condi- 
tions 
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< Ne la (q, Xo) | D> + <V | Gin, out (q) | D», 3h) =" +e CX (41) 


where |W) and | ®) are arbitrary states and 


Ofy (x) | 


OG (x) 
OXo J y 


a (q, Xo) = (23 yeas fa (x) Oxo. 


— @ (x) 


fa (x) = (290) "exp (iqx), Go = + (q?-+ my". 


The causality conditions (9a) — (9c) are never 
used explicity inreferences 3, 4, 11, and 12 to obtain 
covariant expressions for the matrix elements of 
S, nor to derive the various relations between the 
Green’s functions, the multiple retarded commu- 
tators, and the expansions of g(x) and j(x) in 
functional series in @jp,(x) or Pout(X). This has 
created the illusion that the asymptotic conditions 
(41), without causality, are sufficient for the ob- 
taining of these relations, and that in general such 
relations can also be correct in a nonlocal theory. 
Kaschluhn’ was the first to show that the applica- 
tion of the asymptotic conditions in the papers of 
LSZ is not sufficiently well defined, and the expres- 
sion for the matrix elements (p|S|p’) in the 
form (40) does not follow from the asymptotic con- 
ditions alone. If, however, one uses the asymptotic 
conditions as they are used in the papers of LSZ» 
4,11 then the operators ~(x) of the interacting 
field must necessarily commute outside the light 
cone, in order that there be no contradictions 
with relativistic invariance. 


These conclusions of Kaschluhn are fully con- 
firmed by the results of the present paper. Fur- 
thermore, if we start from Eqs. (8) and (9a) — (9c), 
then, as has already been remarked, there is no 
need to use the asymptotic conditions (41). As for 
the possibility that there exist nonlocal solutions 
of (8), without resorting to Eqs. (9a) — (9c) or to 
Eq. (6), and to additional assumptions of the type 
of the adiabatic hypothesis, in our opinion the 
question remains an open one.* Whereas the role 
of the asymptotic conditions (41) in the derivation 
of Eq. (40) from Eqs. (8) — (9c) is not an essential 
one, the requirements of causality, Eqs. (9a) and 
(9b) are of decisive importance. 

Here it is necessary to emphasize once more 
that the condition (9a) on one hand, and the condi- 
tions (9b) and (9c) on the other, are not equivalent. 
This result of the present paper contradicts 
Kaschluhn’s conclusion® that ‘“‘the commutation 
condition for the operators of the interacting field 


*We note that if we start from Eq. (8), without assuming 
the connection (7) between j(x) and the S matrix, the pos- 
sibility of the existence of nonlocal solutions can be settled 
in a trivial way (see the analysis given for the Wightman ex- 
ample). This possibility, it is true, is of no interest from the 
physical point of view. 
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cannot be interpreted as a condition on the re- 
duced elements of the D matrix, from which fol- 
low some analytical consequences for the theory 
of dispersion relations’’ (cf. pages 4, 5, and 33 
in reference 6). The mistake in this conclusion 
comes from the fact that in studying the various 
expressions involving operators g(x) of the in- 
teracting field Kaschluhn has actually nowhere 
taken into account the additional restrictions on 
the operators g(x) and j(x) that arise from the 
conditions (9a) and (9b) for local behavior. 

In connection with the equivalence of the two 
methods from the point of view of the properties 
of Sy(X;1,-.-Xn) in the S matrix (1) on the mass 
shell the question can arise: Where is the retar- 
dation condition imposed in the formation of caus- 
ality in the form (9a) and (9b)? Essentially, it is 
contained in the expression of g(x) in terms of 
j(x) in Eg. (8) by means of retarded (or ad- 
vanced) Green’s functions AR(x,m) [or Si e% m ) 
of the homogeneous Klein-Gordon equation. In this 
connection, however, it must hold apart from terms 
that vanish on the mass shell, i.e., it does not have 
to hold rigorously. 

Comparing the two methods that have been con- 
sidered, we note an important advantage of the 
Bogolyubov method, which is that the condition 
(6) is formulated and can be used without any re- 
sort to the operators v(x) of the interacting field 
and Eq. (8) for these operators. Moreover, for ob- 
taining the expressions for S,(x,, X,) and S3(x,, 
X», X3) in Eq. (1), which correspond to the single- 
particle and vertex Green’s functions, in the forms 


Sp = — (0| Tj (44), j (%2)| 9), 
S3 = — i <0 Tj (x1), i (2), j (xs) | > 


and for studying their analytical properties, the 
causality conditions (6) are not only sufficient, but 
also necessary conditions. This is so because the 
contributions from So(xX;, X,) and S3( x4, X», X3) 
in Eq. (1) drop out on the mass shell. Therefore 
one cannot get unambiguous expressions for these 
functions by means of the conditions (9a) and (9b). 
On the other hand, all of the difficulties of pres- 
ent quantum field theory in its Lagrangian formu- 
lation have their roots, as a rule, in the properties 
of just these simplest Green’s functions. There- 
fore the existence of an additional arbitrariness 
in their definition, which does not contradict the 
local character in the sense of Eq. (9), may be 
due to deep causes. In any case the requirement 
(9) is weaker than Eq. (6), and in general widens 
the range of possibilities. 
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In conclusion we point out an interesting conse- 
quence of the theorem proved in Sec. 2: the commu- 
tators [Pin,out(*), i(y)], [¥in,out(*)» ey), and 
[Pin(X)» Pout(y)] do not vanish outside the light 
cone,* (x—y)*< 0, if we exclude the trivial case 
in which Yjn(X) = Yout(*) OF P(X) and j(x) do 
not depend on @gin(x) [or Yout(x)]. For example, 


(9, (x), 7 ()] 
= [A (xx, m) 6 Yo—x,) Li (x), i Y)) dbx’ 
+0 forx«~y 


since otherwise it would be necessary for an arbi- 
trary matrix element (p|[j(x), j(y)]|p’) to be- 
have on the mass shell like a quasi-local operator 
[~6(x-y) and its covariant derivative ]. 

The method used in the present paper can be 
extended without particular difficulty to the case 
of several interacting fields and the presence of 
bound states. 
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The equation for the correlative distribution function with screening of the interaction of 
charged particles taken into account, which was obtained earlier by Klimontovich and Temko, 
is here solved. The correlative function is found. The collision integral is obtained for a 
system consisting of several types of nonrelativistic charged particles; this integral is 
suitable in particular for the description of states very different from the thermodynamic 
equilibrium state. It is shown that the screening of the Coulomb interaction is described 

by a complex permittivity tensor. This has made possible an extension to the case of rela- 
tivistic distributions and the obtaining of the relativistic collision integral with the screen- 
ing of the fields of the charged particles taken into account. 


iL Klimontovich and Temko! have extended results 
obtained by Bogolyubov? to the quantum case and 
have shown that the collision integral Jg(Pq) for 
charged particles is determined by the formula 


Ne i dk ik hk 
de \o ay te (k, ec oy aaielay 7 


V 2h 
hk hk 
ha ( k, p, 9) ) ha ( k, p, aa 
where N/V is the number of particles of type a 
per unit volume, and the function hg(k, pq) is 
connected with the correlative function gag 
(To —T8, Pq; Pg) by the relation 


(1.1) 


N,N : : 
ha(k, Pa) = M7 7 Va (R) \ dpsGug (KeeDa. ep) (1.2) 
; : 


Here 
Goa (K, Py Pg) = (ok aT 245 {0, Da Dp) 


Vag (k) = 


Furthermore, according to the work of Klimonto- 
vich and Temko! one has the following equation 
which determines the correlative function: 


&5 


ikr °a 
\e dr ; 


NaNs Kpp 
ew 1 kp, KPp 
VV Yas) Gas, Par) = ze ind (#7) 
| 1 if Ne No 
| kp, / Win kp, / mp j Vax (R) VaB (k) Ww Ww 


x Tf, (P, + hk/2) f, (Pp, — hk/ 2) 


— f, (Pz — tik / 2) fy (Py -+ tik /2)] 
mV) Vive tk) (py tk? 2) 

— f, (p, — hk /2)] h, (— k, p,) 

— (Nq/V) vee (2) Uf, (Py -+ Rk /2) 


— f, (P, — hk / 2) 1h, (k, »o| 


The symbol P means that here and in what follows 
the singular integrals are to be taken by using the 
principal value. 

In the paper of Klimontovich and Temko! this 
equation was not solved, although it was shown 
that such an equation must lead to screening of 
the interaction of the particles at large distances. 
Screening of the Coulomb interaction in the quan- 
tum collision integral was obtained by Konstantinov 
and Perel’? in the case of states differing slightly 
from the state of thermodynamic equilibrium. 
Here, by solving Eq. (1.3), we shall obtain a col- 
lision integral that is valid for the description of 
states decidedly different from the equilibrium 
state. In the classical theory the analogous treat- 
ment for collisions of electrons with electrons has 
been carried out in papers by Balescu‘ and Lenard.° 

2. We introduce functions of the complex vari- 
able w, 


Ho, Reyes See 
(ok) = 53 | om 


which have no singularities in either the upper or 
lower half-plane, but which have a discontinuity on 
passage across the real axis. On the real axis the 
limit H* of the function analytic in the upper half- 
plane and the limit H™ of the function analytic in 


the lower half-plane obey the Sokhotskii-Plemel’ 
relations 


he (£k, pa), (2.1) 


Ht (0) = aq % | dp (02) | P see 
Ppa Thy 
Fiab(o a) } (2.2) 
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From Eq. (1.3) we have 


ha (kK, P,) 


2niv 


y he- a ne lhe (pa oF i Ps fs slse= ) 
palPae ae) fm he Sis 
me) | 2s Ee =) (2.3) 


~ (kp, /m, = y 
where € and F” are the limits on approaching 
the real axis from below of the functions 


= 190. 


e(@, k) = 1 + IF (@, k, oe Conk) ar) 


1? (@, Vc, 


Ore 
(275) 

It follows from Eqs. (1.3) and (2.3) that for the 
solution of the system of singular integral equa- 
tions (1.3) it is sufficient to determine the func- 
tions H(w,k, +). The corresponding equations 
for the determination of these functions can be 
obtained in the following way. Let us multiply 
Eq. (2.3) by 6(w-—kpqg/mgq) and integrate over 
Pq- On summing the result of the integration 
over Q, we get 


[H-(o, k, +) — H* (o, k, +)] & (o,k) 
— H-(o, k,—) le (@, k) —&* (o, k)] 
= (Qni/h) LFt(o, k, —) F’ (@, k, 4) 
Ea tanks) F7(0; k=). 


ve 1 i Pa 
= 2ni 4) }o— kp, /m, 
a 


(2.6) 


We get a second equation by changing the signs 
of w and k in Eq. (2.6): 

[H- (w, k,—) — H* (o, k,—)] &* (@, k) 

— H*(o, k, +) [e-(@, k) —e* (@, k)) 

= (2ni/h){ F* (w, ki— ) F- (o, k, +) 

— Fr(o, k, +.) F- (0, k—)I. 

The system (2.6) and (2.7) enables us to determine 
the functions H. 

To solve (2.6) and (2.7) we subtract one equa- 
tion from the other. The result is the following 
relation: 

[H- (@, k, +) — H- (o, k,—)] & (0, k) = [H* (0, k, +) 

— H* (w, k,—) ]e* (@, k). (2.8) 
The left member of this relation is analytic in the 
lower half-plane of the complex variable w, and 
the right member is analytic in the upper half- 
plane. The analytic function with zero disconti- 
nuity on the line that separates the regions of ana- 
lyticity is obviously analytic in the entire plane of 
the complex variable. The condition that the dis- 
tribution functions go to zero at infinitely large 
momenta means that both the right and left mem- 
bers of Eq. (2.8) go to zero at infinity, and from 
this and the condition that 


(2-7) 
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e+ (o, k) -0 (2.9) 

we get 
Ho, k=) = (@, k, —) =H to, k). (2.10) 


The absence of zeroes of the functions e+(w, k) 
in the regions in which they are analytic has a 
simple physical meaning. The fact is that the func- 
tion «€(w, k) is connected with the complex per- 
mittivity tensor €jj(w, k) of the plasma by the 
relation* 


*e (wo, k) = k; k; &;; (0, k). 


In this connection, the condition (2.9) corresponds 

to the absence of undamped and increasing self- 

consistent oscillations of the density (so called 

longitudinal plasma waves?) in the state in which 

the distribution of the particles is described by 

the functions fg(pqg). In other words, the condi- 

tion (2.9) is the condition for the stability of the system 

of charged particles against perturbations associated 

with changes of the charge density. Inwhat follows 

it is assumed that this condition is satisfied. 
Equation (2.10) enables us to write Eq. (2.6) 

in the following form 


H~-(w, k) ONS) PP @o io ae" (@s lis 4b) 
€ (@, k) et (w, k) 2et (@, k) 
F- (@, k, —) + F-(o, k, +) 
aX 2e- (@, k) 


F+ (w, k, —) + F+(o, k, +) — F-(o, k, —) — F- (0, k, nuald 
Det k 
2e* (w, k) e~ (@, k) (2.11) 


This equation determines the discontinuity of the 
function H/e on the real axis of the plane of the 
complex variable w. As is well known,°*" the prob- 
lem of the determination of an analytic function % 
which goes to zero at infinity from its discontinu- 
ity a onapath L is solved [as can be seen with- 
out difficulty from the Sokhotskii-Plemel’ rela- 
tions of the type of Eq. (2.3)] by the formulas** 


*Regarding the complex permittivity tensor of a plasma see 
reference 9. 

tThe damped plasma oscillations which are often considered 
correspond to zeroes of the analytic continuation of the func- 
tion €(w, k) to adjacent sheets of the complex variable w. 

+ We note that for the obtaining of the collision integral it is 
sufficient for the condition (2.9) to be satisfied on the path of 
integration of the formulas (2.1) and (2.5). The condition then 
corresponds to the absence of self-consistent oscillations ca- 
pable of being absorbed and emitted by particles with the dis- 
tributions fg,. 

**Furthermore, 

+ (z) = = a(z) + aa i 
2 201 ; s 
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a (2) — 9 (2) = a(z) on L, U(z) =: i 


Therefore the solution of Eq. (2.11) can be written 
in the following form: 


H(o,k) FF (, k, +) + F(@, ky —) oa Vos 
@ (0, k) = 2e (0, k) 2ni | o’—a 
y Ft (0's ky =) + Ft (0%, ky +) Fo (0', ky =) Fo (0's 4) 


2e+ (w’, k) & (@’, k) (2.12) 

3. Equations (2.12), (2.3), and (1.3) enable us to 
write an explicit expression for the correlative 
function in a system of charged particles. We note 
that a knowledge of this function can be necessary, 
for example, for the determination of the energy 
of the system of particles in a nonequilibrium 
state. It is obvious that now we can also write an 
expression for the collision integral. We note that 
Eq. (2.11) suffices for this purpose, because Eq. 
(1.1) contains the difference hg(k, pq) 
— ha(—-k, pq). Substituting the expressions 
obtained in Eq. (1.1), we find 
Fal) =D 
B 


fe a 
\ Gane FP 5 AP a5 (Pa Pa) 
~ 8(p,, + Ph— P, — Py) 6 (p2/2m, + pz/2m, (8.1) 


0, 2p) 2m.) 17, (P,) ig (Pa) 4a (Pa) fa\Pa)) 


anv? ( ) 
CoB (P,, P,) =S / 


hie? e a Ps P, <2 a — ps Py 5 ay 
ihe, Gs 2h, * h 

We note that (3.2), like the original (1.3), has 
been obtained on the assumption that the interac- 
tion is weak. This means that for very small im- 
pact parameters Eq. (3.2) must not be used. In the 
case of states only slightly different from the state 
of thermodynamic equilibrium, for which we can 
use the linear approximation, Eq. (3.2) goes over 
into the formula of the paper of Konstantinov and 
Perel’.? 

In the classical limit, which corresponds to 


sufficiently distant collisions, Eq. (3.1) takes the 
form 


Na f) Wy Pat eRe e or Of, | N,N 
ey = i es a B a *"B 
V los ap’ > \ dp, ly & ’ ) E i i V Ve ? 


Po Pe 
h 


(3-2) 


A Ma a apt. 
B ; (3.3) 
q dk Rhi wv? (k)6 (kv, — kvz) 
Tae (Vay Va) = \ om = = = Ba (3.4) 
d cl (kv,, k) eel (kv,, k) 


where €,) is given as a function of the complex 
variable w by the formula 


Ane” N dp Fete) 
gj (ok) =1+5 a a k 
ORG) SE Dao arnestranr et 


a 


fe 
Sy (3.5) 
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In the special case of electron-electron colli- 
sions the formula (3.4) corresponds to the formula 
obtained by Balescu and by Lenard.’?® We note 
that in Eq. (3.4) the integral diverges at large 
values of k, which correspond to small impact 
parameters; this is due to the fact that here the 
classical approximation cannot be applied, as it 
is in the passage from Eq. (3.1) to Eq. (3.3). The 
necessity of cutting off the integral in Eq. (3.4) 
can be connected with the lack of validity of per- 
turbation theory, which with the Boltzmann dis- 
tribution begins to fail at the impact parameter 
Pmin ~ e*/KT. 

Finally, if we neglect the difference between 
€c] and unity, the expression (3.3) goes over into 
the collision integral for charged particles in the 
form that was given by Landau.® Here also at 
large impact parameters one must resort to cut- 
ting off the integral, which converges automatic- 
ally in our treatment. The convergence is due to 
the consistent inclusion of effects of polarization 
of the medium as described by the permittivity. 

4. The results of the preceding section regard- 
ing the collision integral mean that in calculating 
collision probabilities we must use instead of the 
Coulomb field the expression for the field of a 
particle in a plasma, with the complex permittiv- 
ity taken into account. This is particularly clear 
from Eq. (3.2). Here the value of the complex 
permittivity corresponds to the first approxima- 
tion of perturbation theory, and in the nonquantum 
case, to which we confine ourselves from now on, 
is given by® 


: An e? Neem De Oh e 
ei(@, k) = dy +> At. 
a 


a) V 
é 


ky, kv! 
(3, [1-8] + Bee), (4.1) 
Here, as before, we are dealing with analytic func- 
tions that have cuts along the real axis. 

Only the longitudinal interaction plays any part 
in the nonrelativistic approximation, and therefore 
in the formulas written above it is the quantity 
kikj¢ij that appears. In the nonrelativistic case 
this is no longer true. We shall now proceed to 
the consideration of this case. Here we shall not 
deal with the equation for the correlative functions, 
but shall at once take into account the polarization 
of the medium, and use the permittivity for the de- 
termination of the field in the plasma. 

It is clear that for what follows we must define 
the probability of collision between two particles. 
For this we need to know in the nonquantum limit 
the quantity 

Lina (p,» P, + hk) #/2, 
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where Wag is the probability of a collision of par- 
ticles a and £ with change of the momentum of 
particle a from pg to py +hk. This quantity 
serves in the following way to determine the ker- 
nel of the collision integral, which obviously is 
still of the form (3.3): 
Is (Vas Vg) = \ oh Riked (Kev 


(250) a 


* 


— kv,) lim es (p,, P 


A-o 


gt Wk) h/ 2. (4.2) 


Equation (4.2) can easily be obtained by going to 
the limit h = 0 in the quantum collision integral. 
For the calculation of the scattering probabil- 
ity we must determine the fields. Using the gauge 
in which the scalar potential is zero, we can write 
the following equations for the Fourier components 
of the vector potential of the field produced by the 
uniform motion of a charge eg with the velocity 
Vg in a medium with the complex permittivity ten- 
sor €jj(w, k): 
a;j (kVp, k) Aj = {(kvg)? c7e,; (kva, k) 


— R6;; + k:kj} A; (4.3) 


— Ances vi, 
from which we have 
A; = — (41 /c) en0;,;\(kva, R) vi. (4.4) 


According to Méller’s paper,'° with our gauge 


limw,,(P,. P, + hk) h/2—=mlectv,A|?. (4.5) 
a=o 
Therefore for the collision integral we get 
PF, (4me,€,)* dk 
L] = a) .p. = 
Tag (Vay Va) ct \ (27)3 mk; kd (kV. k vz) 
x via (kva, k) vi, |?. (4.6) 


In the special case of an isotropic distribution 
the complex permittivity tensor has the form 


E7; (o, k) == (eee (, k) (6; — k *k;k;) on ad (, k). (4.7) 


Here we have, according to Eq. (4.1)* 
2ne? dp, Of, Nw 
ef (@, B) = 1 + Noe \ sey, Ik Wvokll gy 7 


4) wk? Op, 
a 


ofa \ Na 
hoy, We 


4ne2e dp, ( 
e! (@, R) aly > R2 oe k 
Then the formula (4.6) can be simplified and 
takes the following form: 

dk k;R; 

Gm 6 (kVva — kva) 
(My — (kv,)* 

(kv)? &” (kv,, k) — kc? 


Iil5 (VaVe) = (400 exes)? \ 


4 ! 
1 } 
aa (Kavingukc) 


(4.8) 


In the limit «! = «tf =1 Eq. (4.8) goes over into 
Eq. (22) of the paper of Klimontovich,!! and there- 


{kl vak]] =k x [vo x kl. 
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fore it corresponds to the relativistic collision in- 
tegral of Belyaev and Budker.”” 

The integral in Eq. (4.8) must be cut off at large 
k for the same reasons as in the nonrelativistic 
treatment. At small k, corresponding to large im- 
pact parameters, the integral converges. We shall 
show in particular that in the case of relativistic 
temperatures the longitudinal and transverse per- 
mittivities lead to cutting off at distances of the 
order of the Debye radius. For this purpose we 
note that in the region of small values of kvy we 
can use for the permittivities the approximate 
formulas?) 8 

e! — (krp)?, e'” ~ ivr / (kv) kr2,, 
where v7 is the thermal velocity. The formula 
for ¢! corresponds to the Debye screening, and 
the formula for ¢' corresponds to the region of 
the anomalous skin effect, for which et (w, k) 
~ i/wk. 

It is clear that under conditions in which vp 
is close to the speed of light, these approximate 
expressions for the permittivities lead to a cut- 
ting off at impact parameters of the order of the 
Debye radius. If, on the other hand, vp «c, then 
unlike the longitudinal permittivity, which leads to 
a cutting off of the logarithmic divergence at the 
Debye radius, the transverse permittivity cuts 
off the divergence at parameters ~ (c/vyp) rp. 
Under these conditions, however, the contribution 
of the transverse interaction to the collision in- 
tegral is only a small correction. Therefore for 
the Boltzmann distribution there is no large error 
in cutting off both the transverse and the longitud- 
inal interactions at the Debye radius. 

We note that the kernel (4.8) can be used not 
only in the case of an isotropic distribution, but 
also in the case of a small departure from iso- 
tropy. For this purpose it is assumed to be pos- 
sible to linearize the collision integral. In the 
case of a decidedly anisotropic distribution, such 
as occurs, for example, in the collision of beams 
of charged particles that are neutral taken on the 
whole, it is necessary to use the collision inte- 
gral with the kernel (4.6). 

Note added in proof (May 12, 1961). It was 
stated above that in Eq. (4.6), as indeed always 
when a collision integral of the Landau type’ is 
being used, it is necessary to cut off the integra- 
tion for large k. This shortcoming is absent for 
the ordinary Boltzmann collision integral, which 
holds also in our case and is written in the form 
(3.1) with the energy of the particle replaced by 
its relativistic value. One then has for the tran- 
sition probability for distributions independent 
of the spin the following expression 
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W , ; ie } —, if i 
(Pa Pai Par Pa) =“ Ge (p,) E, (Pa) Bg (Pp) Eq (Pa) 


Sip ({Ea(P)— Eq (Pz) — & [P,— Pal?)} 


57 ({E, (Pa) — Es (P_) P— Cc Ip, —Ppl”) 


x \e (prot + piel] — 3 


x fo tedoh + pffohl — 


eee Es (Pp) = E,(D,) fend) 
az; f i ) ip 


(4.9) 


E S05. =P, 
a7 ( goss a (We) Rise. 


In these formulas one must use the quantum ex- 
pression for the permittivity tensor. 
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The dielectric constant of a relativistic plasma €jj(, k) is considered with pair production 
taken into account. The effect of recoil on the Cerenkov absorption is also considered. The 
spectra for longitudinal and transverse plasma oscillations are analyzed at high densities 

and temperatures, in which case absorption due to pair production is possible in addition to 


Cerenkov absorption. 


li Spatial dispersion in an ultrarelativistic plasma 
has beer considered by Silin! in the classical (non- 
quantum ) limit. The classical analysis cannot be 
used at high plasma temperatures and densities. 
For example, at densities N ~ 10° cm~® the natu- 
ral frequency of the longitudinal oscillations is of 
the order of twice the mass of the electron (for 

h =c=1) and the processes of virtual and real 
pair production have an important effect on the 
dielectric constant. 

However, even at low densities the relativistic 
quantum-mechanical calculation makes it possible 
to take account of recoil in the Landau damping of 
the longitudinal waves.? This damping is an in- 
verse Cerenkov effect for the longitudinal waves, 
in which the wave is absorbed by free plasma 
electrons by virtue of the transfer of momentum 
to the medium (Fig. la). The quantum-mechan- 
ical effect of recoil on Cerenkov radiation of par- 
ticles in a medium was first considered by Ginz- 
burg.® 

In addition to Cerenkov absorption (cf. Fig. la), 
at high densities it is possible to have absorption 
due to pair production (Fig. 1b); the latter process 
is allowed by the conservation laws because part 
of the momentum is taken up by the medium itself. 
This damping mode is possible for both the longi- 
tudinal and transverse electromagnetic waves (in 
appropriate regions of w and k). The process 
shown in Fig. 1a is also possible for the trans- 
verse waves. 

The production of pairs in a medium has been 
treated by Saakyan,’ who used a phenomenological 
quantum -electrodynamical description, but the 
spatial dispersion of the dielectric constant was 
not taken into account.* 


*Furthermore, the expression used for €(W) in reference 4 
is not applicable at high densities and temperatures. 


FIG. 1 


2. When spatial dispersion is taken into account 
in an isotropic plasma, the dielectric constant be- 
comes a three-dimensional tensor:*° 


ery => 6:; + 4nw 16;; = e! (6,/k — k °k;k;) + e'k kh; kj, (1) 
jz = 62;(@,k) Ej, 6;;(@, k) = of (6,; —k *k;R,) + ok 7k; k;, 
(2) 


where jj is the four-dimensional Fourier compo- 
nent of the current, Ej is the Fourier component 
of the electric field, ol ot , ae and et are respec- 
tively the longitudinal and transverse (in the three- 
dimensional sense) electrical conductivity and di- 
electric constant. 

The four-dimensional representation can also 
be used: 


i Sel Oey belly i,=, ee 
p- pv v4 
Tlas = — i (k?/ w) o, (3) 


= 105,,, 


where A, is the Fourier component of the poten- 
tial. The relation between II,, and oj, can be ob- 
tained easily from Eq. (1) if Ej is expressed in 
terms of the potentials and j, is found from the 
equation of continuity: jy = — (1/iw) kjjj. The re- 
lation in (3) can be substituted in Maxwell’s equa- 
tions: 

(k25 


A PY 


—k,k, — 4al],») A, = 4njf, (4) 


where ie is the Fourier component of the external 
current. 


*Hereinafter we use fi =c =1; i, j =1, 2,3; p, v=1, 2,3, 4. 
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If the external source is given by a 6-function 
we obtain the following equation for the Green’s 
function D: 


(5) 


The equations for the Green’s function in quantum 
statistics has been investigated in detail by Frad- 
kin.’ The equations for the time Green’s functions 
in quantum statistics have been considered by 
Kogan® and Bonch-Bruevich.? 

3. To terms of order e?, the causal polariza- 
tion operator Wiy is made up additively of the 
corresponding operators for the electrons and the 
ions. As an example let us consider the electrons: 


(R58 yu ae Ruky as AnT1,y) Dis = Anbu. 


(Qa)t 


Mis (0, &) = Gea \Sp7,G@+k, o+%) 760, %) dpa 


where the y, are the Dirac matrices while G(p,)) 
is the electron Green’s function in the momentum 
representation: 


G(p, 4) =\ Tr [pT (hitps)] e~er+ drat, (7) 
where r=Yr,-—Y,, t =t,—t , T is the sign of the 
time ordering, p is the density matrix (Tr p=1), 
}, = 0(r1, ty) and J = 9% (x, t,) are operators in 
the interaction representation: 


th (r, 2) = exp Lit (Ao— pNo)] 0 (1) exp [— it (Ho — nN), 


yu. is the chemical potential of the system, Ho is 
the Hamiltonian for the free Dirac particles, No 
is the operator for the conservation of the differ- 
ence in the number of particles and antiparticles, 
Sp denotes summation over the spin indices, 
and Tr is the statistical average. 

Expanding ? in plane waves and substituting in 
Eq. (7) we have* 


G (p, ©) = G (p, @) (m — ip”) /2e, 


+ G*(p, @) (m — ip*)/2ep, (8) 


P=%,P,. Py ={P, le}, pr = tp, — ie,}; 
i 1 ile 1— n> | 
G (P, ©) = 5 €,=pto+id e, +p + o— id ig (9) 


where Ep = vp? +m? is the modulus of the energy 
while n* is respectively the mean number of posi- 
trons and electrons with energy €p for the density 
matrix p. The expression for G(p,w) in the non- 
relativistic limit (without the positron part) has 
been given, for example, by Kogan.® 


*The chemical potential appears with opposite sign in the 
expression for the mean number of positrons, since the number 
of positrons nj is 


ee el eXD) (ae 


w)B + 4371 = (1 + exp (e+ p) By. 
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The further calculations are very simple. It is 
necessary to substitute (8) in (6), compute the 
traces of the y-matrices by the conventional rule,!? 
and integrate the resultant expression with respect 
to A, taking account of the fact that the products of 
the terms G*, which contain poles in different half- 
planes of the complex variable }, make a contribu- 
tion to the integral. We give the result for the lon- 
gitudinal and transverse parts of the dielectric 
constant ¢! and et:* 


+IU > | p ep—k Lan 
se ES Gea ee 
Rees MAG ql tl anon 
(2, + &pln)? =O st sp) 
= © oe (Pk) 2 (pk)? 
AL =17F— 
Srey ek 
AL = 1 FEO TIE | f(t) = 2 On) (n, + 13), 
EpEn_k 
2° “ir © 
Bares as We Ie hee ae Ne af p—k dp; 
ore (e NPE eae a woe pa aa 
(10) 


the quantity det is obtained from that part of the 
polarization operator which does not vanish when 
np = Np = 0; after the standard renormalization, 
this quantity gives the usual expression for the 
vacuum polarization? (cf. reference 10). 


*The causal operator (iv can only be used to find the real 
parts of €! and €* and the momentum integrals are to be under- 
stood in the sense of the principal value. The imaginary part of 
the causal operator will not correspond to the imaginary parts of 
€! and €*, which are determined by the retarded Green’s func- 
tion for the photon. The imaginary parts can be found by means 
of the Kramers-Kronig relations for o’ and o* and the easily 
derived formula 


4 dx @ (Y) 
m\x—ow Vf (y)—x 


where the slash denotes an integral in the sense of the prin- 
cipal value. Thus, to obtain the imaginary parts the energy de- 
nominators must be replaced by —izd-functions or, what is the 
same, for the complex €! and et in Eq. (10) we are to under- 
stand @ in the sense of w=@+i8 with 55 +0. 

'The relation between 5€* and Se! follows from the four- 
dimensional tranversality of the vacuum polarization operator. 
The real parts of 5€ are small also away from the light cone 
(w =k), and will be neglected hereafter. However, the imagi- 
nary part of S€ is very important for the description of pair 
production in the medium by a photon. In particular, if the imag- 
inary part of 5€ is not taken into account a meaningless result 
is obtained; the amplitude of the wave increases because of 
pair production, i.e., the oscillations are excited rather than 
damped. The imaginary part of 5€ is usually not considered 
because it vanishes every where except far from the light cone 
wo” > 4m? + k? (cf. below). The dispersion curves for the longi- 
tudinal and transverse waves can only fall in this region if the 


particle density of the medium is greater than 10°? cm-? (cf. 
below). 


dy = — x \ dyg (y) (Fy) — ©), 


SPATIAL DISPERSION IN A RELATIVISTIC PLASMA 


In the nonrelativistic limit Eq. (10) coincides 
with the familiar expressions (cf. reference 6) ob- 
tained from the kinetic equation. If the positron 
contribution is neglected (np = 0) in the non- 
quantum-mechanical (k <p) ultrarelativistic 
limit p >m, the equations in (10) lead to the re- 
sults obtained by Silin! by means of the kinetic 
equation. Below we shall only discuss results not 
contained in reference 1. 

It should be emphasized that the positron con- 
tribution cannot be neglected in the ultrarelativ- 
istic limit if the system has attained total equi- 
librium. In this case the chemical potential of the 
system yu must be found from the relation 

ear 
ee  , (11) 
where N is the difference between the number of 
particles and antiparticles in the system. 

4. Spatial dispersion can be neglected in the 
limit of small wave vectors k, and the real part 
becomes* 


te /iBe-) 0 
en ee SE) 


= __ 4ne ( 
Ree (tt) =1— Sek) 


At relatively low frequencies w « 2€p Eq. (2) 

yields the well-known expression 

( f (2) 
& 


w2 = 4m? 


9 


eee 
Ree (a) ——;,, 


1 a 
sal re 
When np = 0 the expression for the natural 
plasma frequency wy in ultrarelativistic (p > m) 
degenerate and nondegenerate gases coincides with 
the expression given by Silin.! If, however, a sys- 


tem at relativistic temperatures reaches total equi- 


librium, then at sufficiently high temperatures 
1 = 0, ng © np = [exp (p8) + 1] and 


w? = 2C (2) e /3np?, (14) 
where ¢ is the Riemann zeta function. 
At high frequencies w > 2€p 
Re e (o) = 1 + Z/o%, 
a Seb ate (15) 
Z= 16ze* | 7 (es) @ (1-4 7 ) ap. 


For nonrelativistic temperatures Z = 167e’mN 
whereas for ultrarelativistic temperatures, if the 
positron contribution is neglected (np = (())),, ihn) @ 
nondegenerate gas Z = 32me’N/f while in a degen- 
erate gas Z = 4me"Npo (po = 27 [3N/87]”? is the 
limiting momentum at the Fermi surface). For 


*Equation (12) coincides with the expression obtained by 
Fradkin.’ 
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total equilibrium and ultrarelativistic tempera- 
tures 


Z = 120e?C (4) / mB. (16) 


5. To obtain the imaginary part of e4st we must 
replace the energy denominators by 6 functions 
which express the conservation of momentum and 
energy for the diagrams in Fig. 1. In momentum 
space p we introduce a cylindrical coordinate sys- 
tem with Z axis in the direction of the wave vec- 
tor k. With no loss of generality (formally, we 
replace p, the variable of integration in Eq. (10), 
by p + k/2) we can set the initial momentum of 
the electron equal to p—Kk so that p is finite and 
the energy conservation relation for Cerenkov dis- 
sipation* (Fig. 1a) 


OS hy = pk 


(17) 


allows us to find the electron momentum compo- 
nent p, as a function of k,w and e, = Vv Pi +m? 
(p,; is the momentum perpendicular to k). 
Equation (17) has two roots 
+=k/2 + (0/R) x, 


m = [22 / (1 — o/h) + 2/4). (18) 


Substituting Eq. (17) in €p and €p_, we obtain dif- 
p p ‘i 

ferent signs for the two possible values €p and 

€p-k (e* denotes ¢e for Py =Ppy while e€ denotes 

« for pz, =pz). Equation (17) is satisfied only by 

pz and 


ef =o0/2+4%, a], = X— 0/2. (19) 


On the other hand, the values pz, 6p aie w/2, 
€p-k = #/2+k satisfy the conservation law w 

= €p-k—- €p which corresponds to another possible 
absorption process in which the initial momentum 
is p and the final momentum is p +k. It thus fol- 
lows that Cerenkov dissipation is possible only 
when Kk? > w?/4 or, what is the same thing, when 
w/k «1. This result means that Cerenkov damp- 
ing occurs only for phase velocities smaller than 
the velocity of light when recoil is taken into ac- 
count. 

The energy conservation relation for dissipa- 
tion due to pair production w = Ep + €p-k has the 
same solutions (18) for pz, as (17). Both values 
is satisfy the conservation relation; the signs 
must be chosen in the following manner: ep aye 
+x. For €# to be positive we require w?/4 > K; 
this is possible only when w*/k? > 1. Thus dissi- 
pation due to pair production arises only when the 
phase velocity of the wave is greater than the ve- 
locity of light. 


*To be specific we take w > 0. 
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FIG. 2. a — dispersion curve for longitudinal waves for low 
densities, d — dispersion curve for transverse waves for low 
densities, b — dispersion curve for longitudinal waves for high 
densities, e — dispersion curve for transverse waves for high 
densities, BC — region of weak damping, CD — region of strong 
damping, EF — region of damping due to pair production. 


However, there is an energy threshold for the 
latter process; this threshold follows from the re- 
quirement that the quantity under the radical in 
the expression for xk must be positive. Since the 
distribution contains particles with arbitrary mo- 
menta, in particular, momenta parallel to k 
(pj =0), it is sufficient to satisfy this condition 
for ¢4 = m?: 

wo? > 4m? + R?. 
In the w—k plane the line w =k and the curve 
w? = 4m? + k? define the region in which neither 
of the dissipation mechanisms considered above 
is possible (the cross-hatched region in Fig. 2). 
This region is bordered on both sides by regions 
in which the absorption is relatively small. 

6. The calculation of the imaginary parts of 
<l,t is simplified by the fact that the integration 
over pz can be carried out in elementary fashion 
by means of 6-functions. Thus, for the imaginary 
part of aa which describes the Cerenkov absorp- 
tion of the longitudinal waves, we have from Eq. 


(10) 
\(e—F)fi(e—$ 


where ky =k |e,=m- If the positrons are neglected, 
in a Boltzmann gas f(¢€) = 2 (27) e(4-©)B and after 
an elementary integration we have 


op m> 2 2 
jest | eax 
2 ti —o/k2 | B Xq +I = Tae 


(20) 


Sx3e2 


thick. 
Ime a 


cer 


)-fle+5)]de, (21) 


4ee 
By ev-B sh 


Ime! = = 
cer ps 


*sh = sinh. 
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The integration is also elementary for a degenerate 


gas. 
The imaginary part of et which describes 


Cerenkov absorption (Fig. 1a), is computed in 
similar fashion 


(1 
— fle + sr) |de. 


In particular, for a Boltzmann electron gas 


c 


The damping due to pair production (Fig. 1b) is 
computed in similar fashion from Eq. (10): 


ee 
NC: 


v) 


4m3e2 
wk 


bine = 


cer 


(23) 


he® (1 — o2/A®) 


wk Be 


Bx, + =) e(v—“)B sh oe . (24) 


lime? = 


cer 


8n3e2 w 
k3 


ioe! = 


pair | w | 


+ F(G —e)|de+ Ime... (25) 
A3e2 2 a Pe p2 a j ee, 
inte =) SEs wl +8 
ails = e)| de +Iméet., (26) 
wo? ae, Tey 2m? 
Im bef = =p im Oe = ar (# mance ): (27) 


In particular, for a Boltzmann gas (Im €paiy 
= Im €pair + Im 6€pgir) 


fe Le neon Ole R2 

Lm 8! > — page eH) | [p= 2 — iB sh m8 
. 2x, Bch #98 |, (28)* 
= NE (a) fo Lyra een ih R282 

loLe =  eaeeaton Oe 1) are Ie + shee 
—x,Bch x8, (29) 


7. We now consider the spectrum of electro- 
magnetic oscillations and the damping. We start 
with the longitudinal waves, for which 


e! (w, k) = 0. 
For weak damping w =w-—iy (y«w) (ef. refer- 
ence 6) 


Ree’(o,k) =0, 7 = Ime!/ 9 Reel, (30) 
At relatively low densities w») «< 2m there is a re- 
gion of w and k in which the spatial dispersion of 
the longitudinal waves can be considered weak 
(k «< w) for any temperature 1/f: 


Re 2/(@, Rk) == 2:(0)— cw?/@” — (R?/w*) u! (w*), (31) 


© (0) = 1 ~ne*( dpy (&) o\ ee 5 |; (32) 
Pie 4me= ean 2 
af (al) = 040) — 1 Ee | di) Se Ee at 


JP Stal DISPERSION IN A RELATIVISTIC PLASMA 


while w is given by Eq. (13). 

Together with Eqs. (22) and (31), the dispersion 
equations (30) lead to a spectrum of weakly damped 
longitudinal oscillations: 


9 1 9 2 2 
ot = A (op + Bu! (oR/e (0), (34) 
_ um 4 Z OB 4 —Bx - 
Y V 5 Ba ®o( wo8 sh 5 ) es w2/k? € Bx, , 
d= (4nNe*B) 2. (35) 


It should be noted that while Eq. (34) is valid 
for undamped oscillations (k < w) and ultrarela- 
tivistic temperatures,* the damping expression 
(35) applies only for nonrelativistic temperatures 
because the expansion in (31) does not apply in the 
region k >w for ww 1 (u! is of the order of the 
mean square thermal velocity of the particles). 
For this reason we have neglected terms of order 
1/6m «1 in Eq. (22). When w8<«1, k >w and 
k<«<m, Eq. (35) gives the familiar Landau damp- 
ing.? As is well known, in this case the oscilla- 
tions are weakly damped at wavelengths large 
compared with the Debye radius dk « 1 (dashed 
line in Fig. 2). 

We now consider the extent to which damping 
is reduced at nonrelativistic temperatures when 
recoil is taken into account in absorption (the 
k*/4 term in the expression for k2). When k?/4 
< m* there is an additional factor exp [- B (k?/8m)x 
V 1—w?/k2 which can reduce the damping at k > w 
if k? > 8m/f. For wavelengths of the order of the 
Debye radius this gives ” > 8/wi; if the gas is non- 
degenerate N « 2m*/* (278)-*/* we find 


Bm Ss 8x/et = 0.5 -10°, (36) 


where (36) must be satisfied with a margin of at 
least two orders of magnitude. In other words, the 
damping can decrease only at sufficiently low tem- 
peratures. It also follows from Fig. 2 that a region 
of undamped and weakly damped oscillations exists 
for w > 2m when k~m. It is easy to verify that 
Sq. (30) always has real solutions in this region. 
We find «! |w=k for this region. Integrating over 
the angles, we have from Eq. (10): 


& 
wp = Ane? | f (e») |= In a u 5 a. 

At nonrelativistic temperatures wj ~ wi where- 
as for ultrarelativistic temperatures there is an 
additional factor of order In(@/mf), where @ 
~ 1, Thus, it is convenient to seek a solution of 
Eq. (30) in the region k = w © wy taking k = w] 
+ Ak, w =w] + Aw, and expanding in Ak and Aw: 

¥*In this case w? = w2/£(0) + k? [8/5 —1/€(0)]. 


(37) 
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f de! . de! | | 
Re \Ao aa? step sie Ak ape re i = OQ; 
Re 2e_| a 8ate2 i (Ep) 285 Ep | ED + p 
Ow |o=k=o, oF \ 5 me D n a | 0.38) 
de! 8ne2 ¢ | (ep) eae en+p 
Rec a Se ( P Betoeee Py, &p 
© Ok o=k=o/ 03 Ep m p In m dp. 
(39) 


It follows that the slope of the dispersion curve 
with respect to the line w=k (Fig. 2) decreases 
rapidly as the temperature increases 


Aw/Ak = 1 —1m® 8 In (2CVelmp), cd. 


where C is the Euler constant. 

Equation (38) is used to determine the damping. 
Thus, for ultrarelativistic temperatures close to 
threshold (Ak « w7) 


sh (0/8 /2) 30, 30, w2R2 ]’/2 
-_ 2R2 I > eerie salle 
(NI rare Vn NS 
30, w73? ‘2 2CVe 
Vas \ Ne as 2 
os exp| lars a, |. tes ie (41) 


At threshold (w ~ k) the damping is exponentially 
small at any temperature. 

The damping is described by Eq. (41) for any 
density, in particular for w7 > 2ep. At high den- 
sities (w7 > 2m) the gas is always ultrarelativ- 
istic.* To analyze the damping far from threshold 
we use the fact that the dispersion curve approaches 
w =k in the ultrarelativistic limit. For arbitrary 
w we write k=w+Ak. Using Eq. (39) with Eq. 

(30) we can express Ak as a function of w 
oe Pap. 


iad ( 25 Somer 
& 2 p m 
(42) 


° 9 
Ak I @* — 
mas 2 


OS sae | 
@ oF 


p 


Since w% is of order w§ /m?p? > wo), Eq. (42) 
gives the dispersion curve up to frequencies of ap- 
proximately w7/mf > wz. In the region w] K w 
<« wz/mf the damping is given by 


2822 2 Pa 
> sh (o8/2) Hees, . , m?B20, w?2 | 
fee 7 wm? - op/2 | Tae ( Jatan wed } +2 
m2 Boe oe 8 5 1/, 
x exp| ( ei eed ] (43) 


and ceases to be exponentially small only when 
w ~ w,/mp; however, it is still rather small: 
y/w ~ mp? « 1. 

When k >w and mf <« 1, in the classical limit 
the quantity Im </ coincides with the results of ref- 
erence 1. The oscillations are strongly damped in 
this case. 


*The limiting momentum for a degenerate gaS pp is high 
when @) = 2m: this momentum is given by pe/m? = 977/2e” > 1. 
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8. At high densities and temperatures the lon- 
gitudinal oscillations can be damped as a result of 
pair production (Fig. 1b). The dispersion curve 
for the longitudinal oscillations must intersect the 
line w*? = 4m’? +k? (cf. Fig. 2) for this to occur. 

To analyze the pair-production damping we calcu- 
late Re ¢! for an ultrarelativistic Boltzmann elec- 
tron gas by means of Kq. (10)* 


4nNe?B 


4nN eB 
1+ 5 


als R2(1 — R2/102)(€:— €2) 


Ree! = 


he 2 Il 
ey m 


. ce & (k2 —@?)/2 id Pee ee 


m= + & (k®? —w*)/2@ i e+ V e5 — int 
r V 2— me m f 
where 
gg 02+%, of <1, MP<l, m<l. (4) 


It follows from Eq. (44) that on the curve w? 


= 4m? +k? 


Ree! = | — | . (45) 


4nNepB in ant + By e+ V + Ane 
— gt F 
Re k 2m 


In particular, as k— 0, Re ef — 1 —7Ne26/3m. 

At high densities N > 103 cm~3, Re ef can van- 
ish. When k increases, the function 1—Re el de- 
creases monotonically at threshold, corresponding 
to the intersection of the curve w* = 4m? + k? with 
the dispersion curves for all high densities N. 

The behavior of the dispersion curve close to 
threshold can be described approximately by ex- 
panding the relation ew, k) = 0 in powers of 
Aw =w-—Wy and Ak=k—ky, where ky and wy 
define the point at which the dispersion curve in- 
tersects the threshold w? = 4m? +k?. By defini- 
tion €/(wy, ky) = 0 so that 


A® de! de! 
NaS | Ok / do ae iat 
The derivatives which appear here can be com- 
puted from Eq. (44): 
de! eae 3 V e+ 4m? ky + V 2+ 4ne 
ues nS B a a 2m 
i 3 
de! _4mNerB | 1 | ko + V e+ 4m 
OW |e, he Re ky 2m 
{ = 
4? | Ry 4m (48) 


*The real parts of €‘ and €’ were computed exactly fora 
Boltzmann gas. Equation (44) is obtained as a limiting case of 
the resulting complicated expressions, which are not given here. 
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When ky «_m we have Aw = (3k) /40m) Ak. 
When ky > 2m, we have Ak = Aw. The approxi- 
mate behavior of the longitudinal dispersion curve 
at high densities and temperatures is shown in 
Fig. 2 (dashed line). 

The damping factor close to the pair-production 
threshold can be found easily from Eqs. (27) and 


ky <m, 


L © 9 
Ypair 2e? 


(49) 
hea 


; Ao /m\*/2 { 
V m ie In 0.37 Ro/m ” ky > m. 


We note that, in contrast with Cerenkov damping, 
the pair-production damping vanishes close to 
threshold not exponentially but as VAw. 

9, We now consider the transverse plasma os- 
cillations. Separating the real and imaginary parts 
in the transverse dispersion equation 


(50) 


ora! =k; 
we obtain for weak damping 


w? Re et = R?, ¥ = ow? Im e?/ = w? Reet. (51) 
It follows from (51) that k? « w* corresponds to 
Re ef <1. In other words, the frequency w must 
be close to the plasma frequency wy) [Eq. (13)] if 
the spatial dispersion is to be weak. 

At frequencies far from the plasma frequency 
spatial dispersion is important only at relativistic 
temperatures. If we assume that Re e is approx- 
imately unity so that w ~ k, we can write in ac- 
cordance with Eq. (51) w =k in Eq. (10), the ex- 
pression for e«t. Thus we find 


et (a, o) =1=—4, 0; = duet EP) ap, (52) 
Pp 

In the ultrarelativistic limit wy, is HE times 
larger than w. At low densities (w? <« 4m’) the 
dispersion curve for the transverse oscillations 
lies inside the region in which there is neither 
Cerenkov nor pair-production damping (cf. Fig. 2). 

Pair-production damping appears at high den- 
sities. To analyze the spectrum of transverse os- 


*The temperature effects contained in Eqs. (28) and (29) 
reduce the damping to some extent; however, this reduction is 
small for a Boltzmann gas because the corresponding terms con- 
tain the small factor exp (u8) <1. These terms, which are 
proportional to 6’, are omitted in Eq. (49). It is also easy to 
write general formulas for an ultrarelativistic Boltzmann gas by 
dividing Eq. (27) by 0&/dw from Eq. (44). For a degenerate 
gas the contributions of Im Chair and Im de) aie are of the 
same order of magnitude and decrease together for p > w/2 + X, 
whereas for @/2 > + « we have Im Chale =Im Seb are 
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cillations we calculate Re et by means of Eq. (10) 
for mB «1, wB «1, kB «1: 


Re ef = 1 — w/o . (e! 1) ( (53) 


where Re €/ is given by Eq. (44). 
The dispersion curve for the transverse oscil- 
lations is obtained from Eq. (53): 


k?/«?), 


ef = 3 — 203/(w* — k%). (54) 


It is apparent that Eq. (53) and the curve w* = 4m? 
+k? can intersect only for a limited range of den- 
sities 


1< o2/4m? < 5/,. (55) 
If the second inequality in (55) is not satisfied the 
dispersion curve lies above w® = 4m? + k® every- 
where, that is to say, it lies in the region in which 
the oscillations are damped by pair production. 
Then, for weak spatial dispersion (k « w), using 
Eqs. (28) and (51) we find 


rt  lo=LeYV 1 — 4m? Jo? (1 + 2m?/o2). (56) 
This result corresponds to weak damping. 

An approximate analytical solution of Eq. (54) 
can be found at high frequencies. We seek a solu- 
tion of Eq. (54) in the form w? = wt + k? where 


we > 4m? and k? > w%. Then 
e! = 1 — (02/k?) In(k?/@?) 


and for values of k/wg which are not excessively 
large, the third term in Eq. (53) is approximately 
(we /2k*) we, In (k?/w% ) i.e., one order higher than 
the second term. Writing «/ ~ 1 in Eq. (54) we ob- 
tain we = we, i.e., for the accuracy required here 
we can use Eq. (52). In this case the damping due 
to pair production is 


t ‘ aa ap 
Year FE /1- e(1t S 
o pa? oj \ 07 


The temperature corrections bybair given by (29) 
are small for an ultrarelativistic Boltzmann gas. 

For pf «1 these corrections are proportional to 
B; when wf > 1 they are exponentially small. 


t 2 5 jr 
0) 2m? 4m 9, 
OTpair (14 iN) 1 =o? for whe 1. 
o (2, Tay @? | wo; i es 
(58) 


(57) 


Equation (57) is valid for a degenerate gas when 
u +k <w/2; when w/2+x <p the damping van- 
ishes. 

10. We discuss further the possibility of real- 
izing the inequality Re «' 51 for the transverse 
oscillations. We consider the limiting case Re et 
s> 1 or, what is the same thing, k’? > @*. It fol- 
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lows from Eq. (10)* that for k* > 4e? 
A a 
ef =14+ —7-(1+ 3), (59) 
{6me2( p2 ._ 
A= \2— F (e)dp. (60) 


op 
The condition Re «' > 1 is then actually possible 
when A > or k? i.e., at very high densities. Thus, 
for a nondegenerate ultrarelativistic electron gas 
A = 32ne"N/B and for a degenerate gas, A= 8re2Npy 
where po is the limiting momentum at the Fermi 
surface. 

In this case the transverse oscillations are 
damped because of the inverse Cerenkov effect. 
This damping is exponentially small (kB > 1) 
for a nondegenerate electron gas [cf. Eq. (24)] 


Tcer /o = oe ™ (Re e') od BR/2 , (6 1) 


A particle moving in a medium with et > dewill 
experience Cerenkov losses; in the region in which 
the medium is transparent these losses are given 
by the well-known expression (cf. reference 6): 


wi=n2e | odo § ae 5 | - o(4 


0 0 


=e (o, Ve+))| , 


where v is the particle velocity and W! is the en- 
ergy loss per unit path of the particle. Making the 
substitution «b= 1 + A/w*k? throughout, we have 


(62) 


max 
> 


_——— 2 
Sra \ odo (w2 (63) 
0 


2 
max © ), 


where Oe ax =v*VA. Thus, a wide spectrum is 
radiated (up to w = Wmax). Finally, after inte- 
grating over frequency we have 


pe RO 
WwW ee Omar: 


(64) 


11. The static magnetic susceptibility of a rela- 
tivistic electron gas has been investigated by Silin 
and Rukhadze.!! The dielectric constant found in 
the present work can be utilized to find a more 
general expression that takes account of the posi- 
tron contribution. We shall use for y «1 the 
definition 


x (0) = Si (et—et) =S(et— 1) for o, e+0. (65) 


Using Eq. (10) we have 


(66) 


*When w? < A/k? <k? the second term in the round bracket 
can be neglected. 
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which differs from the result obtained in reference 
11 only in that there is an additional term np: In 
particular, at equilibrium with respect to pair pro- 
duction (u=0) 


X = (e2/6n2) In (2.9/m). (67) 


A similar modification, specifically, a term with 
n*, must be introduced into the expression for the 
shielding radius for a static field (Debye radius) 
found in reference 1: 


= i 2 dn~ dn* 
rgtm Ane! | oad (Se +3) 6 (68) 
In particular, when p = 0 
rp = (8e2/n82) f (2). (69) 


This dependence of the Debye radius on temperature 
has been indicated by Fradkin.’ 

Iam very much indebted to V. P. Silin and A. A. 
Rukhadze for acquainting me with the contents of 
their book on the effect of spatial dispersion in 
plasmas and for many valuable discussions. 

I also wish to take this opportunity to thank 
V. L. Ginzburg, E. L. Feinberg, and E. S. Fradkin 
for their interest in this work and for useful com- 
ments. 
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A differential energy spectrum of galactic cosmic rays has been obtained in the form of a 
power law with an exponent y = 2.5 by assuming that the source energy is equally divided 
between the magnetic field, turbulence, and cosmic rays. If a constant pressure is as- 
sumed to be maintained when the solar cosmic rays leave the region in which they were 
produced, a value y = 3.5 is obtained for nonrelativistic cosmic rays and y = 5 for ultra- 


relativistic rays. 


le interpret the observed exponent of the cosmic- 
ray spectrum 


N (E) dE = KE~dE, (1) 


where E is the total energy of the particle, K isa 
constant, and y is the spectrum exponent (y = 2.5 
for galactic cosmic rays), the scheme first sug- 
gested by Fermi! is usually employed. In this 
scheme y is obtained under the assumptions that 
the energy of the particles increases exponentially 
with a time constant 1/a@ during the acceleration 
process and that the absorption of the particles 
follows an experimental law with a lifetime T. Then 


Hl = Wer. (2) 


Subsequently, the lifetime with respect to nu- 
clear collisions, which led to a strong unobserved 
dependence of y on the atomic number of the cos- 
mic-ray nucleus, was replaced by the mean time 
T in which the particles leave the region of accel- 
eration.“ In order to obtain the spectrum (1) and 
(2) in this scheme, it has to be assumed, more- 
over, that the conditions of acceleration, i.e., the 
parameters, @ and T, and, what is particularly 
important, the injection of the particles do not 
change over the time interval necessary for the 
particles to acquire the maximum observed en- 
ergy. Under these assumptions and with a suit- 
able choice of parameters a and T, one can ob- 
tain the value of y required by experiment. 

It should be noted that the rather severe as- 
sumptions on the character of the acceleration 
and injection processes and chiefly the strong 
dependence of y on specific values of a and T 
make the foregoing scheme for the production of 
the cosmic-ray spectrum highly unconvincing. 


As a matter of fact, the conditions of the accel- 
eration of cosmic rays in powerful explosive proc- 
esses such as the flare-up of supernovae, which 
are apparently the basic sources of cosmic radia- 
tion in our Galaxy,’ are not stationary both during 
the early stages of the flare-up and during the 
subsequent expansion of the shells. The chromo- 
spheric flare process on the Sun is also known not 
to be a stationary one.4 Therefore the assumption 
that the rate of acceleration is constant and that 
the particles are injected uniformly is doubtful 
and should somehow be generalized.’ Furthermore, 
the similarity of the radio spectra of different dis- 
crete sources (radiogalaxies) is evidence, ac- 
cording to the present views, of the similarity of 
the cosmic-ray spectra in these sources. At the 
same time, the energies of the internal motion, 
the magnetic fields, and the size of various galax- 
ies, which determine the parameters a and T, 
can differ basically. It is very unlikely that the 
parameters a and T for each of these objects 
take on purely by chance values leading precisely 
to Y = 2.0. 

The foregoing remarks apply in no lesser degree 
to the spectrum of cosmic rays produced in solar 
flares. Despite considerable oscillations in the 
duration and strength of the flares, the spectrum 
of the produced cosmic rays always appears to be 
more or less stable. 

It is therefore natural to assume that the con- 
stancy of the cosmic-ray spectrum from various 
objects is some general property of the dynamics 
of magnetized cosmic gaseous masses and the 
thermodynamics of the relativistic cosmic-ray 
gas. We present below some simple arguments 
indicating that the spectrum of galactic cosmic 
rays and cosmic rays of solar origin can be ob- 
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tained, under certain assumptions, from the gen- 
eral thermodynamical requirements without re- 
gard to the specific mechanism of the acceleration 
of the cosmic rays. 


1. GALACTIC COSMIC RAYS 


An important result of observations and their 
interpretation is the conclusion that both in indi- 
vidual galactic nebulae producing strong radio 
waves and in our Galaxy as a whole, and also, ap- 
parently, in other galaxies, the energy is distrib- 
uted equally between the kinetic energy of the 
gaseous masses, magnetic energy, and energy of 
relativistic particles.° The equality of the mag- 
netic and kinetic energies of turbulent motion of 
a magnetized conducting medium is apparently a 
general consequence of the behavior of magneto- 
hydrodynamic systems.* As regards the estab- 
lishment of the energy equilibrium between cos- 
mic rays and the magnetic field, thus far there 
have been only qualitative discussions.°»? 

One can make the following arguments in favor 
of the establishment of such an equilibrium. The 
production of cosmic rays and their acceleration 
is apparently a fundamental property of a turbu- 
lent magnetized plasma on a cosmic scale. If 
such a plasma occupies a limited volume, then, 
as the cosmic-ray energy increases, a limit will 
be reached at which it will no longer be possible 
to retain the cosmic rays in this volume. In this 
case, the equilibrium in the volume will be pre- 
served at the expense of the escape of part of the 
cosmic rays as soon as the energy begins to ex- 
ceed some critical value depending on the mag- 
netic field intensity. It is natural to assume (if 
only from dimensional considerations) that this 
state of equilibrium is reached when there is a 
uniform distribution of energy between the above- 
mentioned three components. Thus we henceforth 
assume that the magnetized gaseous cloud with in- 
tense internal motion attains relatively rapidly a 
state of equilibrium in which 


Wer. = W turb = W magn= W/3, (3) 


*The present state of the problem of magnetohydrodynamic 
turbulence and the existing ideas are discussed in a review 
article by the author.© Although the question of the character 
of stationary turbulence has not yet been clarified theoretic- 
ally, all the available data indicate that, at least in cosmic 
conditions, the magnetic energy tends to be equal to the total 
kinetic energy of the turbulence, and not to the energy of the 


smallest eddies, as is sometimes assumed (see e.g. refer- 
ence 7), 


where W is the total energy of the cloud and con- 
sists of the turbulent energy Wtyrpb, the magnetic 
field energy Wmagn’ and the cosmic-ray energy 
We.r.: 

According to present ideas (see, e.g., reference 
3), the clouds producing cosmic rays are, fiPstrob 
all, nebulae and supernova shells. It is also not 
impossible that a similar role can be played by the 
rapidly rotating region close to the galactic nucleus. 

We shall assume, further, that the injection of 
new fast particles has ceased and the decrease in 
energy of the cloud occurs mainly through the es- 
cape of relativistic particles. The latter may be 
due to the diffusion of relativistic particles to- 
wards the boundaries of the cloud or to the ejec- 
tion of ‘‘bunches’’ of cosmic rays as a result of 
local disturbances of the magnetic field and the 
boundaries of the cloud. Then the equation of the 
energy balance based on (3) has the form 


dW =d(3nE,) = E,dn, (4) 


where n is the number of relativistic particles in 
the nebula and Ex is the average kinetic energy. 
Here — Ej dn is the drop in energy due to the es- 
cape of cosmic-ray particles. Hereafter, only the 
ultrarelativistic energy region in which E, = E 
will be considered for galactic cosmic rays. 

Equation (4) gives the following relation between 
the number of cosmic-ray particles remaining in 
the cloud and their average energy:* 


n =const-E-15, (5) 


The differential spectrum of the particles emitted 
from the nebula then has the form 


N (E) dE = — dn = const. E-23dE. (6) 


Here we have replaced the average energy of the 
particles by their true energy E. Such a substitu- 
tion, of course, is valid if the particle spectrum 
inside the cloud is close to being monoenergetic, 
which would correspond to the quite natural as- 
sumption that all the accelerated particles are in- 
jected during a small interval of time," and, con- 
sequently, the acceleration of all the relativistic 
particles is approximately the same. This as- 
sumption, however, is not a necessary one. For 
any particle spectrum in the cloud, the spectrum 
outside it (6) is preserved if the mechanism of 
acceleration of the cosmic rays is such that the 
increase in energy is proportional to the energy 


*In the general case, if in the state of equilibrium the 
cosmic-ray energy amounts to a fraction 6 of the remaining 


forms of energy, then, as shown by the author,” n 
= const. E-(1+), 
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of the particle (see Appendix). Such a law for the 
increase of energy is very common. In particu- 
lar, it is valid for all regular mechanisms of ac- 
celeration (mechanisms of the first order) and 
also for the Fermi statistical acceleration in the 
relativistic region and the statistical betatron 
mechanism (see, e.g., reference 3). 


Hence, regardless of the character of the ac- 


celeration and the energy spectrum of the particles 


inside the nebula, the cosmic-ray spectrum in the 
surrounding space will have the form (6), in good 

agreement with what is observed for galactic cos- 
mic rays. 

We note that within the framework of the 
scheme, the cosmic-ray spectrum inside the 
sources is in no way connected with the observed 
galactic cosmic-ray spectrum, and is, in prin- 
ciple, quite arbitrary. At the same time, in the 
interpretation of radio waves of galactic nebula 
as synchrotron radiation of relativistic electrons, 
the relativistic electron spectrum in the nebula- 
shells of supernovae usually proves to be close to 
the spectrum of galactic cosmic rays. Thus if we 
assume the same mechanism for the production of 
cosmic rays and relativistic electrons or the sec- 
ondary nature of the latter (production of relativ- 
istic electrons in collisions between cosmic rays 
and atoms of the nebula gas), we can conclude 
that the cosmic-ray spectrum in the sources is 
similar to the cosmic ray spectrum observed at 
the earth. 

It should be mentioned, however, that the spec- 
tra of radio-wave electrons in galactic nebulae 
sometimes differ essentially from the galactic 
cosmic-ray spectrum. Thus, for example, Crab 
nebula, which according to present notions is one 
of the most typical sources of cosmic rays, has 
a relativistic-electron spectrum characterized by 
an exponent y = 1.7, while it follows from general 
considerations that the relativistic-electron spec- 
trum, either from cosmic-ray origin or in the 
case of their secondary nature, can be only a soft 
cosmic-ray spectrum. Moreover, the very ques- 
tion of the nature of the relativistic electrons of 
galactic nebulae is still far from clear. Hence 
there is not yet any serious basis to require that 
the mechanism by which the spectrum is produced 
must lead to the same spectrum for relativistic 
particles both inside and outside the source. 


2. COSMIC RADIATION FROM SOLAR FLARES 


As distinct from galactic gaseous nebulae, parts 


of the solar chromosphere responsible for cosmic 
rays should be regarded as energetically isolated. 
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In fact, the chromospheric flares usually leading 
to the appearance of solar cosmic rays represent 
a local phenomenon on the sun’s surface; as a 
rule, they occur close to sunspots and are appar- 
ently mainly caused by the magnetic fields of the 
spots. It is reasonable to assume that, as a re- 
sult of some accelerating process in the solar 
chromosphere, a cavity filled with fast particles 
and maintained by the pressure of the external 
magnetic field is formed. Under sufficiently large 
pressure from these particles and a slow dissipa- 
tion of their energy, the retaining magnetic field 
is ruptured and the contents of the cavity are 
ejected into the space around the sun. Then, if 
we consider the external pressure resulting from 
the strong magnetic field of the spots to be prac- 
tically constant during the process of ejection of 
the particles from the cavity, we can use the ther- 
modynamical relation 


dH = E,dn, (7) 


where H is the heat function of the system, n is 
the number of particles, and Ex is the average 
energy of the particles in the cavity. The pres- 
ence of the heat function in (7) at once reflects 
the fact that the system is not an isolated one; as 
more particles leave, the average energy of the 
particles in the cavity increases at the expense 
of the work done by the external pressure. 

The cosmic-ray gas can be regarded as an 
ideal gas with a constant specific-heat ratio xk. 
Then 


H = x8 = unE,, (8) 
where @ is the total kinetic energy of the particles 
in the cavity. From Eqs. (7) and (8) it follows that 
the relation between the number of particles in the 
cavity and the average energy per particle is 

n =const:-E,—/@-)_, (9) 
The spectrum of the particles leaving the cavity 


therefore has the form 


N (Ex) dE, = —dn = const-E,", (10) 


where 


1)/(x — 1). (11) 


As in the derivation of the expression (6), the sub- 
stitution of the true energy in (10) for the average 
energy is valid under very general assumptions 
(see Appendix). 

Let us consider briefly the choice of the spe- 
cific-heat ratio x for the cosmic-ray gas. AS 
shown by Ginzburg and the author,® for a strictly 
regular acceleration between approaching parallel 


7 = (2x 
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walls, k =3 in the nonrelativistic case and K = 2 
in the relativistic case. For regular betatron ac- 


celeration, the corresponding values are x = 2 and 


x = ¥,. These values were obtained under the as- 
sumption that the energy is channeled into one (in 
the case of walls) or two (for betatron accelera- 


tion) degrees of freedom of the particle. Actually, 


if the walls are not strictly parallel, and also 
owing to scattering on inhomogeneities of the mag- 
netic field, the end result is that all degrees of 
freedom of the particle are equally privileged. 
Then, as should be the case for an ideal gas, K 

= Te in the nonrelativistic case and xk = Vs in the 
relativistic case. 
trum of solar cosmic rays, owing to (10) and (11), 
will be exponential with y = 3.5 in the region of 
nonrelativistic energies and y = 5 in the region of 
ultrarelativistic energies. 

The experimental data indicate!’ that y is al- 
ready close to five for solar cosmic rays in the 
region of comparatively low energies (E, 2 100 
Mev for protons). This means that the spectrum 
turns out to be softer than would follow from the 
arguments developed above. One should keep in 
mind, however, that the solar cosmic-ray spec- 
trum can become softer as the cosmic rays travel 
from the sun to the earth, owing to the large ve- 
locity of diffusion of the faster particles. More- 
over, any losses in the cavity considered above 
(radiation, viscous, and Joule dissipation) and 
the fact that the external pressure does not re- 
main constant as the cavity contracts should also 
lead to a softening of the spectrum. 


APPENDIX 


Let the differential energy spectrum of relativ- 
istic particles in the source have the form 


(oe) 


\ F(E, t) dB = 1, (A.1) 


0 


v (E, t) dE =n(t) f (E, 8 dE, 


Then, after all the relativistic particles have left 
the source, their spectrum outside the nebula will 
be 


N (B) dE =—dE\ f (6, Sat. 


(A.2) 

Using the relation between the average energy of a 
foo) 

particle in a nebula E(t) = {£(E, t) EdE and their 


0 
number n(t) [see (5) and (9)], which we write in 
the general form 


WAG == Const ale (Zl), (A.3) 
we obtain, by (A.2), 
N (E) dE = const-dE a (E, t) (E ()-"dE(). — (A.4) 


For these values of x, the spec- 
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For particles with a monochromatic spectrum in 
the nebula f(E, t) = 6[E-—E(t)], we at once obtain 
N (E) dE = const -B “aE, Ee 0). (A.5) 
If f{(E, t) is an arbitrary function which, as a 
result of the acceleration of the particle, varies 
with time according to the law 


EQ’ =EO¢(), (A.6) 
then 
ee es = = 
KE d=caatlem), EO=EOoM 
and we obtain from (A.4) 
N (E) dE = const-dE \ i eS 
1a, 
= const-E~* dE \ f (E,) Ef dE. (A.7) 


0 
If in the high-energy region the initial spectrum of 
the particles in the source drops sufficiently rapidly 
with an increase in energy (faster than E-Y) then, 
for E > E(0), we once again obtain the spectrum 
(A.5). 
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The correlation between the directions of emission of particles emitted in succession by a 
nucleus with a large angular momentum is considered. Simple analytical expressions have 
been obtained for the angular correlation of two particles under the condition that the final 
nucleus remains in a state with a small angular momentum. The correlations between the 
directions of emission of a particle and of the fission fragments accompanying the particle 


emission are also considered. 


Vee dependence of the nuclear level density on 
the angular momentum of the nucleus leads to an 
anisotropy in the angular distribution of particles 
emitted by a compound nucleus.!~* A similar ef- 
fect leads to an anisotropy in the fission of the 
nucleus. When two particles are emitted in suc- 
cession or when fission takes place after the 
emission of a particle, an angular correlation 
occurs between the direction of emission of the 
particles or between the direction of emission of 
the particles and the direction of the fragments. 
As distinct from the particle angular correlations, 
usually considered in nuclear physics when one 
has in mind transitions between strictly defined 
quantum states, individual levels of the nucleus 
are not allowed in statistical nuclear reactions, 
and the angular correlation of the particles, as 
well as the angular distribution, arises as a re- 
sult of averaging over a large number of nuclear 
states. The effects arising in this way can usually 
be given a classical interpretation (see references 
1—3). In this connection, it is entirely natural to 
apply quasi-classical methods of calculation. 


ANGULAR CORRELATION OF PARTICLES 


We shall first consider the simple case of a 
cascade consisting of only two particles. The 
probability that a nucleus with an angular momen- 
tum j, emits the first particle in the direction n, 
and the second particle in the direction n, is 


o GE? (Srodere lus Ma) ear ©) joeeeelas a3) 
Wy, (1, 2) dQ,d2, = \\ Pi ill 


; (2) (; ; 
By (j1) ae (j2) (1) 


where ary (Jj. Jo, 11, my) is the partial width for 
the emission of a particle p, with orbital angular 


momentum 1, in the direction n, by anucleus with an W, (1, 2) 
angular momentum j,; dI'y? is the analogous quan- 


tity for the emission of the second particle; j,, Jz, 


and j; are the angular momenta of the initial, inter- 
mediate, and final nuclei, respectively, and r{, 
and ee are the total decay widths of the initial 
and intermediate nuclei: 


Diop Dye (ere at (Ayers 
and similarly for 1a Dh) (it) is the total width 
for the emission of particle p,; by the initial nu- 
cleus and DS) (iz) is the analogous quantity for 


the emission of particle p, by the intermediate 
nucleus: 


ro (ja) = Var (ja, je,5 bh, ms), (2) 


For ary? we can use the quasi-classical ex- 
pression!=3 
dV pe (ja, j2; hh, ma) = Ci (9? (js)/ p™ (ja) Ta (hy) 
« 68 (j1 — je — 1) 6 (hin) djed® dQ. (3) 


In formula (3), 63(x) and 6(x) are the three- 
dimensional and one-dimensional 6-functions, re- 
spectively; T,(1,) and T,(2,) are the barrier fac- 
tors for particles p,; and p,; p", p, and p 
are the level densities of the initial, intermediate, 
and final nuclei. The explicit form of the depend- 
ence of these factors and the coefficients C, and 
C, on the energy will not be necessary for the dis- 
cussion below. 

Using (3), we obtain for the total partial width 


ri) 


(3) (jg — Ie) 


PD) ps | ‘T= p 
r® (j,) = 4aC; \ Ts (b) a Ble (4) 


The quantity This) is expressed in a similar way. 
Substituting (3) and (4) into (1), we can represent 
Wj,(1, 2) in the form 


se \\ bls dar (is) 12) Ga) » (br — hi) 


~ (20) 
alien: Ta (41) To (U2) (5) 
mee hy tl ao ht) ey, 6 (bn), 
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where ¥p) (in) is the relative probability for the 
emission of particle p, by a nucleus with an angu- 
lar momentum j,: 


(1) = Coy (ia)/T rot (fa). 

Ny(j,) and N(jo) in (5) are the normalizing 
factors: 

Ni (h) = pq \\ PQA: (L) 0 (ha — 
Ty (t1) p® (jn — hh). 


N,(j.) is expressed in a similar way. 
As can be seen from (5), 


\\™%. 2) dQydQ, 
(2 d( os 
= = (js) \<. cht Den (Gh) (isn hh) 1)) 


Ny (jx) 
represents the relative probability of emission of 
a pair of particles p,; and py by a nucleus with an 
angular momentum jj. 

Generally speaking, the dependence of the inte- 
grand of (5) on the orientation of the momenta is 
determined if the dependence of the level density 
of the nucleus on the angular momentum is known. 
In the statistical theory of the nucleus 


(1) 


Tp (6) 


1,) 6 (1in;) 


(7) 


(8) 


ne 


0 (j) = Po (u) exp (— aj’), (9) 


where a =h/2T, 9 = 2AmR2/5 is the moment 


of inertia, and T is the temperature of the nucleus. 


For such a form of p(j), we cannot integrate over 
1, and 1, in (5) in general form. 

We shall consider the important special case in 
which the nucleus remains in a state with small 
angular momentum after the emission of the sec- 
ond particle. Setting in (5) 


pe) ay — Ii — Ie) = pod® (jn — 1p — |e), (10) 
we obtain 
W, (1, 2) = see TH Cia) Nia) VF (dn — Ln) Ta (hy) 
6 (1,0;) 5 (j1m, — 1,n3), (11) 


where 
) (j2), 


Assuming that j > 1,, we expand the function 
f{(j.) into a series in the small quantity x 


= (1454)/33 : 


f (jel) ke >) (jo) fop® je =i, —h. 


f (ia) = Fh) (l + ax + ax? +...) (12) 
The coefficients a, and a, are 
ay = 2097? —1 + Gy, 
Gz = Qaz jt —— — Qooj? + go — gy + Qoej2q,, (13) 


where q; and q, are determined from the equality 
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Lal a Ua) a tenes ee Gox* 4-...). (14) 

We shall consider the important special case in 
which one counter is located at a right angle to the 
beam and another is moved either in the plane of 
the beam or in a plane perpendicular to it. We de- 
note by 64, 92, ©4, ®, the angular coordinates of 
the directions n,; and ny, and by Yj, QP], vf, PE 
the angular coordinates of the vectors J; and jj. 

Of course, %j = 37. We shall consider these spe- 
cial cases separately. 

1. Both counters are in the perpendicular plane 
(0; = 6, = 37). After integrating in (5) over the 
directions of the vector 1,, we obtain 
fi) ( hat Ta(h +a e+ ae +...) 


Ny (ia) 9 [22 sin? @ — (jy m2)?)"? 


Wy (1, 2) = a) 


Ome 


x = cos (gj — @) sin g,/sin @, me 


where w is the angle between the counters (w = 6;— 4»). 


Expression (15) should be integrated over all values 
of the angle yj for which the expression in the de- 
nominator of the integrand is positive. The result 
is expressed in terms of elliptic integrals. In the 
limiting case of practical interest j > 1, we obtain 


Be ye) 
=a — sin? o ih 
We 


Wi = sear 1) 1) (14 85 


fee) 
\ 
0 


In the derivation of (16) we took for N,(j) the 
approximate expression 
0 


We have discarded terms at least as small as They babe 

Expression (16) should still be integrated over 
|j|, where we must take into account the probabil- 
ity of capture of an incident particle with an angular 
momentum j: 


(16) 


IT, (1) dl | IT, (t) dl 


Ny (j) ~ 40 (i) \ ITs (2) dl. (17) 


(1,2) =\ rep ay | \ se ai (18) 
0 0 

where Tj(j) is the coefficient of absorption of an 

incident particle with angular momentum j. If the 


emission of the second recorded particle is a single 


or basic process, then y@) = 1, and qy = q, = 0. 
In this case we obtain for W 
W (1, 2) = 1 +2 of? [4— 2 (a,j?) In (PE) 
— doj@] sin? w (19) 


In the derivation of (19), 
form 


Tj(j) was taken in the 


fl, 1<To 


En) a eee 
, 0 


(20) 


’ 
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For an idea as to the size of the correlation 
effect, we shall consider the specific reaction 
Cu(a@, 2p) studied by Lassen and Sidorov.! For 
an @ particle energy of ~ 20 Mev and an energy 
of 6 —9 Mev for the first proton, the intermediate 
nucleus can decay only by two modes: the emission 
of a sub-barrier proton with an energy of ~1—2 
Mev or the radiation of a y quantum. For Qs = 
0.05, which corresponds to the rigid-body moment 
of inertia of the intermediate nucleus, and for 72 
= 3—4 and j? = 50, we obtain the value +0.1 for 
the coefficient of sin? w in (19). The magnitude 
and sign of the coefficient strongly depend on the 
relation between the Pareto aol? and Oloj?. 
For a larger value of j?, for example, in the case 
of high-energy a particles, the coefficient drops 
to zero and then becomes negative. 

The measurement of the angular correlation 
between two protons in the perpendicular plane in 
the reaction Ni®® (a, 2p) (Eg = 32 Mev) was car- 
ried out by Bodansky et al.° Their result corre- 
sponds to a value of approximately — 0.15 for the 
coefficient of sin? w. This value is in agreement 
with (19). It is assumed here that the reaction 
can be regarded as a transition of an excited nu- 
cleus produced by the capture of an a particle 
to the ground state or close to the ground state 
through the emission of two protons, which is not 
an obvious assumption. 

2. Counters and beam in the same plane. Two 
cases should be distinguished here: a) 0 = aT, 

6, = 6,=0 or 7m and b) 6,=437. We shall first 
consider case a. Inserting (12) into the integral 
(11) and integrating over 7 and over the directions 
of the vector j, we obtain, in the same approxi- 
mation as in (19), 


W,(1, 2) = (1/16m) 7 (/) 72 (j) (1 + (2/2;?) 


X (Gb ds) cos” Oy): (21) 
Apart from terms of order higher than F/ ie athe 
angular distribution of the first particle for a fixed 
direction of emission of the second is determined 
in this case by the single coefficient aj. 

Inserting in (21) the expression (13) for a, and 
setting q, = q, = 0 in the latter, we obtain, after 
integration over j, 


W (1, 2) ~ 1 + [onl — (F/2j) In (follo)] cos? 1. (22) 


As in the case of (19), the coefficient of cos? 04 
can change sign if the angular momentum of the 
compound nucleus changes. If the angular mo- 
mentum is large, so that oj” > 1, then the angu- 
lar distribution of the first particle does not de- 
pend on j if the direction of emission of the second 
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is fixed at the angle 6, =437. This is in contrast to 
the usual angular distribution of particles in which 
the anisotropy equals }a3/2j2,1? 

We shall consider case b, in which 6, = 7/2. 
Here, after integration over the directions of the 
vectors 1 and j, we obtain from (11) 


(NRK) e 


A 
Wj (1,2) =p Be \ Wi, ; (7, (A) dl, 
0 


W,; (1, 2) = sin-*8, [A (Rk) + (ael?/3j?) B (k)]; 


aat): k=Itg Go/j<1 

tS 

m ~ \e-lK (k-2), ke, 

aes ope WB [K (k) — E (k)], kal, 

au RK (4) E(k) — (RK (27) — E (ee*))), Weed, 
(23)* 


where K(k) and E(k) are the complete elliptic 
integrals of the first and second kinds, respec- 
tively: ne 
K (k) = \ (1 — k? sin? g)—"edg, 
0 


r/2 


\ (1 — k? sin? "dq. 


0 


= 


The function wiz, 2) describes the angular 
correlation of the particles for fixed j and Jl. The 
dependence of Wj 7 on the angle @, is determined 
mainly by the factor 1/sin 6), which results from 
the fact that for 1; « j, the orbital angular mo- 
mentum of the second particle has a direction 
close to j and, consequently, lies in the plane per- 
pendicular to the beam. The deviations of 1, from 
this plane, which are connected with the fact that 
the first particle carries away a certain angular 
momentum, lead to a deviation of the angular dis- 
tribution from 1/sin 6). These deviations are de- 
scribed by the factor in the brackets in the expres- 
sion for Wj. The function Wj 7 strongly depends 
on the angle in the small- ras region 0, < 1, /j. 

At large angles, the deviations from 1/sin 6, are 
small (~ 1} /j*): 


W —Sin 0, le (4p ictg’ts (24)T 


In (24), we have discarded terms of the order if: x 
cot! 6, /j*. 

It is natural to compare the angular distribution 
(23) of the second particle for a fixed direction of 
emission of the first particle with the angular dis- 
tribution of the second particle for the free emis- 
sion of the first. Normalized to unity for 6) = 0/2, 
this angular distribution is given by the expression 


*tg = tan. 
icter= cot. 


1264 


(sin! (//j sin 0,)l/sin™ (d/j), (25) 


which is readily obtained from (11). Comparing 
(25) and (24), we find that, for 0, 2 1/j, the angular 
distribution of the second particle, when the counter 
registering the first particle is connected, changes 
by the quantity 


AW); = 4;sin? 02 (P/j?) ctg? Os. (26) 


It should be borne in mind that the distribution 
~1/sin 6, is valid only with quasi-classical accu- 
racy in the region 6, 2 1,/j and is not at all valid 
for 0,< 1,/j. In this case, the effect of the angu- 
lar correlation can therefore be established only 
when the angular distribution of the second par- 
ticle, for a fixed direction of emission of the first 
particle (close to 6; = 37), is compared with the 
angular distribution for free emission. This is 
the essential difference between this case and the 
two preceding cases, for which the result of the 
zero approximation—isotropy—is known exactly 
and the inexactness of the quasi-classical approx- 
imation leads to an unimportant error in the value 
of the coefficients. 

For a, = a, = 0, one can obtain the following 
general expression for the angular correlation 
function Wj,1( 1, 2), valid for any orientation of 
the counters relative to the beam and relative to 
each other fp? Gs) = p90°(j5)]: 


K (x), %=lsiny/jsinOs<1, 
“4-1 K (x), x21, 


Vii= = sin! 0, x4 (27) 
where y is the angle between the counters. 

If for the barrier factor T,(l) we use the clas- 
sical expression similar to (2), then expression 
(27) for Wj, can be integrated over 1. As a re- 
sult, we obtain 


Wie Zia, ¢= Sin * 8, 


(%> E (%*)s Ho = lp sin y/j sin 02<1, 


(28) 


luo? LE (%) —(1— x) K(xo)], Xo > 1. 


Besides the correlation of two particles when 
the final nucleus remains in a state with a small 
angular momentum, as was considered above, 
other cases may also be of interest. In particu- 
lar, with the aid of (11), it is not difficult to calcu- 
late the angular correlation between two particles 
when, for example, the level density of the final 
nucleus as well as the initial and intermediate 
nuclei weakly depend on the angular momentum. 
This can happen if the excitation energy of the 
final nucleus is comparatively high and the angu- 
lar momentum of the initial nucleus is not very 
large. It is also easy to obtain the generalization 
of formula (5) to the case of a large number of 
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particles in cascade. The probability of register- 


ing m particles in the directions nj, Ny,..-,2m is 
men aes ey pee i445 
W ff (Gl jooonifit!) = np \ O---Am W ¥ 0, (jz) e' =“ ea) + 1) 
xTi(li)Ni (ii)8(in.), 
i—1 
ipl ihe) I, (29) 


If the direction of emission of one of the par- 
ticles in the experiment is not registered, expres- 
sion (29) should be integrated over the angular 
variables of the corresponding particle. The angu- 
lar correlation in this case depends also on the 
parameters characterizing the emission of the 
unregistered particle. This circumstance causes 
the results of the angular correlation experiment 
to be less definite. If, however, the unobserved 
particle is light and the registered particles are 
heavy, for example, a particles, the correlation 
will be approximately the same as if only two 
particles were emitted. 

If identical particles are registered, the ex- 
pression for the angular correlation should be 
symmetrized in a suitable way. This may not be 
necessary, however, if the energy of the particles 
is also registered in the experiment. Since the 
probability of emission of a particle strongly de- 
pends on the particle energy and the excitation 
energy of the nucleus, it is often possible to es- 
tablish which particle is first and which is second. 
This applies, in particular, to the above-mentioned 
reaction’ Cu (a, 2p), where the second proton is a 
sub-barrier particle and consequently the proba- 
bility that a particle of such energy is emitted 
from the nucleus first is negligibly small. 


ANGULAR CORRELATION BETWEEN A PAR- 
TICLE AND FISSION FRAGMENTS 


Formally, this case of angular correlation can 
be regarded as a special case of the angular cor- 
relation of two particles. In formula (5), instead 
of the level density of the final nucleus p®), we 
should insert the product of the level densities of 
the fragments and introduce the corresponding 
Summation over the fragment spins. It will be 
more convenient, however, to consider first the 
distribution of the number of total spin states of 
the fragments S = j’ + j”. This distribution coin- 


cides formally with (9), where for the constant a 
we have 
== /2K2 = (1 eee 


here ¥', ¥", and T* are the moments of inertia 
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and temperature of the fragments.® Hence, to cal- 
culate the angular correlation between the particle 
and the fragments, one can use directly formula 
(5), where os LG js, and 1, are replaced by the 
distribution function p(S), the vector S, and the 
orbital angular momentum of the fragments l’, re- 
spectively. The barrier factor T;(l’) can be set 
equal to unity, since the mass of the fragments is 
large and the classical limitation on the size of 
the angular momentum is not important, even 
when the energy of the nucleus is only slightly 
above the fission threshold. The integration over 
l’ can then be carried out in general form. After 
integrating over l’, we obtain 


Ve: 
(ers (@/ 


(OD = ane Ne Gay 


iT P (2) p-(j2) 6 (limy) R (jem), 


30) 
where j, = j,-1,, and n,; and ng are the ere 
of emission of the particle and the fragments; vy‘? 
is the relative probability of fission of the inter- 
mediate nucleus; the function 


R (jams) = R (j?/2K%) exp (— K*/2K2), K = jam; (31) 


is the projection of the angular momentum of the 
intermediate nucleus on the direction of fission. 
In (31) 


Function (31) gives the distribution of the num- 
ber of cases of fission with a value K. The ex- 
pression given above for kK? corresponds to the 
assumption made in the derivation of (30) that the 
fission probability is determined by the statistical 
weight of the fragments. One may also assume 
that the probability of fission with a given value of 
|K| is determined by the statistical distribution 
of K in the transition nucleus for a deformation 
approximately corresponding to a saddle point. 
The distribution of K in this case coincides with 
(31), but the constant K? is equal to IA 
= gry, where #, and ¥, are the moments of 
inertia of the transition nucleus relative to the 
axis of symmetry and perpendicular to it, T* is 
the transition nucleus temperature (see also ref- 
erence 6). 

It should be kept in mind that, strictly speaking, 
the angular distribution of the fragments is deter- 
mined by the distribution of K at infinity.’ Since 
the projection of the orbital angular momentum of 
the fragments on the direction of fission is equal 
to zero, the distribution of the projection K of the 
total angular momentum of the system j=l’ +S 
on the fission direction coincides with the distri- 
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bution of the resultant spin of the fragments on 
this direction. Thus, the problem is only whether 
the distribution of the projection of vector § is 
determined by the level density of the fragments 
or whether it coincides with the distribution of K 
in the “‘transition’’ nucleus. On the basis of the 
data available at the present time, one can con- 
clude that the second assumption corresponds 
more Closely to reality, at least for fission close 
to the threshold and for low excitation of the ini- 
tial nucleus. From the formal point of view, the 
existence of these two different approaches is not 
important, since in both cases the distribution of 
K is given by the same expression, namely (31). 
If the angular momentum of the compound nu- 
cleus is sufficiently large, so that the inequality 


P/2Kos>1, 


is satisfied, expression (31) for 
into jd (jong), and (30) then formally coincides 
with (11). Hence all the expressions obtained above 
for the angular correlation of particles also de- 
scribe the correlation between the particle and the 
fragments for a nucleus with a sufficiently large 
angular momentum. An outward sign that condi- 
tion (32) is fulfilled is the closeness of the frag- 
ment angular distribution to 1/sin 6.8 This 
usually occurs in the case of fission induced by 

the capture of heavy ions. The large angular mo- 
mentum of the compound nucleus formed upon 
capture of heavy particles also enhances the fis- 
sionability of the nucleus and, consequently, in- 
creases the probability that the nucleus undergoes 
fission immediately after the emission of the reg- 
istered particle. 

With the aid of formula (30), one can find an 
angular correlation between the particle and the 
fission fragments also when condition (32) is not 
fulfilled. We shall consider, in particular, the 
case in which 


(32) 


N(K) goes over 


Like ae (33) 


The parameter j°/ 2K can then have any value, but 
cannot be so large that inequality (33) is not ful- 
filled. Making the same approximation as in the 
derivation of (16), we write Wj(p, “) in the form 


W;(p, t) ) R (jn) ) (4x \ ldlT (1) 


i) 


bers Soe (1) (7 
aee(2i0)s tes (/) eal 


ON T(t) (Im) (1 +r (li) +...) exp {(In,) [2 (jn) 


— In,]/2K2), (34) 
where F 
j=h, == Ihe 
127 (1) ee Cy GG) (35) 
Ge) a ) (jf) KR (P/2K)). (36) 
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We shall consider the case in which the direction 
of emission of the particle and the direction of the 
fission fragments lie in a plane perpendicular to the 
beam. We expand the exponential factor in the inte- 
grand of formula (34) into a series and integrate 
over l. After averaging over the directions of the 
vector j, we obtain 


W,(p, f) = (1/160) yp (i) vF° (/) exp (—2/2) Ip (2/2) 
x {1 — (P/AKG) sin? @ + (277/8Ko) (1 + 2Kor) 
x (1 — Jy (2/2) (2/2)] sin? oy +... .), 


where z = j*/2K%, I) and I, are Bessel functions of 
imaginary argument. Expression (37) should still 
be averaged over the quantity |j| with a weight 
jT\(j). 

The coefficient r in (37) depends, generally 
speaking, on j. To determine r, we must use the 
explicit expressions for p‘?)(j.) (9), R(z), and 
¥@ (ie): For vy? we can take the statistical ex- 
pression 


(37) 


12 (i) = 1 + 1 adr (DY, 


+? (iol? (jo) = (Pn (O/T; (0) exp Mas — a1) j3] R- (j2/2K9). 


Setting (38) 


pi) (js) = p®(j) (1 + 2aa (li) + ...), 
Rigieky = RAP2K) (es (li) + 2..); 


1?) (i) = 1P) It) +. d), 
we obtain 
r=20, + s—t, 

The coefficient r is a quantity of the same order 
of smallness as 1/2K%. The parameter j*/2K? can 
be determined independently with the help of the 
anisotropy of the fragment angular distribution.® 
Measurement of the angular correlation between 
the particle and the fragments permits one to ob- 
tain additional information concerning the orbital 
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angular momentum of the particle and the depend- 
ence of the fission probability on the angular mo- 
mentum. 

We note that in formula (37) the dependence on 
the angle does not disappear for j= 0. This is 
connected with the fact that there is a known cor- 
relation between the directions of the two particles 
in a state with total angular momentum j = 0. The 
probability of the angle w is proportional to the 
square of the Legendre polynomial 


Pi(cos ) ~ 1/sin o (39) 


for 1 >1. This expression agrees with (16) if in 
the latter we set j = 0. The term in formula (37) 
not depending on j ‘‘trails along’’ with the corre- 
lation (39) and goes over into it for /?/2K? > 1. 
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An electromagnetic-wave theory in which spatial dispersion is taken into account is applied 
to the case of exciton states. Propagation of waves in an infinite crystal and their transmis- 
sion through a plane-parallel plate are considered. The absorption of electromagnetic waves 
in the presence of spatial dispersion is investigated. 


lige a previous work! the equations of the electro- 
magnetic field in a non-conducting medium in the 
presence of spatial dispersion were obtained: 
AS (r) + 78% (r) + Any \ Key (r, r') Sp (r') dr’ =0, (1) 


SL (x) = — 40 \ Ky (1, 1’) Sp (r) ar’, (2) 
where él(r), éll(r) are the solenoidal and irro- 
tational parts of the electric field intensity, y 

= pw?/c?, and summation over repeated indices 

is understood. The polarizability kernel is 


Kyy (t,r) = Kyy (Fr, 1) + Key, r’) 


(0| G,,(r)| nm) (n| Gy, (r’) | 0) 
E, — Eo— ho — ie, (@) 


1 
Schouler sul 


(3) 


(n| G,, (r) | 0) — 
oe Ee Eg Oe) 


divekeu( rice 0, curl, Kyi, 6) 0, (4) 


Here Ey, is the energy of the ground state, E, is 
the energy of the excited state; €, is connected 
with the lifetime of the state in the usual fashion, 
and G(r) is the operator of the electric moment 
per unit volume. 

In the present work, we shall apply these re- 
sults to the case of exciton states of the crystal. 
This case was considered by Pekar,”’? who started 
from the differential equation derived by him 
for the polarization and with additional boundary 
conditions which require the vanishing of the 
exciton part of the polarization on the surface of 
the crystal. However, these conditions, even if 
one uses the wave functions of the exciton states 
chosen by Pekar, are approximate in the first 
place, and in the second place, are applicable only 
in the case of an isolated exciton band, transition 
to which is permitted in the dipole approximation. 


The analysis in this paper is based on the 
integral-differential equation (1), which automat- 
ically takes into account the additional conditions 
and requires only the choice of the exciton wave 
functions (Pekar’s functions were used for this 
purpose). This makes it possible to obtain gen- 
eral results which include Pekar’s results as a 
special case and which show where the approxima- 
tion in the latter lies. 


1. WAVES IN AN INFINITE CRYSTAL 


The Hamiltonian of the infinite crystal com- 
mutes with the translation operators Ts (n is 
the lattice vector). Therefore, one can use the 
eigenfunctions of T,, in the calculation of matrix 
elements entering into (3); the corresponding 
eigenvalues are eik-n, where k is the quasi- 
momentum of the exciton (-—7 < k*aj <7), and 
a; (i=1, 2, 3) is the basic lattice vector. It fol- 
lows from translational symmetry that the quan- 
tity 


f (r, k, a) = exp (—ikr) (0|G (r) | ka), 


(qa are the other variables that enumerate the 
states along with k) has the same period as the 
lattice, and can be expanded in the vectors of the 
reciprocal lattice b: 


f(r, k, «) = >)g (b, k, a) enor, 
b 


Transforming to the variables k, @ in (3), we 
obtain 


Jay (it; ie = Koy (t, f ) — KG At iP Me (5) 
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Kats) = oe ens py > (kc) 
x gs (dy Bo kik, 0) expil tk (rt) 
eo y2m(be—=b tak, 
E E(k a) — Eo 


it (ewe teas se 


2 Op ie a) = 
Be DAD 3 kik, %) = g,, (b; ny an gy (b’, k, 


(k, a, +0) —Ey thw ’ 


ee a 
Oo =) 


L—o are the dimensions of the fundamental 
region. 

We shall assume that the macroscopic field 
6L(r) entering in (1) is a smooth function of its 
coordinates. Then, in the integration over r’, the 
main contribution is made to the part due to K* 
by the terms with b’ = 0 and with small k, since 
K* does not contain any singularities. When k 
is small, the matrix element (0|G(r)|k-q@) is 
a smooth function of the coordinates: when k = 0, 
it has the same period as the lattice, as a conse- 
quence of which, being a macroscopic quantity, it 
is constant. Therefore, g(b, k, a) is small for 
b = 0 and small k. The circumstances mentioned 
lead to the result that the part of the polarization 
which is due to K* is locally associated with the 
field. 

Following Pekar,’ we limit ourselves to con- 
sideration of states for which k and only k isa 
continuous quantum number. In this case a is 
discrete and one can separate components in K™ 
for which E(0, qa) differs appreciably from E(w) 
= E)+hw. Like K*, they yield the local part of 
the polarization. Taking it into account that f*(z*) 
is the analytic continuation in the complex plane of 
the function f*(z), and that the functions k enter- 
ing into (6) may not be analytic at the point k = 0, 
we can write (1) in the form 


ASy (r) + Bry S(t) + dey \ yahy (r, r’) Sb (e’) dr’ = 0, 


(7) 
4nL 5 ; 
Bey = Oxy + aan [> I (—ai a) 
a 
+ @ 5) 
seal = 
XB yi (0, 0, ( ai 5) ai 510 ) 
Bes pet ee 
a ( al = , a.) 
a 
oo) if Oe | 
€ gl 
x ora: (0, 0, al Or z ( a Ae) | (8) 


The prime on the summation sign in (8) means 
that the components containing the singularity 
are omitted; xt is obtained from K~, which ap- 
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ee in (6), by peo OieeesDys 2 -L and 
= qe 2a eth y’ is obtained from Bx y’ 


by eee me “s the projection gy of this 
quantity, onthe plane perpendicular to k + 27b. 
We seek a solution of (7) in the form 


Sn (t) = Dd) es exp (in xr), n=l, (9) 


s 


nc, = 0 (10) 
subject to a condition that guarantees the smooth- 
ness of the field 


|u,|\<n/d (11) 
(d is the lattice constant), which should be satis- 
fied for those s for which cg is large. Computing 
the integral over k in (7) by a method similar to 
that used in the Appendix, we find that xk, and cg, 
are determined from 


2 alli 
Hi Cxh *Pnx’y’ Cy’ 


Ainge SV" 
io — 
a 


fi ==(Q (12) 


a (Oe a) gaxy (0, OF ot) i Ol) cy 


and (10), where the subscripts of g and IT indicate 
the direction of k, and eee: , is obtained from (8) 
by setting a=0 and writing [ and g with the 
index n. From (12) one can obtain (in the corre- 
sponding case and approximation) the results of 
Pekar,” which refer to a transverse field in an in- 
finite crystal. ellcr) can be found with the help 

of (2) and (9). 


2. WAVES IN A THICK PLATE 


We consider the normal incidence of a wave 
on a plane-parallel plate of a cubic crystal. As 
wave functions of the exciton state, we choose the 
functions? 


Dax = 2-8 (Uy, — Ve 


ak) 
where Wg, is the wave function of the infinite 
crystal, 


kay» = kay.» = R10, ka, = ka; =k; = mv/(N + J), 


MWS bio vastly 


a; 9 are parallel to the surfaces of the plate, N is 
the number of elementary cells that make up the 
thickness of the plate J. 

We direct the z axis normal to the plate so that 
z= 0 and J on the surfaces. Now the polarizability 
kernel is obtained in the form (5), where 


ELECTROMAGNETIC 


Ry 


Le \) P aadk == 4 
= eRe 2) » oo (k, ) $3 exp {+ i [Rgbgzz 


2ho — ; 
a ks=—kpy bb’ 


+ ky (x—x') + ky (y—y’) 
+ (RiDyz + Robo) (2 — 2’) + Qn (br—b’ 
Sake a (Dab keke a) 240) (Ge tk30322’) 


ra) 


7 
Lee (b, b’, k, k, @) exp (F ikgba:z’)| dky dhy, (13) 
where ky = mN/(N+1), b; (i =1, 2, 3) is the fun- 
damental vector of the reciprocal lattice. 

As above, we can separate in (13) the compo- 
nents that give the local contribution to the polari- 
zation. We then arrive at Eq. (7), in which one 
must now integrate over the volume LJ, pl is ob- 
tained from (8) by the replacement of L by Li 
and y+ from the in appearing in (13) by replace- 


ment of g~ by g~+ and 2 by Dy: 
a 


It is not difficult to ee that a solution of (7) 
which does not depend on x and y, exists with the 
given kernel. We further assume that one can sep- 
arate excitons with transverse and longitudinal po- 
larizations in a cubic crystal at small k. Finally, 
the tensors entering into (7) in the case of a cubic 
crystal reduce to scalars; therefore, one can con- 
sider a field with fixed polarization. Let &(z) be 
directed along the y axis. Omitting the corre- 
sponding signs, we obtain 

Ll 
yx 2’, 6,6, a) & (2’) dz’ =0. 
p (14) 


CSE 
a 


Sy 
AJ 
a bb’o 


24 n8Q)+4 


Here the sum over @ takes into account only the 
transverse excitons, b =nb3, (n an integer), 
n=Y8, p = 4ryL*l/hw, 


x (2, Ze b, i) a) 
Rn 
> To (2, ® go (6, k, @) 


k=—ky 


= exp [i2n (bz — b’z’)] 


x exp (ikz) [g* (b’, k, @) exp (— tk2’) — gy (b’,— R, a) 


x exp (ikz’)], (15) 
where 
fo (6, k) = fF (nbs, k f= Tg. 


As is shown in the Appendix, the solution of (14) 
has the form 


) lee, y=”? 


& (2) = dye, exp (ix,2), (16) 


where Kg are the roots of the equation 
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—w ++ >) gy (0,0,%,x',o)T) 0) =0, (17) 


and it is assumed that (11) is satisfied for all s for 
which cg is large; the quantities cg satisfy the 
equations 


Dic leer to 


Ss b 


Dyes exp (i%sl) >) exp (— 
s b 


Bag a) oe (x, — 2nb) r5 


2b) [Rag ies (6, Rass qt) 


+ (%s— 2b) rs (6, Rag, 2)) = 0, 
r= (b, k, a) 
= [go (0, RY, @) +85 (0,— FR’, a)) [(, — 2nd)? — 22] 
(18) 
where Kad are the roots of the equation 
Eo (k, a) — to (k, a, o) — E (wo) = 0, G@ = lagi: 
(19) 


and the sign on k 
nary part. 

The number of components in (16) exceeds the 
number of equations in (18) by two, so that there 
are exactly two independent quantities among the 
Cg. The results that have been given are valid in 
the case of a sufficiently thick plate. From (16), 
the Maxwell boundary conditions, and the additional 
conditions (18), one can find the waves reflected 
from and emerging from the plate. The corre- 
sponding formulas are very cumbersome in the 
general case and we shall not write them out. 


aq denotes the sign of the imagi- 


3. EXCITONS OF ZERO AND FIRST ORDER 


We consider the simplest case in which the sum 
(17) contains only one component, and E(w) 
~ E)(0, a). Under these conditions, (11) is satis- 
fied for all s and we can therefore set xk = 0 in 
the numerator of I’ in (17), and expand E,(k, @) 
in the denominator and in (19) in powers of xk, re- 
stricting ourselves to the quadratic term. More- 
over, we can neglect the dependence of €) on k 
and w. In this case (19) yields two roots k” = —k*, 
which are small, and which makes it possible to 
neglect components in (18) with b = 0. Omitting 
a, we get from (17) — (19) 


repo (0,0, on alee (0) eo! 


K(oe ie 2) = 0, (20) 


Dice Wee 


Sics exp (inl) [k-r* (0, R-) + sr (0, RI] = 


(0, k*)-+-x,r- (0, 2*)] = 0, 


(21) 
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where £=E(w) — E,(0), €= h2/2m*, m* is the 
effective mass of the exciton. 


We consider two cases, in which 


£o = 2 (0, 0) #0 
and 


Zo =0, By = (dgo (0, k) /dk)o + 0. 


In these cases, we can speak of excitons of zero 
and first order, respectively (or of dipole and 
quadrupole excitons). Excitons of zero order are 
found in anthracene, and of first order in copper 
oxide (references to the corresponding experi- 
ments are given in the paper of Pekar et al.*). 
excitons of zero order, we can regard g,(0, k) 
= gy in (20) and (21); here, (20) — (22) are identical 
with the corresponding results of Pekar. 2,3 Thus 
the results derived are approximately valid for 
frequencies arbitrarily close to the resonant fre- 
quency point k = 0. 

We now consider excitons of first order, as- 
suming g)(0, k) = gok for them. Here the solu- 
tions of (20) are +kj, j=1, 2, 


For 


j= {En +6 +ie +a +(—1)/ ((&n +6 + ie +0) 
— 46m (6 + ie)}*)/26, 


where a = e|go|[Eo(0) — Ey], which are identical 
with the corresponding results of Pekar et al.‘ It 
is now convenient to write (16) in the form 

B(2) = Dy Ic} exp (mz) + ej exp (— 
(=e 


In corresponding fashion, (21) yields 
» v1 (cj — 7) = 0, 


j=1,2 


ix;2)]. 


>) vj lc; exp (ix;l) — cj exp (— ix;l)] = 0, 


jap 


ty xl — (k* 7), (23) 


Let the incident, reflected, and transmitted 
waves have respectively the forms 


& exp (ikoz), R exp (— tko2), B exp (iko2). 


From the Maxwell boundary conditions and the ad- 
ditional conditions (23), we find* 


R=A (v2 
A = 6) (u? — v0? +a? + i2vw)-, 


—v’—2"), B = Ai2uw exp (— ikol); 
u = yi / sin xel — ye / sin xl, 
v= yi ctg xel — ye ctg xi, w = (yix2 — ye2x1)/ko. 


*ctp=icot, 
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In the case of a semi-infinite crystal, we then ob- 
tain 


Boo =0, Roo = 8o(y1 — v2 —®) (yi — y2 +)”, 


which gives the generalization of the correspond- 
ing Fresnel formula with account of spatial dis- 
persion. 

We note that in the case of excitons of first 
order one should have, for greater consistency, 
considered higher approximations in the material 
equations.° 


4. WAVES IN A PLATE OF ARBITRARY THICK- 
NESS 


Asis seenfrom the Appendix, the solution of Eq. 
(14) used above is inappropriate for sufficiently 
small J. Here we obtain a solution appropriate 
for arbitrary lJ, limiting ourselves to the case in 
which the sum over a in (14) contains only one 
component (an isolated exciton band) and E(w) 
~ E)(0). In this case the terms of the sum over 
k in (15) vanish, for smooth functions ¢(z), with 
increase in |k| so that for all z the principal 
role in the last component of (14) is played by 
terms with small |k|, as a consequence of which 
one can discard terms with b and b’ ~ 0 and keep 
the first non-vanishing term in the expansion of 
g9(0, k) in powers of k. We note that for excitons 
of zero order this agrees in accuracy with the ap- 
proximate theory of Pekar.? 

In the case of excitons of zero order, we obtain 
in this fashion 


Sey +1 fo (n) sin nt sin nt’ & (t') at" = 0" 
on 
b= (nie, S(t) = Zi(2), 
n=(l/n)P?n, fF’ (n) = (1/0)? f (hn), 
®T (Rn), 
re hee |go|? To(Rn), n< N 
0, n>N. (24) 
We now seek the solution of (24) in the form 
6’ © =) asin nt.” “0. Pee 
n=1 
Taking it into account that 
is Gs s 
a [nan — dy + (— 1)" (cy +d,)] cos nt, 
n=1 
Cy = (im) 16" Go 8 (0) 1, = (2/n) 6’(0), (25) 


we can differentiate termwise the cosine series® 
and obtain 


Qn = n [do — (— 1)" (co + do)] [n® — y’ — (x/2) fo (n) 7. 
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Further, denoting 
Sp = 2 (= 1" [a + F fol] [er — — Sim], 
n=1 a 
we obtain 


dé"/dt |, = c,/2 + d,o2 — (cy + do) 01, 
dé"/dt|, = Cy/2 + dyor — (cy + do) or. 


(26) 
(25), (26) express &’ and dé’/dt on the surface of 


the plate in terms of the constants cy and dy, which 


play the role of arbitrary constants. 


With the help of the Maxwell boundary conditions, 


we find the amplitudes of the reflected and trans- 
mitted waves: 


Ro = Ao [kol? — 4(¢,— 0;) (1 — 0, —4,)], 
By = Agi2kol (1 —20,) exp (— ik,l); 
Ageteaies = 4.164 = 6.) (1 0-7 G2) 

+ 2ik,l (1 — 20,)]7, 

In the case of excitons of first order, (14) and 
(15) yield the following expression in the approxi- 
mation under consideration: 


™~™ oO 


ae! +7'é’ (t) +\ on f, (n) cos nt cos nt’8’ (t’) dt’ = 0, 


9 a=1 
where f,(k,) is obtained from f)(k,) by replacing 
| go |? by | 24 |? kh. Working in a fashion similar to 
the above, we obtain the amplitudes of the reflected 
and transmitted waves 


Ri = Ax [4822 (0, —0,) (1/n’ — 0, —o,) +24], 
Bi = Ai-2kolx? (1/n’ — 20;) exp (— ikl); 
Ai = &o [4k5 2? (6; — 03) (1/n’ — 0, — 05) 


— nt — i2ketn? (1/y’ — 20,)14, 


a = D(a — Fh ol 


n=1 


5. ABSORPTION 


In the presence of spatial dispersion, there is 
meaning to considering only absorption throughout 
the entire volume: 


W= io \ ,(r) P,, (r) dr + compl. conj. 


where the bar denotes averaging over the period, 
while éy(r) and Py(r) are the amplitudes of the 
electric field intensity and polarization. We re- 


solve dy(r) into a solenoidal part and an irrotational 


part, in accord with which we obtain 
v=wt+w', 


(27) 


Wl 24 \ ei" (r) Py (rn) dr + compl. conj. 
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Further, substituting (2), in the expression 


Pent) == \ Key (ear) on (yar (28) 
obtained in reference 1, and (3) in (24), and taking 
(4) into account, we find that wl = 0. Finally, by 
introducing (28) and the relation Kyy! = Qxty7' 

+ Rx’y’ which figures in reference 1, (Qx’y’, Ryvy’ 
are the Hermitian and anti-Hermitian parts of the 
kernel) into (27) we obtain 


W = —2io \ Rey (1, 1) 84 (t) Bb (r') de dr’. 


e 


Thus the absorption for a given field is deter- 
mined by the anti-Hermitian part of the polariz- 
ability kernel, just as the absorption is determined 
by the anti-Hermitian part of the polarizability 
tensor in the absence of spatial dispersion. 

It is seen from (3) that Ryyy ~ € when hw 
~ E,- Ey. Therefore, upon satisfaction of the in- 
equality mentioned, the absorption must tend to 
zero if € —0. It is not difficult to prove that the 
expressions obtained above for R, B, Ro, By and 
R,, By, satisfy this condition. 

In conclusion we note that in this research, 
just as in reference 1, we did not make any dis- 
tinction between the average and effective values 
of the field. Therefore, the results obtained apply 
only to the case in which these values are identi- 
cal. The general case needs special consideration. 


APPENDIX 


We consider the integral which appears in (14): 
ib 
I (z, 6, 6’, a) = \x (z, 2’, 6, bY, a) 6 (z) dz’, 
0 
where @(z) is given by Eq. (16). In view of the 
fact that (14) is a differential equation, it suffices 
in the case of large 1 to know I for z not too 
close to the boundary values. For such z the 
principal contribution to I is made in the summa- 
tion over k in (15) by the immediate vicinity of 
the points +Re kg and Re kgg. Let us consider 
the contribution made by the points +Rexk,. In 
view of (11), only the terms with b and b’ = 0 are 
important: 
I, (z, 0, 0, a) = cso (— 10/02, a) go (0,— id/dz, a) 
x [go (0, (— 0/02)", a) 15 (2) — & (0, (é0/02)", a) Ts (21, 


yi exp [ik (2 + 2’) + ixsz’] dz’, 


Rk 


~— 
as 
(aoa 
cS 
I 
Cea 


where the summation is carried out over the values 
k = (1/1) v which lie close to the points +Re kg. 
Inasmuch as the vicinities of the points mentioned 
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make the principal contribution, we can extend the 

summation over all k. Then 

TO eco) 021668 (0,80, fg, w,, 0) Io (Xs, &) exp (i52). 
(A.1) 


We now consider the contribution of the points 


Kag: 


i) (q) es 

I, = >Sics >). exp [i Qnb +8) 21 To (&, a) go (6, &, @) 
q ss k 

e lg? (0’, k, exp) [cg — — aod.) | id 


| 
go, 


i (4%, —k— 2b’) 
exp [i (%, + & — 2d") —1| 
iu, een |? 


Rk, a) 


where the summation over k includes the vicinity 
of the points Kag: We transform from summation 
over k to integration; this is possible in the case 
of sufficiently large 7. Here, we must replace 
eikl in the second term in curly brackets by the 
equivalent expression elk! to obtain a smoother 
function of k. Furthermore, we can close the con- 
tour of integration in the lower half-plane in the 
interval containing e!K(2-/), and in the upper half- 
plane in the interval containing e!KZ, Then, with 
the aid of residues, we find 


(tcc {exp lik, (@— 1) 21 (4, = nb) 


q Ss 


MeO Diorkic, @) -F eXp (ihag2) ps (0.0 sRags, @)), 


Ds (6, ai k, a) 
-| By (0, b', k, R*,a) By (B, 6’, k, —k*,%)] E(k, x) —Eo 
x, — h— om’ x, + k—2nb’ | dE, (k, a) /dk 
(A.2) 


Taking into account (A.1), (A.2), (16) and (14), it is 
easy to obtain (17), (18). We write (17) in the form 


@ (x) +p (x) = 0; 
@ (*) = (— x +n) [] [Eo (%, a) — ieo (%, a, ©) — E (@)], 


p(x) = p> g, (0, 0, %, x", a) 


re ec, Cte) (i Ho) = Bo) 


+ 
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g(x) and ~(k) are analytic functions of x. The 
number of components in (16), Ny, is equal to the 
number of zeros of y(k) +(x) lying close to 
the origin of the coordinates, in accord with (LiL) 
The number of equations in (18) is No = een 


a 
We shall show that N, = No + 2. We draw the 
closed contour C in the plane passing through the 
points —1/d, +7/d so that for them |x| = 1/d 
and (Kk), ~(k) do not vanish on them. Inasmuch 
as |x| is large on C, then |y(x)| > |¥(x)| > 0 
on C. Then, by Rouche’s theorem,’ the number of 
zeros of g(x) +%(Kk) inside C is identical with 
the number of zeros of g(x), which is obviously 
equal to Ny + 2. 
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The broadening of the energy distribution of neutrons or photons which are quasi-elastically 
scattered by crystal defects resulting from diffusion is investigated. The macroscopic ap- 
proximation is not used and the diffusion mechanism is taken into account explicitly. The 
broadening may be appreciable in the scattering of neutrons and photons which are emitted 
without recoil by nuclei in a crystal, and also in certain cases of Rayleigh scattering of 
light at high temperatures. The analogous broadening should occur for the spectral distri- 
bution in the absorption and emission spectra in the Méssbauer effect for the case of high 
temperatures. The characteristic dependence is found of the broadening on the magnitude 
and orientation of the wave vector, and this makes it possible in principle to investigate the 


mechanism of diffusion and the type of defect. 


1. INTRODUCTION 


‘Tae diffuse scattering of neutrons by defects in 
a crystal at sufficiently low temperatures can be 
divided into inelastic scattering associated with 
thermal vibrations and having a continuous energy 
distribution, and elastic scattering whose energy 
distribution is described by a 6 function 6(E) 
(where E is the change in energy on scattering). 
At high temperatures, however, defects (atoms 
injected in interstices, vacancies at lattice sites, 
etc.) give an appreciable diffusion mobility. A 
defect moving at random even in the absence of 
vibration can transfer energy to a neutron, as a 
result of which the 6 function in the energy dis- 
tribution of the scattered neutrons is smeared 
out, and the scattering becomes completely in- 
elastic. 

The influence of the diffuse motion of the atoms 
of a liquid on the scattering of neutrons has been 
treated by means of the macroscopic approxima- 
tion in references 1—3. This approximation is 
applicable for the case of very slow neutrons or 
small scattering angles. For large differences 
q; of the wave vectors of the scattered and inci- 
dent waves, the results depend essentially on the 
geometry of the diffusion jumps of the atoms, and 


the macroscopic approximation ceases to be applic- 


able. In the case of scattering by defects, for each 
of several possible mechanisms of diffusion the 
geometry of the diffusion jumps is known, which 


makes it possible to construct a theory of the en- 
ergy distribution of scattered neutrons which is 
also applicable for large q,. As we shall see from 
the results obtained below, it is just this case which 
is especially interesting, since the comparison of 
theory with the experimental data regarding the 
case of large q, makes it possible in principle to 
obtain valuable information concerning the type of 
defects in the crystal and concerning the mechan- 
ism of diffusion. In certain cases, even for small 
q,, the macroscopic treatment does not allow one 
to carry out the investigation. In this connection, 
we shall treat in Sec. 2 the influence of diffusion 
on the energy distribution of scattered neutrons 
without using the macroscopic approximation. 

It is obvious that the diffusion of defects must 
give rise to the same sort of broadening of the en- 
ergy distribution of scattered x rays. But, since 
the energy of x-ray photons is approximately 10° 
times greater than the energy of thermal neutrons, 
while the natural width of x-ray levels is much 
greater than this broadening, its experimental de- 
tection by ordinary methods is impossible. The 
possibility of such an observation has arisen in 
connection with the discovery of extremely narrow 
energy distributions of photons (x rays or y 
quanta) which are emitted by long-lived excited 
states of nuclei of certain isotopes in a crystal, 
and can be studied with high precision by using 
the resonant nuclear absorption of the photons 
(the Méssbauer effect).4 (For reference to other 
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work, we refer to the summary of Belozerskii and 
Nemilov.®) With respect to this we discuss in Sec. 
3 the influence of diffuse motion on the energy dis- 
tribution of such photons. 

If the defects can occur only at sites of one 
type, then for small values of q, the magnitude 
of the broadening produced by diffusion falls off 
like q?. For the scattering of light waves in this 
case, the broadening is approximately 10' times 
smaller than for the scattering of x rays and is 
completely insignificant. If, however, the defects 
may be present at positions of several different 
types, then, as we shall show later, as q; — 0 
the broadening tends to a non-zero limit, and may 
be appreciable for the scattering of light at high 
temperatures. Therefore in Sec. 3 we also dis- 
cuss the influence of diffusion on the scattering 
of light. 

Diffusion may also appreciably affect the en- 
ergy distribution of the emitted radiation if, dur- 
ing the lifetime of the excited state of the radi- 
ating atom (nucleus), it succeeds in shifting such 
a distance that the phase difference between the 
waves radiated in the initial and final points is 
comparable with 7. The corresponding broaden- 
ing of the emission line may become appreciable 
at high temperatures in the case of the Méssbauer 
effect and also in the case of no-phonon emission 
of light, if the radiating defects can be at several 
different sites. These effects will be treated in 
sec: 4. 


2. THE INFLUENCE OF DIFFUSION OF DE- 
FECTS ON THE SCATTERING OF THERMAL 
NEUTRONS 


The atoms of a crystal carry out motions of 
two types: oscillations around their equilibrium 
positions, and diffusion jumps to new equilibrium 
positions. If the diffusion can be neglected, then 
there remain only the oscillations of the atoms 
which lead to a reduction in the amplitude of elas- 
tic scattering of the s-th atom by the Debye factor 
e-Ms, where Mg = 2(qy°Ug)2 and the u’s are 
the thermal displacements of the atoms. 

We take account of the diffuse motion for the 
case where the probability W of diffusion jumps 
to neighboring positions is considerably less than 
the effective frequency of oscillation of the atom 
w 9. In practice the criterion W <« wy, is always 
satisfied. We denote by E = hw the change in en- 
ergy of the neutrons during scattering. As will 
be shown later, diffusion leads to a smearing of 
the energy distribution of the elastic scattering 
in the region w X W. In the following we shall 
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treat just this region of low values of w (corre- 
sponding to long times in the time-correlation 
function). In this case we may treat the oscilla- 
tions simply by introducing the factor e-Ms into 
the scattering amplitude. 

Suppose that point defects (or defects of finite 
dimensions) can occupy positions of several 
typés, 1, 221. ,-0,. 2.4, 0." We'shalbassume that 
the concentration of defects c, is small (cy <1), 
that they are distributed randomly, and that in 
the absence of these defects the non-ideality of 
the crystal can arise only from the presence of 
isotopes of different types. The detailed distri- 
bution of the defects can be characterized by as- 
signing the numbers cy,,,(t), equal to one or zero, 
if at the time t at the position r of the v-th type 
there is or is not a defect. The amplitude of scat- 
tering of monochromatic neutrons by a single 
crystal containing defects, at the time t, is pro- 
portional to the sum 


, 


a a 


a () = Der (t) exp (ig. Rr) {e+ > 


exp (iq,6Rs-y) exp (iqi, Rs — R.)| 


+ 3) [4,—A, +65 (sS3)] exp (iqr, Rs +5R,), 


s 


gy = >\As exp (iq: 8Rsvv) exp (ig, Rs —R,)- (1) 


Here q; =k, —k, is the difference of the wave vec- 
tors of the scattered and incident waves; s num- 
bers the atoms (both those which are at the sites 
of any sublattice of the ideal crystal, and those 
belonging to the defects); the summation 2’ goes 
over atoms which move together with the center 
of the defect rv (if the defect is an added atom, 
then the sum reduces to a term corresponding to 
this atom); the summation Z” goes over all the 
other atoms; A, and bg are the constants Ag 
and bg in the expression for the energy of inter- 
action of a neutron with the nucleus s: 


V; (t)—= 1A, 28, (852) ORO 


(s and Sg are the spins of the neutron and the 
s-th nucleus), multiplied by the Debye factor 
e-Ms, Ag is the average value (over the iso- 
topes) of the quantity Ag; ORgy, is the static 
displacement of the s-th atom with radius vec- 
tor Rg, resulting from the influence of the defect 


at the rv location with radius vector Ry yp; OR, 

= 2) Crp(t) ORgr, is the total displacement of the 
rv 

s-th atom. For small concentrations of defects 


we may keep in the sum for 6Rg just the terms 
corresponding to the nearest defect. (This point 
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is explicitly taken into account in the formula for 
Pv-) 

The differential cross section (per unit solid 
angle and per unit energy range) for the scatter- 
ing of neutrons is (cf., for example, reference 1) 
expressible in the form 

0 (d1,0) = grays \ dte~* (a(t) a" (0). 
Here m is the neutron mass, {...) denotes an 
average over the initial configuration of defects 
and over the possible types of their diffusion 
jumps, the bar denotes an averaging over isotopes 
and over nuclear spins. In the average over iso- 
topes and spins of the product of expressions (1), 
a(t)a*(0) is different from zero only for terms 
of the type 


[A, < As + 6, (sS,)] [Ay =a Ay =e by (sS.) J 


with s =s’, corresponding to the same atom. As 
a result of the motion of defects, this atom at vari- 
ous times may be located at different positions 
(with different Rg). Then for the atoms moving 
together with the defect [corresponding to Z’ in 
(1)] the change of Rg is the same as the change 
of Ry,, so that Rg—Ry, does not depend on t. 
The other atoms [corresponding to 2” in (1)] 
during the motion of the defect (for example, a 
vacancy) from rv to r’v’ may (in a not com- 
pletely determined way) move to other sites, 
which are displaced from the old ones by Rg 
(rvr’v’). In the corresponding term in a(t) a*(0) 
as a result there appears a factor exp [iq,’R, 
(rvr’v’)], and in these terms we must take an av- 
erage ({...)) over the possible types of such 
displacements of the atoms s. 

In calculating (a(t)a*(0)) we shall also take 
into account that in this case of small concentra- 
tion, where we neglect configurations of low prob- 
ability, we may set 


J 
o > Cry (¢) Cry’ (0) [exp (qi, BRsrv ie bRs,-) bad ile 


Then, substituting (1) in the expression for o’ 
(q,, w) and subtracting the cross section for 
scattering by a crystal not containing defects, we 
find the expression for the change in the scatter- 
ing cross section o(q;, w) due to defects: 
Meet Dy) | dtettders (crv (O)> 


BmFh> ky 
rvr’v’ —co 


exp {ay >) [erm (t) — ev (0)] ORerot — I 


ey: 


0 (qi, 0) = 


x WP age exp (iq, R,, — Rs’) =e D,y (Rry re Ry) I]. (2) 


Here 
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Foy = pv +>) (As — Ad? + Bil expliqn, 6Ruv —ORern’)s 
: (3) 


UN aly lees et Ee = ne 


— 
s 


ot B?| [<exp {iq, Rs (rvr’v’)} 
Xexp (iqi, ORsry — ORs) > — 1], 
Bo 0S (Sa 1/4. (4) 
Going over in (2) from the quantities c;, to 
their Fourier components 
Bia Gs (t) exp (ikR,) (5) 


r 


(where N is the number of unit cells), we obtain 
the following expression for the differential cross 
section for inelastic scattering (w = 0): 


GO (qi, w) =: ee = {a Pane exp (2niKn Rwy’) owt (q, w) 
+ Di Ovafow(kyo))}. (6) 
k 
Here 


co 


N24 2 * . 
fo (d, ©) = y- Gq \ <Cav (6) Cane (O)> eet, 
& 


—co 


Q,, (Rey a R,y’) = yy (Diya exp (tk, Ry fas. Rv’); (7) 
k 


where q = q,—27K,, K, is the reciprocal lattice 
vector which is closest to the vector q,/2z7, Ng 
is the number of defects in the crystal, R,,,/ 

= Rryp—-—Ry,’. The summation over k is taken 
over the values k/27 lying in a cell of the recip- 
rocal lattice. 

Thus the problem of determining the energy 
distribution of neutrons scattered by defects re- 
duces to finding the time correlation function for 
the Fourier components Cg, and Cg)’. This tran- 
sition from the quantities c,,, to their Fourier 
components greatly simplifies the computation. 

First we consider the simplest case, where 
the defects are located at positions of just one 
type and move from one position to another, over- 
coming potential barriers of the same height. We 
denote by p the vector joining the initial and final 
position in a diffusion jump, and by w the proba- 
bility of transition of the defect from a given posi- 
tion to a definite neighboring position. If at the 
time t one of the quantities c(Ry) = cr is equal 
to unity, then at the time t+dt its average value 
will be 

Ves dt >\w = |—zwdt 


e 
(where z is the number of positions to which the 
diffusion jump can go), while the quantities 
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c(R, +p) take the values wdt. Asa result, in 
this case, the quantity c,(t) satisfies the differ- 
ential equation 


dc, ()/dt = —w >} (1 — et**) cy (0), (8) 


e 


perme Cie ( ly) cR(0)) depends exponentially on time: 


«cx (bt) Ck (0)> = ¢ | cx (0) ? > exp (— a | ¢)), 


a, = w >, (1 — cos kp). (9) 
e 
Here we make use of the fact that ( c,(t) ce (0) ) 
is an even function of the time (cf., for example, 
reference 6, Sec. 117). Formula (9) is applicable 
for long times, where t > 1/wy. 

Taking into account the fact that for low concen- 
tration of randomly distributed defects (| Ci ( Oia 
= Ng /N?, we obtain from (7) and (9) the following 
expression for the function f(q, w) (we omit the 
subscripts v and v’ in this case): 


Oho) = (10) 
oq => Oe 
As we see from (10) and (9) for small q the width 
of the Lorentz curve f(q, w) falls off like q?. 
The constant w which determines this width is 
related in this case to the diffusion coefficient D 
of defects in cubic crystals by the relation 


D= wp, (11) 
e 

i.e., for small q we have aq = Dq?. In the more 
general case where the defects, just as in the pre- 
ceding case, are located only at positions of one 
type, but can go over from this position to neigh- 
boring positions by overcoming potential barriers 
of various heights, the function f(q, w) can again 
be calculated from formula (10), but Q@, in this 
formula is now determined not by (9), but by the 
more general expression Q, = ae Wo( 1—cos k-p), 


where wW, is the probability of transition of the 
defect from the position Ry to the position Ry +p. 

We give several examples of the application of 
the formulas obtained above to defects in cubic 
crystals of various structures. In all cases we 
shall assume that during diffusion jumps the de- 
fects go to nearest neighbor positions. If the de- 
fects are vacancies at the sites of a face-centered 
cubic lattice, then 


D kia Ra 
Oy. = 4 5 (3 — cos — cos —— 
k a ( cos 5) cos 5) 
ka kia kya ka 
COS =- COS —- —cos —- cos + ) (12) 


where a is the length of a side of the cubic unit 
cell. This expression is also applicable to injected 
atoms which are located at the octahedral inter- 
stices of this lattice (the centers of the cubes and 
the midpoints of the edges). 

In the case of vacancies at the sites of a body- 
centered cubic lattice 


Ry ka ka 
dues 2 (1 cos cos “cos 5 ): (13) 
For vacancies diffusing through one of the sub- 
lattices of a crystal with a lattice of the CsCl 


type 
m = 2Da™ (3 — cos kya — coskya — cos k,a). (14) 


The expression for @, in the case of vacancies on 
one of the sublattices of a crystal of the NaCl type 
is given by formula (12), in which we must replace 
a by 2a. For atoms which are injected at the 
centers of the cubic cells of this lattice, formula 
(14) can be used. 

Formulas (12) — (14) and formula (10) for 
f(q, w) determine the Lorentz-shaped energy 
distribution of the scattered neutrons correspond- 
ing to the first term in (6). As we see from these 
formulas, for large q the width of this distribution 
may differ markedly from the width determined by 
the phenomenological formula aq = Dq?. For ex- 
ample, for qx = dy — dz m/a, formula (13) gives 
Ag = 8D/a*, instead of the value Ag = 312D/a? 
from the phenomenological theory. From (9), and 
(12) — (14) we also see that the width Qg of the 
distribution for large q must depend markedly 
on the orientation of the vector q relative to the 
axes of the single crystal. For example, for the 
vector qxa = V3 7, dy = 4z = 9, which has the 
same length as the one given in the preceding 
example, (13) gives @q = 15.3D/a”, i.e., almost 
twice the value. 

The second terms in (2) or (6) are important 
only for the case of relatively large incoherent 
scattering cross sections. The triple integral 
over k in the second term of formula (6) can 
be calculated for specific types of defects by 
using numerical integration. Here in the case 
of atoms injected into a lattice of Bravais type, 
the $,,)’k are proportional to | y(k)|* where 


p (k) = >) exp (iq, SR,,) exp (— ikR,). 


The same factor determines the intensity of 
diffuse scattering of x rays or neutrons by static 
defects. Therefore it can be obtained from inde- 
pendent experimental data, or from computations 
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of such scattering. In the general case, one can 
find the frequency dependence of the second term 
in (6) for small w. To do this we note that for 
small k, the functions 4, for arbitrary defects 
in Bravais lattices with n = 1 can be written in 
the form 4, = CN7!| y(k)|?, where C is the av- 
erage value (over s) of (Ag—Ag)? + BX. Since, 
in addition, for small k we have o(k) = q,-Rx 

= 41-ekak/k, where Rx is the Fourier component 
of idRs, ek is a unit vector, and ak for small 
k depends only on the direction (and not on the 
magnitude) of the vector k (cf. reference 7), so 
for small w, in the sum in the second term in (6) 
the region of small k predominates, where ay 


~ Dk®. Thus the integration can be carried out in 
general form and gives for cubic crystals 
eet coated 
4823 VW 2 4 e V Do 


(where v is the volume of a cell, dQ is the ele- 
ment of solid angle). Thus if the second term in 
(6) is important, then for small w the scattering 
cross section must increase like w7'/? (inde- 
pendent of q). 

Now we consider the more general case where 
the defects may be present at different sites. Then 
the Fourier components are determined not by (8), 
but by a system of equations 


dey (tl). di-= ~Sia. Kycu (@); == Ip Boont@s (Oley) 
v—t 
where the a,,,(kK) are constants. Remembering 
that at t = 0 
ee NOE, 20) > Not pa = 4N N70 


where Ng, is the number of defects at the v posi- 
tions and x, are their relative fractions, we ob- 
tain by the usual method (cf. reference 6, Sec. 120) 
expressions for the functions f,,/(q, w) defined 
by formula (7), 


Ay) 


2 2 
Ogg + wo 


AR st 
Re » (16) 
f=1 
where a(q)/x is a matrix with matrix elements 
apy’(q)/xXp, and the matrix 1/x has matrix ele- 
ments 6,,’/x,). This last expression is obtained 
from the preceding by an expansion in elementary 
fractions. Here the ‘‘reciprocal relaxation times”’ 


gi are determined by the roots yj of the equation 


| Quy pa Oye | = 0. (17) 


In each specific case it is not difficult to carry out 
the inversion of the matrix a(q)/x + iw/x and to 
find=f,7(q, w'): 
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As an example we consider the case of atoms 
injected at the octahedral interstices of a body- 
centered cubic lattice (the centers of the faces 
and edges of cubic cells). In this case there are 
three types of interstices, which have two nearest- 
neighbor atoms located respectively along the x, 
y, and z axes. If the injected atoms carry out 
diffusion jumps to their nearest-neighbor inter- 
stices with probability w, then the system of dif- 
ferential equations (15) takes the form 


3 
= Agora a Oren (ir 


v’=1 (v’ Vv) 


Gory te)yyae — (18) 
Here v” # vp and v” #v’, Cy« = 2w cos k- py”, 
where, for example, the vector Pi = paey joins 
interstices of the second and third types. 

Since all the positions are energetically equiva- 
lent, x, = ¥3. Equation (17), which determines the 
quantities Q@gi in (16), is a cubic equation in this 
case: 

D (y) =(y — 4a) — 

+ BOA GAG = 0); 


The quantities f,,.-(q, 
[as one finds from (15), 


(y — 4w) (Ci + Cy + C3) 
(19) 


w) are equal in this case 
a 6), and (18)] to 


(4w+io’—Ci 2 bw 


1 
eel (q, ©) 2 Gee =) (io) On 36w2 + w? 


q0 
ee wa’q? 
I 30 watg! + 362? 


fis (Q, ©) = One R =D (— ie) 9 36w? + w? 


q>0 
wa’q? 


0 
7 an watg? + 36w* * (20) 


The second equalities in (20) are written for small 
q. The quantity w is related to the coefficient of 
diffusion of the injected atoms by the relation w 
=0G Daa. 

As another example, we consider vacancies at 
the sites of an ordered solid solution of the type 
of B brass (with a lattice of the CsCl type). 
Suppose that a diffusion jump takes a vacancy 
from a site of one sublattice to one of the neigh- 
boring sites of the other sublattice [the case of 
the diffusion of vacancies over sites of a single 
sublattice is described by formulas (10) — (14)]. 
We shall denote by w;,/8 the probability of tran- 
sition of a vacancy from a site of the first type to 
sites of the second type, and by w./8 the proba- 
bility of the reverse transition. Then the time 
behavior of cy,(t) and cKo(t) is described by 


(15), in which 
ay, =, Ay, = —W,C, (gh (Es, Ao = Ws, 
C = = dices kp, o= — (te, te, te,). 


fe) 
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Noting that 


x, = w/w, +We), 2 = w,/(W, +e), 


we obtain from (16) 


= 1 Q'g Ws, +- KO) 
aCe ®) kT Wy + We (wy + iw) (We + im) — w,w2C? 
_A w Re [ il ow /@, | 
Pa T Wy+ Ws 0;+w,+io! warg?+io |’ 
4wC 1 
hed, 0) = ans Re (@, + iw) (w2 + iw) — w,w?C? 
fp { Hl 
= — = Re | 5 ie Seto ’ 
go © Wi Ws @ + W2 + iw wag? + io 
ate, £ 1 Wy W2 (21 
es 4 w + w2° ) 


The energy distribution of the scattered neu- 

trons which we have found takes a simpler form 
for the case where the coefficients ®))’k in for- 
mula (6) are equal to zero (for example, if the 
lattice contains only nuclei of one isotope with 
zero spin, or if we can neglect imperfections ). 
As follows from (16), the energy distribution is 
then described by a superposition of Lorentz 
curves. In the two cases considered above, where 
there are two nonequivalent positions for defects, 
for small q the function f(q, w) is a sum of two 
Lorentz functions. One of them is described by a 
curve with a width proportional to g and the co- 
efficient of diffusion of the defects and coincides 
with the curve obtained from a macroscopic treat- 
ment. The width of the curve corresponding to the 
second function tends to a nonzero limit for q — 0. 

If all the quantities 


ica == Fisye exp (20 i KnRvv ) 


are the same, then these second terms in the sum 
(6) cancel, and the energy distribution, just as for 
the case of defects of only one type, is described 
by a narrow Lorentz curve. In the general case, 
however, in this sum, in addition to the term cor- 
responding to the narrow curve for small q, there 
must also be a term corresponding to the broad 
Lorentz curve and proportional to the differences 
of the quantities Fj”. Obviously the appearance 
of the broad component in the energy distribution 
cannot be obtained by means of the macroscopic 
theory which does not take into account the diffu- 
sion mechanism. 

It is not difficult to show that the broad curve 
in the energy distribution, in addition to the nar- 
row curve for small q, should be observed in all 
cases where the defects can go from positions of 
one type to positions of another type, where the 
different quantities F\,,,, are not the same. In 
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addition to the examples given above, the defects 
may also make such transitions between positions 
of different types in the case of injected atoms at 
tetrahedral or dodecahedral interstices of body- 
centered cubic lattices, in the case of atoms of 
vacancies injected into ordered alloys of different 
structures, in the case of a pair of vacancies, a 
pair of injected atoms, or an impurity atom- 
vacancy pair (where differently oriented pairs 
may be regarded as defects of different types ) 
etc. 

From the results obtained it follows that for 
each mechanism of diffusion of defects of a given 
type there should be a characteristic dependence 
of the width and shape of the energy distribution 
of scattered neutrons on the magnitude and orien- 
tation of the vector q. If the type of defects giving 
rise to the scattering is known, this makes it pos- 
sible in principle to make a choice between the 
various possible mechanisms of diffusion of de- 
fects, by comparing the dependence on q of the 
width, as calculated for these mechanisms, with 
the result of experiment. Thus one can, for ex- 
ample, study whether the diffuse jumps of the in- 
jected atoms and vacancies to nearest positions 
occurs as assumed in deriving the formulas given 
above, or to more remote locations; whether the 
diffusion in a given crystal occurs by means of 
vacancies or interstitial atoms. A comparison 
of calculated and measured energy distributions 
also makes it possible in principle to choose be- 
tween various assumptions concerning the type 
of defects giving rise to the scattering. Thus, for 
example, the energy distribution, as shown above, 
is’ found to be qualitatively different (for small q) 
for vacancies and for injected atoms in body- 
centered cubic lattices, for atoms injected at 
octahedral and tetrahedral holes in face-centered 
cubic lattices, for isolated vacancies, for pairs 
of vacancies, etc. 

If the coefficients ©,,,~ in formula (6) are 
different from zero, the analysis of the energy 
distribution is made more complicated (where 
for small q the width of the energy distribution 
of the second sum in (6) always tends to a non- 
zero value), but can also be carried out in each 
specific case. 

To estimate the order of magnitude of the 
broadening of the energy distributions, let us 
consider the case where D ~ 3 x 107° cm?/sec 
(diffusion of vacancies and injected atoms at 
temperatures close to the melting point; in the 
case of diffusion of H atoms, D may be 10 —100 
times greater). Setting a? ~ 107!5 cm?, we find 
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that formulas (12), (13), and (20) in this case give 
a maximum value of the width of the distribution 
of the order of (3—6) x 1074 ev. Such a broad- 
ening can be detected experimentally. Obviously 
the difficulty in experimental investigation, aside 
from the need for obtaining a high resolution in 
the energy distribution, is related to the presence 
of an intense elastic scattering resulting from iso- 
topes and spins of nuclei in the crystal, and also 
the presence of inelastic scattering by thermal 
vibrations which is especially intense in the case 
we are considering of high temperature. 

The separating out of the scattering by defects 
from the total cross section for scattering is made 
easier by the fact that the energy distribution of 
the isotopic scattering for monochromatic incident 
neutrons is extremely narrow (its width is propor- 
tional to the self-diffusion coefficient which is much 
smaller than the coefficient of diffusion of the de- 
fects ), while the energy distribution of the scatter- 
ing by vibrations, on the other hand, is much 
broader than the distribution of scattering by de- 
fects. Obviously the defect concentration must be 
sufficiently high. It appears that with present-day 
technique of experiment the smearing of the energy 
distribution of neutrons scattered by injected atoms 
can be studied, for example, in Pd-H solutions. To 
study the scattering by vacancies, it may be con- 
venient to use substitutional solutions (for example, 
Co-Al, Ni-Al), where the concentration of ‘‘struc- 
tural’’ vacancies is high, or to introduce into the 
crystal impurities to increase the concentration 
of vacancies. 


3. INFLUENCE OF DIFFUSION ON SCATTERING 
OF PHOTONS BY CRYSTAL DEFECTS 


The diffusion of defects may lead to a similar 
broadening of the energy distribution of the elas- 
tic scattering of monochromatic photons (x rays 
or y quanta) as for the case of neutron scatter- 
ing. Just as before, let us consider the case where 
W <« wy) and w < W and disregard the scattering 
by thermal vibrations. Then, in electron units, 
the intensity of the diffuse scattering of monochro- 
matic photons by defects I(q,, w), per unit solid 
angle and per unit frequency range, is given by a 
formula analogous to formula (6): 


I (qu, ©) = Ng >) 679, exp (201K Row) for (q, @). (22) 


Here yy, is given by formula (1), if we make the 
substitution Ag — fg, where fs is the atomic scat- 
tering factor of the s-th atom multiplied by the 
Debye attenuation factor e-Ms_ The functions 


fpp’(q, w) in (22) are again determined by formu- 
las (7), (10), and (16) (where it is obvious that in 
the case of scattering of photons @ypy’_ = 0). 

Thus the investigation of the function f (q, w) 
which we carried out above for various specific 
cases is also applicable for the treatment of scat- 
tering of photons. In this case the energy distri- 
bution is obtained more simply because of the fact 
that $))’k = 0. As shown above, the magnitude of 
the broadening associated with diffusion of defects 
is less than or of the order of 1073 ev. Therefore, 
as already pointed out in Sec. 1, this broadening 
cannot be observed if one uses ordinary x rays. 
However, by using the Méssbauer effect one can 
obtain photons with a very narrow energy distri- 
bution, and investigate their scattering by defects 
of another crystal which is used as a resonance 
absorption detector. Here the width of the energy 
distribution may be very small. For example, for 
Fe*’ it amounts to approximately 6 x 10-°:ev. AS 
a result, one can detect and study much smaller 
broadenings than by using neutrons. Even at low 
temperatures, where the diffusion coefficient of 
the defects considered above is D ~ 107° cm?/sec, 
the diffusion will give rise to a broadening ~ 10% 
ev, which is comparable with the natural width. 

If the broadening as a result of diffusion is of 
the same order as the natural width, then one must 
take into account the non-monochromatic nature 
of the incident radiation. Since in the case of 
monochromatic radiation the energy distribution 
of the scattered photons is described by a sum of 
Lorentz functions (16), for the case where the 
shape of the spectral line of the incident radiation 
is Lorentzian, the distribution of the scattered 
radiation will also be described by a sum of 
Lorentz functions with widths of the correspond- 
ing curves, each of which is equal to the sum of 
Q@gi and the width of the line of the incident radi- 
ation. 

In the same way as for neutron scattering, the 
study of the dependence of the width of the energy 
distribution of scattered photons as a function of 
q enables one to investigate the mechanism of 
diffusion and to establish the nature of the defects 
(cf. Sec. 2). In the case of scattering of photons 
the analysis of the distribution is somewhat sim- 
pler, since ®pp’k = 0. Because of the higher res- 
olution, the separation of the scattering into that 
by defects and that by vibrations also can be car- 
ried out more precisely than for the case of neu- 
trons. 

Formula (22) is also applicable to the case of 
scattering of light waves, but the expressions for 
the constants gy, are then changed (9g, will be 


1280 


~}*, where A is the wavelength). If the defects 
are located at positions of just one type, the width 
of the energy distribution is Dq? = 167*DA~ sin’ 64, 
and even for the very highest values of D is sev- 
eral orders of magnitude smaller than the width 
of the spectral distribution of the incident radia- 
tion. If, however, the defect can undergo diffusion 
jumps between positions of different types, and 
the values of ,, for different v are different, 
then there will be a term in the expression for 
I(q, w) whose graph is a Lorentz curve with a 
large width independent of A. For example, in 
the case of scattering of light by injected atoms 
in a body-centered cubic lattice, according to (22) 
and (20), for D > 107’ em?/sec, this width is 
greater than 2 x 10-§ ev, i.e., it may be of the 
order of (or greater than) the width of the spec- 
tral distribution of the incident radiation. The 
intensity of the broad spectral curve in the scat- 
tered spectrum should depend in a characteristic - 
ally strong way on the polarization of the light, but 
we shall not consider this question here. 


4, INFLUENCE OF DIFFUSION ON THE MOSS- 
BAUER EFFECT 


The diffuse motion of the atoms may not only 
lead to a broadening of the spectrum of elastic 
scattering, but also to a broadening of the absorp- 
tion and emission spectra. This effect should be 
observed in the spectra of resonant absorption 
and emission of photons by nuclei in a crystal 
which is at high temperature. The intensity of 
such a recoilless emission of photons is propor- 
tional to the Debye attenuation factor e“Ms for 
qd; equal to the wave vector of the emitted wave. 
In various cases where relatively soft photons 
are emitted, this factor is not very small even 
at high temperatures, which enables one to inves- 
tigate the Mossbauer effect at such temperatures. 
For example, for Fe®’ (with a photon energy of 
14.4 kev) at T = 2000°K, Mg = 1.4 if the Debye 
temperature is equal to 430° K. 

Let us first consider the spectral distribution 
of the emitted (or absorbed) photons for the case 
where the natural width T = 0 and the emitting 
nuclei are located at sites of one sublattice. We 
shall denote by w the difference between this fre- 
quency and the frequency of the radiation emitted 
in the absence of diffusion. Since we are consid- 
ering recoilless radiation, we shall limit ourselves 
to the range of values w < W, where W is the 
probability of a diffusion jump of an atom. The 
expression for the spectral distribution of the 
photons emitted without recoil when we include 
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diffusion of the atoms over sites of their own sub- 
lattice is not hard to obtain by using the adiabatic 
approximation and noting that the inter-nuclear 
motion is incomparably faster than the motion of 
the center of gravity of the nucleus. Denoting by 
op(a1) the integral cross section (over energy ) 
of the resonance absorption of photons with wave 
vector q, (and a given polarization) by a single 
nucleus, by Np the total number of absorbing nu- 
clei at the sites of the given sublattice, and by N 
the number of sites of the sublattice (Np <«<N), 
we write the expression for the differential cross 
section of absorption op(q1, w) (per unit solid 
angle and per unit frequency range) in the form 

\\ dt elo! <cq (t) ca (0)> 


e 


—0oo 


= Nj5p (qi) F (G, ©). 


Here Cq is determined by formula (5), in which 
Cry now refers not to defects, but to nuclei of the 
absorbing isotope on the v-th sublattice. 

In order to obtain the differential equation de- 
scribing the time behavior of Cq(t) for the va- 
cancy mechanism of diffusion, we shall choose a 
‘‘hysically infinitesimal’’ time interval dt, which 
is much smaller than the interval between two dif- 
fusion jumps of an atom and much greater than the 
interval between two diffusion jumps of a vacancy. 
Because of the fact that for the vacancy mechanism 
there is a correlation between successive diffusion 
jumps of the atoms,® there exists a finite probabil- 
ity of transition of an atom during this infinitesi- 
mal time interval not only to the neighboring atoms, 
but also to more remote sites. Therefore our 
equation has the form 


72 


Sp (qi, ®) = see oy (qi) 


(23) 


dc, (2) 
dt = — Ol (t), 


ay, =w, 3” (1 —coskp,) +w, S” (1 —cos kp) 
Pr P2 
D 
eee tes sir’ (1 —cos kg,). 


am 
PL 

Here the summations are extended over sites of 
the first, second, etc. coordination spheres, wj is 
the probability. of transition to a particular site of 
the i-th sphere. The approximate equation is 
written for cases of simple, body-centered, and 
face-centered cubic lattices. In deriving it, we 
use the fact that the self-diffusion coefficient Dg 
is equal to 


(24) 


and that w, ~ w;,/z* ~ 10-?wj, so that with a slight 
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error we need keep only the first term in the sum 
over i. 

From (23) and (24) it follows that for I = 0 
the spectral distribution is described by the 
Lorentz function 


Dp (Gi, ©) = Nyop(qi) 1 a4/(ag + 2). (25) 


For [ # 0 there is also a Lorentz distribution, but 
its width is equal to Oq el 

From (24), (25), and (12) — (14) it follows that 
the broadening of the spectral distribution result- 
ing from diffusion at high temperatures may be 
appreciable. For example, assuming that near 
the melting point Dg = 107° cm*/sec and that a? 
= 10° cm’, we find that for a body-centered cubic 
lattice for qx = qy = qz = 7/a, the broadening is 
equal to 107? ev, i.e., much larger than the width 
Iiifor. Fe! This broadening should depend ex- 
ponentially on temperature and be strongly depend- 
ent on the direction of the vector q,. It is obvious 
that the investigation of such a dependence would 
enable one to establish whether the self-diffusion 
occurs via a vacancy mechanism or by diffusion 
jumps to neighboring lattice sites, as was assumed 
in deriving the formulas given above, or by some 
other mechanism, (for example, by means of dif- 
fusion over interstices ).f 

In various cases the resonance radiation may 
be emitted by nuclei which, because of the energy 
transfer in the preceding radioactive decay, have 
been ejected from lattice sites and are located in 
interstices. Then the broadening will be deter- 
mined by the diffusion coefficient of interstitials, 
which is several orders of magnitude greater than 
the self-diffusion coefficient. A significantly 
larger broadening should therefore occur when the 
radiating atoms are close to grain boundaries (in 
a sample consisting of very tiny crystals prepared 
by diffusion methods at low temperatures ) because 


*It is not difficult to see that in a more detailed calcula- 
tion, which does not use the concept of a ‘‘physically infinites- 
imal’’ time interval, in the expression for op(q,, @) there is an 
additional small term corresponding to a broad spectral distribu- 
tion with a width greater than og by the factor D,;/Dy (where 
D, is the coefficient of diffusion of the vacancies). The ratio 
of this term to the term considered in (25) is of the order of 
N,/N, where Ny is the number of vacancies. 

tThe height of the potential barrier for the transition of an 
atom from a site to an interstitial position is usually much 
greater than the barrier height for transition from one intersti- 
tial position to another. Therefore if the diffusion occurs via a 
mechanism in which atoms move through interstices, then Ogi 
does not depend on q and is equal to the probability of transi- 
tion of an atom from a site to an interstitial position. The tem- 
perature dependence of oj is then different from the tempera- 


ture dependence of Ds. 
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of the large value of the coefficient of grain bound- 
ary diffusion. Apparently a larger broadening than 
for ordinary crystals should be observed in sub- 
Stitutional alloys. Finally, a large broadening 
(although much smaller than for gases) should 

be observed in the case of liquids. 

In the absorption and emission of light by crys- 
tal defects which can undergo diffusion jumps be- 
tween non-equivalent positions, there can also 
occur a diffusion broadening of the spectral curves 
(cf. Sec. 3). This effect may be appreciable, how- 
ever, only if the electron-phonon interaction is 
sufficiently small (so that one can separate a 
line of a purely electronic transition) and the 
probability of thermal radiationless transitions 
from the excited state is small at these high 
temperatures. 


Note added in proof (May 16, 1961): After this paper was sent 
to press, papers appeared which also consider the influence of 
diffusion on the Méssbauer effect in solids’ and in liquids,’ 
which obtain results overlapping the results of Sec. 4 of this 
paper. By using a quasi-classical model, the influence of dif- 
fusion on the scattering of neutrons by a liquid has also been 
treated** recently. 
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It is shown that under certain conditions the direction of motion of multiply charged ions in 

a singly ionized plasma in a fixed electric field must be opposite to that of the singly charged 
ions. Under these conditions the velocity of the multiply charged ions can be of approximately 
the same magnitude as the directed electron velocity while their energy can be one to three 
orders of magnitude greater than the thermal energy of the singly charged ions and the 


electrons. 


ib We consider an ion of charge Ze ina fully ion- 
ized plasma, consisting of electrons and singly 
charged ions, in a fixed electric field. The motion 
of the ions is obviously described by the equation 


Wlaka/Ghe = C/A 12, = [Pee (1) 


Here, M is the ion mass, v is the ion velocity, 
F, + Fj is the friction force which arises by virtue 
of the interaction with the plasma electrons (Fe) 
and ions (Fj). 

Because of the reciprocal nature of the inter- 
action between the electrons and the ions, Fe can 
be written in the form 


F, = mvei(Ne/Nz) (V — Veo) 


(cf. reference 1, Sec. 63). Here, m is the mass, 
Ne is the number density, Veo is the mean directed 
velocity of the electrons, Nz is the number density 
of ions with charge Ze, and vej is the frequency 
of collisions between the electrons and these ions. 
Hereinafter it is convenient to consider Eq. (1) in 

a coordinate system that moves with the singly 
charged ions. The expression for Fg can then 

be written in the form 


F. = MVepZ? (V — Vo); (2) 


where Vo = Veo — Vio is the difference between the 
mean directed velocities of the electrons and the 
singly charged ions, while vey is the effective 
collision frequency for collisions between elec- 
trons and singly charged ions in the fixed electric 
field: 


Yeo =~ VonetNm (kT) In A, (3) 


Here, N = Ng = Nj is the number density for the 
electrons or single charged ions in the plasma, Te 
is the electron temperature, k is the Boltzmann 
constant and In A is the Coulomb logarithm. 


Since Vj = eE/mveo, the expression for Fe, 
Eq. (2), can be written 


Ex e272 oe WING ZV. (2a) 


We note that this expression applies only when 


(2b) 
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where v7e is the thermal velocity of the electrons. 
In other words, the essential requirement is that 
the mean directed velocity of the electrons must 
be smaller than their thermal velocity. Dreicer? 
(cf. also reference 3) has shown that this require- 
ment is satisfied only when E « Eg = 47e°N In A/ 
kTe. For the effects considered in the present 
paper, we shall be interested in relatively weak 
fields in which this condition is obviously satis- 
fied [cf. Eqs. (5) and (10)].* Furthermore, it fol- 
lows from Eq. (2b) that the velocity of the multiply 
charged ion must be smaller than the thermal ve- 
locity of the electrons, a condition which we natu- 
rally assume to be satisfied. 

However, the analagous condition for the inter- 
action with the plasma ions, v < VTi» Cannot be 
satisfied. When v >v7, the collision frequency 
goes as v~® while the frictional force goes as 
v?. When this circumstance is taken into account 
the force Fj is given by the approximate expres- 
sion: 

F; = MveoZ?yv/[1 + (v/v7,)3], 


y = (MoT3/mT%,)"* (4) 


*We note that because of this condition, Eq. (2a), which 
gives the friction force, does not apply if the plasma density 
approaches zero (for a fixed value of E). Consequently, the fea- 
tures of the behavior of multiply charged ions noted below do 
not appear in this case; these ions then move in the direction of 
the field, as expected. 
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FIG. 1. The dependence of v/vti on y = e(Z—1) 
x E/Zmve,vti = (Z—1)v,/Zvri for different values of y 
= (M.T3/mT},)”; y = 172, 60.8, 21.5, and 3 for curves 1, 2,3, 
and 4, respectively. 


Here, Mo, Tig and v7j are respectively the mass, 
temperature, and thermal velocity of the plasma 
ions. The parameter y is determined by the prop- 
erties of the plasma in which the multiply charged 
ion is located. The value of y is usually very 
large; for example, if Tjj = Te, then in deuterium 
y ~ 60.8 and in hydrogen y ~ 43. 

Equation (1) is now written in the form 
Mdv/dt = — eZ (Z— 1) E 


— mVve Z?v UL + y/(1 + v/v7,)%)1. (1a) 


What is most obvious from the above is that a 
multiply charged ion moving with the singly charged 
ions in the plasma (v = 0) is always acted on by a 
force in the direction of motion of the electrons. 
The origin of this force is easily understood if we 
consider that the force eE which the field exerts 
on the plasma ions (i.e., the singly charged ions ) 
is exactly balanced by the friction caused by the 
interaction of these ions with the traveling electron 
stream. If a multiply charged ion is placed in this 
plasma, the force exerted on it by the field is 
larger by a factor of Z, while the friction force 

is larger by a factor of Z’, so that the multiply 
charged ions are carried along by the electron 
stream. 

Solving Eq. (la) we can find the velocity of the 
multiply charged ion. The dependence of this ve- 
locity v on electric field, as determined from this 
equation for stationary conditions (dv/dtii= 0); is 
shown in Fig. 1. It is obvious from the figure that 
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in general the relation between v and E is not 
unique; in the region 

Syemve VU r:Z/2"2e (Z—1) CE < QM ymveqv 7,Z/3e (Z — 1) 


(5) 
a given value of field corresponds to two stable 
stationary values of the velocity rather than one, 
as is usually the case (the third stationary value 
of the velocity, shown in Fig. 1 by the dashed line, 
is unstable). 

In the first stationary state, which corresponds 
to the lower curve, the velocity of the multiply 
charged ions is small: vy ~ v9(Z—1)/yZ. In this 
case the interaction with the plasma ions (the 
force Fj) is decisive. On the other hand, in the 
second stationary state, corresponding to the upper 
curve, the velocity of the multiply charged ion is 
very large: v2 ® vo(Z—1)/Z. Under these condi- 
tions the interaction with the plasma electrons as- 
sumes the dominant role because the ion interac- 
tion becomes unimportant at high velocities (v 
> vqj). The energy of the multiply charged ion 
is always large in the second stationary state: 

M v2 


/ WA ane oe 7 AIR? 
Eo = = = al (5 =) RT io. 


This energy is many times (one to three orders 
of magnitude) greater than the thermal energy of 
the electrons or ions in the plasma. The charac- 
teristic time 7 required for the ion to acquire an 
energy €, is of order M/mve)Z’. 

As y decreases the difference between the 
curves corresponding to the first and second 
states become smaller (cf. Fig. 1). These curves 
finally coalesce when y <3. [i.e., Te/Tig = 2.1x 
(m/M,)!/3 j and inthis case a given energy E cor- 
responds to one stationary value of the velocity v. 

With respect to a fixed observer (not with re- 
spect to a singly charged ion, as considered above ) 
the velocity of the multiply charged ion is obvi- 
ously V + Vj9, where Vjg is the mean velocity of 
the singly charged ions. Since the velocity v is 
always in the direction of motion of the electrons 
while the velocity Vjg is in the opposite direction, 
the multiply charged ion can move in either direc- 
tion, depending on the ratio of the velocities v and 
Vio. In particular, in a fully ionized equilibrium 
plasma (laminar) the velocity vjg is very small 
(its magnitude is limited by the conservation of 
total momentum for the electrons and singly 
charged ions vj9 = MVe)/My) so that v is almost 
always larger than vj) (for y< M)/m). Thus, 
in an equilibrium plasma the multiply charged 
ion almost always moves in the same direction as 
the electrons. Under actual conditions, however, 
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the directed velocity of the singly charged ions 
can be appreciably greater;* in any case, it can 
be greater than the first stationary velocity of the 
multiply charged ions.* On the other hand, the 
second stationary velocity is always greater than 
Vio: 

Thus, the elementary analysis given above in- 
dicates that two substantially different stationary 
states of multiply charged ions in a plasma can 
occur at a single value of the field. However, 
this analysis does not tell us which of these states 
is actually realized. Since any velocity is possible, 
by virtue of the existing particle velocity distribu- 
tion, any of the ions will, in general, always be in 
one state (i.e., the velocities of these ions will be 
grouped about one of the stationary values) while 
the other ions will be in the other. Transfer of 
ions between states is also possible. How many 
ions will be in each of the states at total equilib- 
rium? These questions can be answered only when 
the velocity distribution of the multiply charged 
ions is analyzed. 

2. In a fully ionized plasma the kinetic equation 
for the velocity distribution f(v,t) of ions with 
charge Ze is of the form 


Gm ag (08 Soe) — ao me (et [Aete 
ee et 
+ ase 2 (Seas + ef) 
ra \(28T we a)? ;) 7 (sin6 ia) = 0. (6) 


Here, 6 is the angle between E and v, vj(v) 

= 4re4NZ? In A/M2vy? is the collision frequency for 
collisions between multiply charged ions and singly 
charged ions, and G(x) and H(x) are the func- 
tions introduced by Chandrasekhar:° 


G (x) = ® (x) OV ate 
A(x) =(l— $x) D(x) +e “/ xx, 


where @(x) is the prepabiity integral. When 
X >> 1 the functions G(x) and H(x) are close to 
unity; when x « 1 we have 


—= Vega 


G (x) = 4°/3V'n, H (x) = 4x/3V x. 


It is obvious from Eq. (6) that the multiply 
charged ions, which move with singly charged 


*The relation mveo +M,vio = 0 breaks down even if the 
plasma contains a large number of neutral particles or multiply 
charged ions, but all the more so in the presence of essentially 
nonequilibrium processes such as may cause a marked increase 
in the transfer of electron momentum to the walls of the chamber 
or to the inhomogeneities of the magnetic field. 
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plasma ions, are subject to a force F = —-eZx 
(Z—1)E in the direction of motion of the elec- 
trons.* 


For low velocities v < (kTig/M)¥® it is natu- 


ral to seek a solution of (6), as usual, (cf. refer- 
ence 7) in the form 
f = fo (vx) +h () cos 84+ (%, 9), Nee / (7) 


The function f, is then easily found to be 


Ho n—PGL{ oe (le oR) 
eEZ (Z —1) Ofo 
= ee (7a) 


In this case the function fy is Maxwellian with a 
characteristic temperature Tjg. It is obvious from 
Eqs. (7) and (7a) that at small velocities the dis- 
tribution function is weakly dependent on the direc- 
tion of the velocity. 

On the other hand, at high velocities v 
> (kTjo/M)¥? the distribution function is sensi- 
tive to the direction of the velocity. A method of 
solving an equation similar to Eq. (6) in the high- 
velocity region has been developed in reference 3; 
it is shown that at high velocities the distribution 
function decreases slowest in the direction of the 
acting force 6 = 0, i.e., in our case, in the direc- 
tion opposite to the electric field. For velocities 
close to this direction (@ = 0) the distribution 
function is of the form 


F = (M/2nkT jp)? Ny 


“Mv, (v) Gu / Mo + my,, Z?0/M—eZ(Z—1) E/M 
xexp{— \ Vv; (v) GRT ,, 


J » Mo + VeqZ7kT ,m | M2 do| (8) 
where N, is the number density of the multiply 
charged ions in the first equilibrium state and v, 
is the first root of the equation 


M 3 
ATEN FF . ee ae Ne m 
My Sle Jos ay 


eZ(Z—A)E _ 
(2RT iy | Mo)? 


Mg eS) 
Equation (8) is obtained as a first approximation 

in an expansion in powers of the parameter 

ers, /Mv?, )¥/2 in the exponential term; it is valid 

only when v < ve where the critical velocity ve 
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*Equation (6) is written in a coordinate system that moves 
with the singly charged plasma ions. The collision integral for 
collisions between the multiply charged ions and the electrons 
and ions in the plasma is used in the differential form given by 
Landau® (terms that describe collisions with electrons are writ- 
ten under the assumption that the ion velocity v is smaller 
than the mean thermal velocity of the electrons). For simplicity 
it is assumed that the singly charged ions have a Maxwellian 
distribution. The directed velocity of the electrons is taken to 
be v, = eE/mv,,. Interactions between the multiply charged 
ions themselves are neglected. 
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is the mean root of Eq. (9). It is apparent that a 
critical velocity vg does not exist for every value 
of the field: E must be larger than Eg; and smaller 
than Eg, where 


Z, 3m \/*42e8N In A Je | UES INE Tl 
a ee P nA 
cu Z—1 bere kT, Ps 1.7 L= { \ M1.) {ou kT, , 
Z Ane?N InA INE Tha IN 
[Ea == OP) ae) Ris Sees aaa 
ce aT 5.5 73 jon er. (10) 


(in the numerical expression kTe and kTj are 
given in ev and E is in v/cm; Mp is the mass of 
the proton ). 

If E< Eq; or E > Egg, the distribution function 
decreases monotonically with increasing v; when 
Eqi < E< Eg, the function exhibits a second maxi- 
mum. Thus if the field E lies between Eg; and 
Ege the second stationary state indicated in the 
preceding section is possible. As expected, the 
field values Eg; and Eg, coincide with the limit- 
ing values of the field indicated by Eq. (5) to with- 
in a numerical factor of order unity. 

Further, it has been noted above that if Ego 
> E> Eq, then Eq. (6) gives the distribution func- 
tion only when v < Ve. The form of the distribu- 
tion function for v > Ve can be found easily by 
means of the preceding method but now the origin 
in Eq. (6) must be displaced to the point v2, cor- 
responding to the second equilibrium value of the 
velocity, i.e., the second maximum in the distri- 
bution function in Eq. (8). In this case the veloc- 
ity v2 is naturally determined by the same rela- 
tion, Eq. (9). As before, when v > Vc the distri- 
bution function exhibits a maximum in the direc- 
tion 6=0. In the first approximation it is 


Fo) =(Geer) M2 
Uy—v" 
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where v’ is the velocity in the new coordinate 
system, while N, is the density of the multiply 
charged ions under consideration in the second 
equilibrium state (it is obvious that NZ= N, + Np 
where Nz, is the total density of the indicated 
ions ). 

When v = Vc the values of the functions in Eqs. 
(8) and (11) must obviously be the same at equilib- 
rium; this condition then determines the ratio be- 
tween the number of multiply charged ions in the 
first and second states at equilibrium: 


eZ(Z—-1)E/M—mv,,,2?0/M—Mv (v)Gu/Mo | 
: — | du}, (11) 
Vp ZRT ,m|/M +- v;(v) GRT jo/Mo | 


No °° Mv, (v) Go / Lr NAD || WN NG 78, ee | 
Wines. { \ 7; (0) GET jg | MF Veg lH pm | MP ic 
a (12) 
It is important that the ratio N» /N, is usually 
very sensitive to changes in the field E; when E 
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is changed by the order of ten percent the ratio 
N,/N, can change by a factor of ten. Consequently, 
it is natural to introduce a critical field Ee, sce- 
fined by the condition Nj(Eg) = Ny(E,g). When E 

< Ee almost all the particles are in the first sta- 
tionary state and when E > Eg almost all the par- 
ticles are in the second state. In this case the 
field Eg can be written in the form 


ing =i (T/T io) Lois 


where Eg; is determined by (10) and A(Te/Tio) 
is the numerical factor given in Fig. 2. It is clear 
from the figure that A’ is a rather weak function 
of the ratio Te/Tio- 

Using the distribution function obtained for the 
multiply charged ions we can naturally compute 
the mean directed velocity v in the equilibrium 
state. The velocity v is given as a function of 
electric field in Fig. 3. It is obvious from the 
figure that near the value E = Eg there is some- 
thing like a transition from the first stationary 
state for the directed velocity, indicated in Sec. 1 
(cf. Fig. 1), to the second, as expected. 

We now estimate the characteristic time re- 
quired for the establishment of the equilibrium 


y 
W/th Teq/Mp) 
20 


15 


10 


FIG. 3. The dependence of v/(kTi,/M,)* on E/Eg, for Te 
= 14, M,/m = 3.7 x 10° (deuterium). 
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state under consideration. We assume, for ex- 
ample, that at the instant the field is switched on 
all the particles have low velocities so that the 
first stationary state is established in a time T 

x M/mvepZ”. This state is naturally unstable when 
E > Ee: some of the multiply charged ions are con- 
tinuously transferred to the second state. The flow 
of ions from the first state can be determined with- 
out difficulty if we make use of the results of ref- 
erences 3 and 8: 


dN N fh SEB We. Wie 15 NE 
S = — aie —S = (ee Vel) EB = 
dt V2a Mo Ti6 c2 


M Eco) 
x exp / — 1.2 ——='%. 
| Mc E | 


Thus the characteristic time for the establishment 
of the equilibrium state is 


At ~ ((M,/m)"/v oZ2)exp { 1.2MEco/MoE } . 


This time is quite large when M > Mp. In this 
case T «K At and the first state indicated above 
becomes ‘‘quasi-stationary’’ when E > Ec. The 
same situation obtains for the second state when 
E< Ec. In Fig. 3 both of these conditions are 
shown by dashed lines. However, if M = Mp, then 


At and 7 are of the same order of magnitude. In 
this case only the equilibrium state shown by the 
solid line in Fig. 3 is meaningful. 

The author is indebted to V. L. Ginzburg and 
M. A. Leontovich for valuable discussion. 
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The probabilities for energy dissipation of molecular oscillations in liquids are calculated. 
Exchange (short range) and electrostatic interaction forces between the molecules are 
taken into account. It is found that dissipation of vibrational energy due to exchange forces 
may explain the temperature course and the order of magnitude of the line widths of the 
molecular vibrational spectra in liquids. The role of electrostatic forces in energy dissi- 
pation is comparable with the role of exchange forces only in the case of complexes con- 


sisting of charged particles. 


INTRODUCTION 


Tins paper is devoted to a calculation of the life- 
time of a liquid molecule in a definite vibrational 
state. The calculation has been carried out in 
order to elucidate the nature of the line widths 

of the vibrational (infrared and Raman) spectra 
of liquid molecules. The prevalent notion is that 
the width of the depolarization vibrational lines 

(p ~ %,) is due to a considerable extent to Brown- 
ian rotation of the anisotropic liquid molecules.'* 
Estimates of the broadening due to dissipation of 
the vibrational energy have not yet been made. We 
consider first dissipation processes due to ex- 
change short-range molecular interaction forces. 
Such forces act between all molecules, and the 
broadening that they induce will be present in the 
spectra of all liquids. We shall then consider dis- 
sipation processes due to electrostatic interaction 
between molecules in dipole liquids. In conclusion 
we shall discuss briefly the experimental data. 


2. DISSIPATION OF VIBRATIONAL ENERGY OF 
MOLECULES. EXCHANGE INTERACTION 
OF PARTICLES 


We single out one molecule in the liquid and de- 
scribe its internal vibration by a set of normal co- 
ordinates Qj; the atoms making up this molecule 
will be assigned numbers i; the atoms of the 
neighboring molecules will be designated A. In 
accordance with the problem posed, we must sep- 
arate that part of the energy of exchange interac- 
tion of atoms i and A of two molecules, which 


depends on the coordinates Qj: According to 
quantum-mechanical calculations, we choose for 
the exchange-interaction energy the expression 
(see Seitz?) 


H (R) = Vy exp (— aR), (1) 


where R is the distance between the nuclei of the 
interacting atoms. We obviously have 


Ra — (Riasa/Ria, (2) 


where r{ +s; and ra are respectively the radius- 
vectors of atoms i and A; sj is a small displace- 
ment of the atom i, due to the internal vibrations 
of the molecule. 
Expanding (1) we obtain for the sought energy 
H’ = —oV, Yiexp (— aR?) (Rivas) / Ria. (3) 
1,A 


Ria =|t2 +5; —ta|.= 


We introduce the unit vector nj, directed along 
R? A? and make in (3) the substitution 


Os, 
s:= » 9, 2 (4) 
if 


Then the matrix element of the transition n; 

=a (n; is the quantum number of oscillator 

Qj) is 

Hy, -+n,—1 = — WV, Si exp (—aR2,) (,, 08, /0.Q,) (hn, / 2n,0,)". 
i, A (5) 


Here yp; and wj are the mass and frequency of the 
oscillator Qj: 

The time dependence of (5) is contained in Rja 
and nj,, which vary at random as the molecules 
are displaced relative to one another. Rja, Nia 
are coordinates that describe the translational 
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and rotational degrees of freedom of the molecules; 
in the transition eee 1, the energy is trans- 
ferred from the oscillator Qj to the indicated de- 
grees of freedom. 

To calculate the transition probability we use 
the perturbation-theory formula 


(6) 


where p (wj) is the spectral density, calculated in 
terms of the normalized correlation function g(T) 
of the random quantity H’:4 


+oo 


o(o) = | eg (n) ar, 


ie. e) 


On j-nj—1 — h? |Hnj-»nj—a)” p(o)), 


g(t) = H(0) H'()/| HO) P. 
(7) 
The interaction energy H’ is greatly changed as 
the distance between the particles is changed by 
an amount on the order of the atomic diameter. 
We shall therefore use, as the time during which 
the values of H’ are correlated, the time of the 
“‘sedentary’’ life of the molecule between the two 
jumps? 


E/RT 
To = Toe ao 


(8) 


and the correlation function will be taken in the 
form g(T) =exp(—T/tT,). Then 


B(0)) = 2t/(1 = 05772). (9) 


The probability of the transition n; —n,;—-1 will 
be found with the aid of (5), (6), and (9): 


aout ros" hn; el 
eae Gk |S 21/29, Dna, (ie 
Z 


i 
A A? 
area + p (@;). 


Here N is the number of particles per cm’ and A 
the shortest approach distance between the atoms 
i and A. In averaging the square of | H’|, the 
summation over A is replaced by integration 
over the volume. 

A numerical estimate of (10), assuming the 
valiiosa vy 00 ev, 1/a = 014A, A=3A, N=3 
x 10%, To=5x 10°" sec, py=2x 10g, wo; 
=17>10'* secs, and 2; | 88; /8Q; [="1, we vet 


Wnj—n-1 Re 23) Qa ~~ 


Wp. 
njon 


(10) 


3. DISSIPATION OF VIBRATIONAL ENERGY 
OF MOLECULES. ELECTROSTATIC INTER- 
ACTIONS 


Let us consider the probability of dissipation 
of the vibrational energy of the molecules, due to 
electrostatic interactions between dipoles and a 
dipole liquid. The part of the dipole-dipole inter- 
action dependent on the coordinates Qi) of the 
vibrations of the molecule i is equal to 


Kee ARV Aa ES, 


H’ =>) QD Re [Ria (dD!) — 3 (da Ra) (Dia), 
chek ae (11) 

Here pi.) = dd; /8Q;; dj and da are the dipole 
moments of the molecules i and A. 

The time dependence of the energy H’ is due 
to the rotational and translational diffusion of the 
particles. These motions will be regarded as in- 
dependent, and their corresponding contributions 
to dissipation will be assumed additive. To cal- 
culate the correlation function g(t) and the spec- 
tral density p(w), we use the solutions (Green’s 
functions) u(qg, 0; q, T) of the corresponding 
equations of free diffusion. For the rotational 
motion we find 


Brot (tT) = exp (— | TI/Tror), 


P rot () = rors = wrt); 


r 


Na le) 
Trot = 4 (ana®/kT) = 41). 
(13) 
Analogously we obtain for the translational 
motion® 
ot (w) = 36t, [(2-8 — 22-5) + e-* cos 2 (2°? + 427-4 4+ 22°) 


se —*sim 2 (2° == en) \y er \* Ovaviee (14) 


It is easy to find the limiting expressions for 
(14): 
pt (@) = 3/(4V Bu") 


4 (w) = (24/5)t, 
F 


for ©T > 1, 
for at, =<. (15) 


After averaging |H’ |* over the angles and the dis- 
tances, using (13) and (15), we obtain the probabil- 
ity of the transition nj ~nj—1 for wjt) > 1: 


8xN 2, PR gap)? — 4 3 
Wnj+nj—1= 9 5 oat 0 We IIIc (16) 
j2; 207 Te W*T, 
Here a is the radius of the molecule. A numer- 
assum - 


ical estimate of the probability Wnj—n 
ing the following values, 


N= 3. 10749 d= 165 Dy 


Tr0 LUE seo, 


ie 


D) = 5-107 egs esu,! 


ap= 10" sec-!, 2a = 4A nn, = 2.102% 
yields wi.) = 4 x 10" sec}. 

We have also calculated the probability of dissi- 
pation of the vibrational energy of ionic complexes 
formed in the solutions of metal-ion salts. To be 
specific, we consider octahedral complexes. The 
electric moments of the complex vanish under 
equilibrium. The internal vibrations disturb the 
symmetry of the complex, which acquires a quad- 
rupole moment. The five independent components 
of the quadrupole moment, introduced in accord- 
ance with the formulas as 

D, = ; SD 22, 


2D +» = D3—Dya+ ADs (17) 


Dea == Bey De == Dee 
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are expressed in terms of the normal coordinates 


Qj of the vibrations of the complex in the follow- 
ing manner: 


D, = 6V 2 dQs, Dz: = + 6d [Q,F1Q,], 
D ~3=2d [6 QF 3i Qa— 2V3Q3] . (18) 


Here d is the dipole moment of the particles form- 
ing the complex. Then the particles carry equal 
charges q, and we must put qb in (18) in lieu of 

d (b is the distance between the particles in the 
complex). The components Dy, in (18) are defined 
in a system of coordinates rotating together with 
the complex. In the laboratory system we write 


Dee DES (0,0) Da (19) 


where TY (0, ¥, @) are generalized spherical 
functions.8 

It is also easy to find the components of the 
tensor of the electric field intensity gradient of 
the dipole dy (da, aa, Ba) ata distance Ra 
(Ra, 94, ga) from it (near the complex): 


VaR (WVE)A=(WE)s =da Ra‘O%; (VE)P = + (VE)Z 
+i (VE)4 =da Ra*O3', 

2(VE)a" = (VE)4 — (VE)# ++ 2i(VE)# =daRa@a, (20) 

DY, = (4n/ V7)(VBY5* (8) Yi @ + V8Y%3 (8) Yr? (a) 
—V12Y3(8) ¥: @)I, 

Og = (40/V7)(V 205? (8) Yi @) + V6Y5 (8) Yi" (@) 
— 4Y51 (6) Yi @), 

OF = (4n/V TIV 23" (8) Yi («) —V 10Y3° (6) YS (a) 
= 30¥, ()Y1- @!. (21) 
The energy of interaction between the quadru- 

pole moment of the complex and the electric field 


of the dipoles surrounding the complex will be 
written with the aid of (19) and (20): 


Pee td ae = eo} p 
H Se Trp (9, ~, ®) > (VE). 


r=—2, p=—2 A 


(22) 


We give the calculated spectral density of H’: 


prot (0) = 2t,/(1 + w2r2), Wt, = 1/1 + Ite, 


t1 = 4nnas/kT, tT. = */s amay/kT; (23) 


a, and a, are the radii of the complex and of the 
solvent molecule. If H’ is disturbed by transla- 
tional diffusion, 
p(w) = 480 1, [(2/42-3 — 3/2 z ° — 92“) 

Me COS Z(—4 1/42 902% = )/o2 92 |) 


BE eSiih 2 g y a eo ae Oe. ak oe) (24) 
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Determining the average of | H’ |?, we obtain for 
the probability that the energy of one of the oscilla- 
tors of the complex (Q,) will change by an amount 
Aw, 


_ 10247 d'd*,N hny 


ee oh Oe t.< | 
etme 25 f®(2a)? Quows (3 Ce eat uy " 
25 
- _ 10240 244N fing Oy 5 si 
2>Nyg— a Ore Dp. =H] = A es 
Ne>N,—1 25h? (ay WoW» ( wt, I 4 V ber? )> OT, > 1. 
: ‘ (26) 


A numerical estimate of the probability by means 
of (26), using values typical of aqueous solutions, 
namely d=d, = 1.85 D, N=3 x 1022 em™?, Ls 
= 3.6 xX 1Oucaa W, =5 x 10'8 sec !, 2a = 4A, and 
To =Ty =95 xX 107'? sec yields w,_,9,= 1.1 x 10. 
sec~!, If the complex is made up of charged par- 
ticles, we must replace d by the quantity qb 
~ 107!" egs esu; in this case w,_.) = 10! sec! 
= 5 cia | 

We must note that the calculation given here is 
approximate, owing to the use of an expansion of 
the energy of electrostatic interaction between 
molecules in powers of the multipoles, an expan- 
sion which is correct only for large distances 
between molecules. 


CONCLUSION 


The experimental material on the line widths of 
the Raman and infrared spectra of molecules in 
liquids is scanty. The most systematic investiga- 
tions of the line widths of Raman scattering in 
dipole organic liquids was carried out by Rakov.? 
He observed an exponential increase in the line 
width with increasing temperature: 6(T) = Ag 
+ A exp(—E/RT), and the values he obtained for 
the parameter E agreed closely with the viscosity 
barrier for the investigated liquid. In addition, a 
correlation was observed between the degree of 
depolarization p and the width of the line: the 
greater p, the broader the lines. These facts 
can be explained by assuming that one of the prin- 
cipal causes of Raman line broadening is Brownian 
rotation of the molecules with an anisotropic ten- 
sor of the derivative of the polarizability with re- 
spect to the normal coordinates of the vibrations. 
This source of broadening, however, is lacking in 
oscillations which have an isotropic tensor of the 
derivative of the polarizability. 

It appears to us that the experimental data can 
be explained better by taking into account the dis- 
sipative broadening of the lines considered in the 
present paper. The temperature dependence pre- 
dicted by (10), as well as the calculated order of 
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magnitude of the line width, coincide with those 
observed. The width of the polarized lines in 
dipole-free liquids is determined obviously es- 
sentially by the dissipation of the vibrational en- 
ergy through exchange interactions. For depolar- 
ized lines, the dissipative broadening and the 
broadening due to Brownian rotation of the mole- 
cules will be additive; as a result, the greater p 
the greater the width. 

We note that the contribution made by dissipa- 


tion of the vibrational energy through exchange in- 


teractions to the line width depends greatly on the 
distance between molecules; in this connection, it 
would be interesting to observe the dependence of 


the line width on the pressure in the liquid. In ad- 
dition, steric effects can be important; in complex 


molecules protected against external influences, 
vibrations may produce narrower lines. 

In dipole liquids there is an additional dissipa- 
tive broadening due to the presence of electro- 
static interactions between molecules; judging 
from our estimate, this broadening is approxi- 
mately one order of magnitude smaller than the 
broadening due to exchange interactions. Only in 
ionic complexes consisting of charged particles 
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will the electrostatic and exchange interactions 
yield comparable contributions to the line widths. 
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A peculiar type of diffraction effect due to resonance accumulation of waves inside a lamellar 
system is observed when the waves are incident at an oblique angle on a finite laminar system. 
The main properties of this effect are elucidated and a characteristic length is derived which 
defines the distance along the layers from the boundary for which the effect can be observed. 


Renee ance phenomena can arise in wave prop- 
agation in inhomogeneous lamellar media. This 
takes place if the waves encounter two or more 
low-transmission, non-absorbing layers en route; 
these play the role of barriers, in the region be- 
tween which standing waves can form. At reso- 
nance, the standing-wave amplitude between the 
barriers increases many times in comparison 
with the incident wave amplitude. Simultaneously, 
the transmission of the barriers for the incident 
wave can increase sharply. The quantum-mechan- 
ical phenomenon of the analogous process in non- 
planar systems is the resonance transmission of 
de Broglie waves through a system of two poten- 
tial barriers (Ramsauer effect) and also the 
resonance penetration of waves through a bar- 
rier according to Breit-Wigner. 

These resonance phenomena in lamellar media 
are frequently encountered in practice: in acous- 
tics, in wave propagation in a plasma, particularly 
in the ionosphere, in optical systems of the type 
of interference filters, Fabry-Perot etalons, etc. 
Many researches have been devoted to the analy- 
sis of resonance effects of this type (see, for ex- 
ample, reference 1). As a rule, the calculations 
here are carried out for infinite systems. 

The basis for this is the fact that in practice the 
dimensions of the systems are many orders of 
magnitude greater than the wavelength. Therefore, 
it is assumed that the diffraction effects from the 
boundaries of real systems are always small cor- 
rections which can safely be neglected. 

The latter is not true, generally speaking; that 
is, the fact that the system is very large in com- 
parison with the wavelength is not sufficient that 
the asymptotic theory of an infinite system can 
be used as a valid first approximation. In particu- 
lar, a peculiar resonance diffraction effect takes 
place for oblique incidence of waves ona lamellar 
system. This process can propagate along the 


stratified system for many orders of wavelengths 
from its boundary. In this connection, a charac- 
teristic length of resonance diffraction J) appears 
and can be many orders larger than the wavelength. 
Only when the dimensions of the system are large 
in comparison with the characteristic resonance 
diffraction length J), and not with the wavelength, 
can one use the asymptotic theory of an infinite 
system as a first approximation. 

The lack of understanding of this process, and 
the invalid application of the asymptotic theory in 
a number of cases, have already led to a radical 
disparity between theory and experiment as, for 
example, in total reflection filters.” 

Until recently, mistaken attempts have been 
made to attribute these disparities to all sorts of 
imperfections of the system, inasmuch as the phe- 
nomenon of resonance diffraction has never been 
described or calculated up to now. Recently, a 
calculation of electromagnetic wave transmission 
through finite lamellar dielectric systems was 
carried out by the author.’ It was established that 
the diffraction effects begin to play an important 
role at resonance. It was shown in the same place, 
in particular, that just these effects produce a 
sharp decrease in the transmission of total reflec- 
tion filters. A complete calculation of the trans- 
mission coefficient of the finite total internal re- 
flection filter is in excellent agreement with ex- 
perimental data. Thus, the special case of the 
resonance diffraction effect was considered for 
the first time.® 

The purpose of the present research was to 
formulate the basic general laws of resonance 
diffraction. It seems to us that this is of interest, 
since resonance diffraction is a rather general 
phenomenon which can arise for waves any 
nature obliquely propagating through lamellar 
media. To reduce the amount of calculation, we 
considered the case of scalar wave propagation 
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in the simplest semi-infinite resonant system. 
The results obtained can be written down in very 
simple form, which contains nothing that is spe- 
cific to the nature of the waves and to the charac- 
ter of the actual resonant system. These results 
admit immediate generalization and make it pos- 
sible to formulate the general laws of resonance 
diffraction. 

We write down the scalar wave equation 


Ag —(n/c)?g = 0. (1) 


Here g(r, t) is the scalar wave function of the co- 
ordinates and time, n is a material constant of the 
medium (index of refraction), and c is the char- 
acteristic velocity. We consider the case of a 
harmonic time dependence g(r, t) = g(r) elwt In 
this case, we have from (1) 


Ag (r) + kg (r) =9, (2) 


where k? = (nw/c)?. 

We assume that the plané z = 0 separates media 
with different material constants. We require that 
the following boundary conditions be satisfied at 
the separation boundary: 


Op, /0t = Og,/dt , 0g,/0z = Og,/02 . (3) 
The equations (1) — (3) just considered can be used 
for the description of various wave processes. In 
particular, they describe the propagation of longi- 
tudinal sound waves in an elastic medium of con- 
stant density. In this case, @ is the velocity po- 
tential of the medium and c/n is the velocity of 
the sound waves. The same equations describe 
electromagnetic wave propagation in a nonmag- 
netic dielectric in the case in which the electric 
vector lies in the plane of separation of the two 
dielectrics. Here q is the only nonvanishing 
component of the vector potential of the wave, c 

is the velocity of light in vacuum, and n is the 
index of refraction of the medium. 

We take the plane of incidence of the waves on 
the boundary separating the media as the xz plane. 
We assume that the layered system is semi-infi- 
nite and fills the half-space x > 0. Consequently, 
the desired solution of the wave equation in the 
region x < 0 must be identically equal to zero. 

It is obvious that individual plane monochromatic 
waves are insufficient for the solution of the given 
diffraction problem. Below, we shall give the ap- 
proximate solutions of the wave equation (1) ob- 
tained previously,’ with the help of which one can 
solve our boundary problem. 

We assume that total internal reflection takes 
place in the incidence of waves from medium il, 
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which is located in the region z < 0, on medium II, 
located in the region z > 0. In medium I we shall 
have a wave consisting of a combination of de- 
formed incident and reflected plaae homogeneous 
waves: 


g(r, 1) = {A ( x— 2) exp [— 1 (kyx + k-2)] 
k 


+Bl(x+e z) exp [— i (eax — kez) Ihe", (4) 


In medium II, we shall have a wave consisting of a 
combination of deformed inhomogeneous waves 
which grow and decay along the z axis: 


g(r, i) = if | % +i z| exp [— i (kxx + iq,z)] 
z G/ i a exp |) Gare ig.2)| ew". (5) 


ae 


Here A, B, F, G are certain complex functions of 
their arguments: 


k, = (no/c) sina, 


k2 — g2.= (n,o/c)?, (6) 


k2 +k? = (no/c)’, 


where w is the circular frequency of the waves, 

ce the characteristic velocity, a@ the angle of inci- 
dence of the waves from medium I on the plane of 
separation z = 0, n and n, the index of refraction 
of medium I and medium II, respectively. It is as- 
sumed that the angle of incidence is sufficiently 
large that the condition for total reflection is sat- 
isfied; i.e., sin a = n,/n. 

Generally speaking, Eqs. (4) and (5) are not 
exact solutions of the wave equation (1) for arbi- 
trary form of the amplitude functions A, B, F, 
and G. They are exact solutions of (1) in the spe- 
cial case when these amplitudes are constant or 
are linear functions of their arguments. However, 
(4) and (5) are approximate solutions of (1), with 
accuracy up to first derivatives for arbitrary am- 
plitudes A, B, F, and G, if these amplitudes are 
sufficiently slowly changing functions of their ar- 
guments. The condition ‘‘sufficiently slowly’’ in 
the given case means the smallness of the change 
of amplitudes over a distance of the order of a 
wavelength: | @A/8x| « |k,A|, | 9A/9z| « [kz Al, 
etc. In practice, for the resonance diffraction phe- 
nomenon of interest to us, this condition of slow- 
ness of change of the amplitudes is always satis- 
fied by a wide margin, and the Eqs. (4) and (5) can 
be taken practically as exact solutions. We shall 
call the waves (4) and (5) ‘‘orthogonal,’’ which re- 
flects the fact that the planes where the phases and 
amplitudes are constant, are mutually orthogonal. 

Substituting (4) and (5) in (3), we get a differen- 
tial relation connecting the amplitudes of the waves 
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(4) and (5) in the plane of separation z=0. These 
equations can be solved with accuracy up to the 
first derivatives; one obtains the following direct 
and inverse systems of differential equations for 
the determination of A and B in terms of F and 
G, and vice versa: 


A () =3(1 +iZ)F wo all —iF)6\) 


Zins, 


Ry , , 
Sree aku Olere olk 


a Rie 
ftgrite)  @—¢ ah ) 


ee Be ACs) =. 7(1 +i =\ B19 


A ky f lee 7 
ee (1 r)lA () — B’ (0), 


PR, 1 wR, 
rors | A (x) pela ia EM) 


(1 " ) a Ba (8) 


We now proceed to consideration of resonant 
systems. The simplest resonant system consists 
of a single barrier located in front of an impene- 
trable wall. We shall call such a system a reso- 
nant condenser. Such a semi-infinite resonant 
condenser is shown in cross section in the draw- 
ing, with a totally reflecting sheet bounded by the 
region x > 0. Here the boundary medium I and 
the layer-resonator III possess large indices of 
refraction n and ny, respectively. The totally 
reflecting layer II and the boundary medium IV 
possess small indices of refraction n, and nj, 
respectively. It is assumed that the waves are 
incident from medium I on the separation bound- 
ary at such large angles of incidence a that 
complete internal reflection takes place in the 
planes P,, and Px; i.e., the following conditions 
hold: 


sina > n,/n and sina > nj/n. 


The appearance of waves along the totally re- 
flecting layer II is due to the smallness of its 
thickness d,;. In this case, the appearance of en- 
ergy inside the resonator III has a resonance 
character and for certain fixed conditions depends 
on the thickness d, of the resonator. To be pre- 
cise, upon satisfaction of definite resonance condi- 
tions, which are determined from the Eqs. (9) set 
forth below, the amplitude of the wave inside reso- 
nator III increases sharply in the case of an un- 
bounded system. In the presence of a boundary, 
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this resonance accumulation of waves will take 
place gradually in a certain portion adjacent to 

the boundary; that is, a special resonant diffrac- 
tion layer appears with its own characteristic 
length. It is just this layer that we wish to discuss. 

We note the curious fact* that in the case of 
oblique propagation of electromagnetic waves po- 
larized in the plane of incidence in an unbounded 
lamellar plasma with continuously changing di- 
electric properties, the effect of leakage and reso- 
nant accumulation of energy takes place in the re- 
gion behind the totally reflecting boundary, similar 
to what happens in the resonant condenser considered 
by us, in which the medium has properties which 
undergo discrete changes.* If we take into account the 
presence of the boundary in this case, then a char- 
acteristic length will obviously exist which is analo- 
gous to that obtained in the present research, over 
the extent of which flow of energy takes place into 
the region behind the barrier. 

In the calculation of the semi-infinite resonant 
condenser shown in the drawing, one should deter- 
mine eight complex amplitude functions, two for 
each of the media from I to IV. These amplitudes 
are connected by six matching conditions of the 
form (7) or (8) on the three boundary surfaces 


*I am most grateful to V. L. Ginzburg who turned my at- 
tention to this point. 
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Pio, Po3, and P34. Moreover, it is clear from 
physical considerations that the amplitude of the 
wave in medium IV which arises on the side z > 0 
must be equal to zero, i.e., Fp,,(x) = 0., since it 
would otherwise increase without limitas z—~. 
In order that the problem be completely deter- 
mined, one must assume one of the remaining 
amplitudes as given. We shall assume that the 
amplitude of the wave incident from I on Py is 
given, and shall assume that an ordinary plane 
wave with constant amplitude A, is incident from 
medium I. Thus there remain six unknown com- 
plex amplitude functions, connected by the set of 
six linear differential equations of first order. 

By making use of the approximate method de- 
veloped earlier,’? these equations can be integrated 
with accuracy up to first derivatives of slowly 
changing amplitudes. As a result, we obtain all 
six desired amplitude functions, expressed in 
terms of the amplitude A, of the wave incident 
on the system. These amplitudes depend in reso- 
nant fashion on the conditions in the resonator. 
The conditions of resonance are periodically re- 
peated with change of thickness of the resonator 
d,, and have the approximate form 


tg (Rjde)pes = — Ri (42 +9) (G29, — k’2), (9)* 
where, by analogy with (6), 
(k2 +k?) = (ngw/c)’, (k2 — q?) = (n,o/c)?. (10) 


For exact resonance, the amplitudes of the 
waves inside resonator III in the region x > 0 are 
equal to 


Ap, (%) |=|Bea (x) \=|V G2 (G2 + RD/24.K'| 


x exp (gz d,) (1—e~*""*) | Ay |, (11) 


while the amplitude of the wave reflected from the 
leading plane of separation is equal to 


(Bp, (x) | =|1 — 2e- |. |r|, (12) 


where the characteristic length of resonant diffrac- 

tion enters: 

Ly) = (Rx/Rz) [(g? + R®) (q? + &2)/(2qzk‘)?) exp (2q2d,) 
x(d, + I/qz + 1/91). (13) 


For an infinite system in the region x > 1) we 
have eX /lo ~ 0; therefore, we find from (11) and 
(12): 


| Ap,,(00) 7/| Ar? 
= [(g2 + 2) (2 + k2)/(2q2k,)*] exp(2qz di). (14) 


From (12) we have | Bp,,()| = |Aj\|; that is, the 
square of the modulus of the amplitude of the wave 


*to = tan. 
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inside the resonator increases by a factor of 

exp (2q,d,) in comparison with the incident wave, 
while the amplitude of the reflected wave is equal 
to the amplitude of the incident wave. 

The situation is different in the region 0 = x 
<1). It is just in this region that the diffraction 
phenomena play a role. As is seen from (11), the 
amplitudes of the waves inside the resonator in 
this region increase monotonically from zero, 
gradually approaching the resonance value for an 
infinite system. On the other hand, the amplitude 
of the reflected wave, which at x = 0 is equal to 
the amplitude of the incident wave, gradually de- 
creases, vanishing at x = 7) In 2, and then in- 
creases again, approaching the amplitude of the 
incident wave. 

The characteristic resonant diffraction length 
ly), which is determined for exact resonance by 
the expression (13), can be written in the follow- 
ing simple form with the help of (6) and (14): 


ly =[|Ap,,(00)|?/| Ar|?) (de + 1/gz + 1/q2) tga, (15) 


that is, this length is equal to the effective thick- 
ness of the resonator, multiplied by the coefficient 
of amplification of the square of the amplitude of 
the wave inside the resonator and by the tangent 
of the angle of incidence. The effective thickness 
of the resonator is equal to its geometric thick- 
ness plus the effective depth of penetration of the 
waves in the totally reflecting medium adjoining 
it, which plays the role of the barrier. 

In conclusion, we emphasize that the results 
obtained determined the general phenomenon of 
resonance diffraction, which is characteristic for 
any wave processes in lamellar media. The es- 
sence of this phenomenon consists of the fact that, 
in the oblique incidence of waves, there is always 
a certain region abutting the boundary of the sys- 
tem, in which a gradual leakage of the waves in- 
side the resonator takes place. In this region, 
the amplitude of the waves inside the resonator 
gradually increases, as the distance from the 
boundary increases as 1 —e7X/Lp, from zero up 
to the resonant value of the amplitude of the wave 
inside an unbounded resonant system. The di- 
mensions of the region in which these phenomena 
take place are determined by the characteristic 
length of resonance diffraction, which is in turn 
determined by Eq. (15). 
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The electromagnetic transition A — =" is examined. This transition is of interest in investi- 
gating the possibilities of experimental determination of the De peel and a testing the 
validity of charge independence for strange particles (the A + Hej — 2° + Heg and A +d 


— 544d reactions). 


Tue knowledge of the properties of strange parti- 
cles is of great importance for any attempt to con- 
struct a theory of elementary particles and their 
interactions. The present paper is devoted to a 
discussion of the possibilities of an experimental 
determination of the 2° lifetime, which has not as 
yet been measured. 

As is known,! the matrix element corresponding 
to the electromagnetic transition SNe y can 
be written as follows: 


i (pa) Uf (2) Ou, hy +g (R) Ry +4 (RY) Yel cae (px), 


where k=pa — py, a, =10r ys; depending on the 
relative parity of 2 and A. As a result of gauge 
invariance the term g(k*) ky drops out and h(0) 
= 0. Consequently the decay probability is deter- 
mined by the single quantity f, whose dimensions 
are those of a magnetic moment. 
Direct measurement of the 2° lifetime (in 

flight ) may turn out to be inapplicable as a conse- 
quence of the very short lifetime of the >: 


Wii Pa/n, 


we set h =c =1, a =e*/4n = 1/187, i.e. 1/7 = 4 
x 10'8(£/u))? sec", where py = e/2M with M the 
nucleon mass (fi/t ~ 3(f/p))? kev). 

An estimate of f, analogous to Holladay’s* 
estimates of the hyperon magnetic moments, yields 
f ~ 2uo if the hyperon-pion coupling constants and 
cut-off momentum are chosen to be the same as 
for the pion-nucleon interaction. It follows from 
detailed balance arguments that for small k*(k? 
< m#) the transition A — 2° is determined by the 
same quantity since f(k?) » £(0) and h(k?) ~ 0. 
It is therefore natural to use for the determination 
of the =° lifetime the inverse process, which can 
be realized through the interaction of a A particle 
with an electron in the Coulomb field of a nucleus. 
This is analogous to Primakoff’s idea for the de- 


o = (Mi — M})/2Mg: 


pas) 


termination of the 7° lifetime.’ This possibility of 
determination of the =° lifetime has also been in- 
dicated by Pomeranchuk and Shmushkevich. ** 

Since in nucleon - A particle collisions the 
transition A — 2° could take place as a result of 
strong interactions, and the nucleon cross section 
is of the order of 10-78 cm?,° it would be preferable 
to use collisions with electrons to excite the par- 
ticle. The relevant differential cross section is 
given by 


dos lef dkik = ap dit, 


where T = k’/2me is the energy transferred to the 
electron if the latter is initially at rest. However 
the threshold for the reaction A +e — 2° +e is 
= 170 Bev. 

The differential cross section for the excitation 
of the A particle by a Coulomb center is given by 


do) = ZaPSk1 dk = Zaf?S( kp, psd cos 8, 
S(@) = 1 +ByBrcos 0—2 (kpy) (kpr)/Req es 


+ Ma my/e, Ex, 


Ba=pa/ea, fs =pz/es, cos 8 = (paps)/paps. 


All quantities are in the laboratory frame of refer- 
ence and (+) refers to even or odd relative A->® 
parities. In the case of a nucleus it is necessary 
to include in the expression for do the factor 
F°(k?), where F(k*) is the nucleon form factor 
which may be determined experimentally by scat- 
tering electrons off the given nucleus. 

If we introduce the quantity 6 = pa — py /pa 
=(my - mj )m,/py and assume that 6 « 1, and 
Ba = By = B, thenweeasily obtain at small angles 
(which are precisely the ones that give the main 


*The author is grateful to M. I. Podgoretskii and L. B. 


Okun’ for informing him of this work and to I. Ya. Pomeranchuk 
for useful discussions. 
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contribution to the cross section) the following 
formulas: 


ao) — Zaf*h* (67 -- 62)-26? do2, 

do = Zaf? [62 + 6? (1 — B2)] (8? + 62-2 dee, 
It is clear from the derived formulas that 
do/d6* (do/dé? = tdo/dQ) has a sharp peak at 
6 =6 with a width of the order of 6, and that the 
total cross section slowly (logarithmically ) grows. 
(do/d@*)max = Z?af*/46? grows rapidly with the A 
particle energy and may, in principle, exceed 
(at @~ 6) the cross section for the transition 
eS eduesto strong interactions. 

It is not hard to estimate the corresponding A 
particle energy. Let us suppose that the strong 
transition A — 2° is due to the exchange of a 
quantum of rest mass m. It is then easy to show 
that the cross section due to strong interactions is 
given by 
Pr dp? 


dogs=0, —- — , 
: 9 m2 (4+ p> 02/m2)? 


where gy is the total cross section. It is natural 
to assume that op does not change rapidly with the 
energy and remains of the order of the geometrical 
cross section (0) =27A?/3 x 107% cem?). Under 
these assumptions we find that the cross section 
doe (electromagnetic) becomes of the order of 
dog at pa ~20 Bev, 6 ~ 1074 for Z = 90, A = 200; 
in such a case the nucleus recoil energy is 

~50 ev (we have set f = 2u9, and m = 2m7). 

It is possible, however, to reduce the contribu- 
tion due to strong interactions significantly by 
choosing for the target nucleus one with equal num- 
ber of neutrons and protons (I; =0), since for a 
system Z with given isotopic spin I and I, = 0 the 
transition A + Z— 2° + Z is forbidden if charge 
independence is valid. The presence of Coulomb 
forces results in the nucleus not being in an eigen- 
state of t i.e., states with other values of I are 
admixed. From this point of view the most conven- 
ient nuclei are He} and deuterium. For Hej we 
Imayaset: | Hes = —-O0> +y|1=1->. A rough 
estimate gives |y |? < 107°. 
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If we limit ourselves to realistically measur- 
able angles @ ~ 0.5°, corresponding to pa ~ 3 Bev 
and a recoil energy ~ 0.2 Mev, then we obtain for 
He} with | y |? < 107? in an analogous manner to 
what was done above 


(do/d0"),/(do/d6?) , - 


a Ik 
(In these estimates we ignore contributions due to 
interference. It is an easy matter, however, to 
write down the general expression for do.) Con- 
sequently, under the above outlined experimental 
conditions the separation of the electromagnetic 
transition A — 2° is possible in principle, but it 
does require measuring cross sections of the 
order of 10739 cm?. 

In addition to the coherent strong transition 
A — Z° considered by us, certain incoherent 
processes will also occur, for example A + He} 
— He} +n+2°. The contribution due to such proc- 
esses may be reduced by selecting events with low 
energy recoil nuclei. Further, the angular de- 
pendence for such processes will be comparatively 
smooth, which will also be the case for brems- 
strahlung of the A particle. The latter, apparently, 
may be ignored. 

The author is grateful to the participants of the 
seminar of M. A. Markov’s group for interest and 
to L. G. Zastavenko for discussions. 
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A general geometric analysis is given of the situation that leads to the appearance of a time 
singularity in solutions of gravitational equations in a synchronous system of reference 

[a system satisfying the conditions (1)]. This analysis, together with the previous results, ! 
leads to the conclusion that such a singularity is absent in the general case of an eed 
distribution of matter and gravitation field in space. 


lhe our previous papers??? (cited below as I and 
Il) the problem was posed of the investigation of 
the form of the cosmological solutions of the 
gravitational equations close to a time singularity; 
different types of such solutions were found. These 
results, together with the considerations set forth 
below, allow us to draw definite conclusions on the 
fundamental question—whether the existence of a 
time singularity is inevitable in cosmological 
models of the general theory of relativity. 


1. GENERAL SOLUTION WITH FICTITIOUS 
SINGULARITY 


As before, we shall use a reference frame that 
obeys the conditions 


Go —15 Loa = 9. (1) 


The vanishing of the components goq of the metric 
tensor is, as is well known, the necessary condition 
that guarantees the possibility of synchronization 
of clocks throughout all space (see, for example, 
reference 3, Sec. 84); therefore, the reference 
frame under consideration can be called synchro- 
nous. By virtue of the condition gp) = —1, the co- 
ordinate t is the world time in this case. 

We have already mentioned in II the fact that 
the metric determinant g must necessarily vanish 
over a finite time duration in this reference frame 
because of one of the gravitational equations. To 
be precise, from the equation* 


*For the energy-momentum tensor of the matter TK= (p + &) 
x uju* + pd; we have (in a synchronous reference Pane) 


1 ; 1 © 
TI— aT; = — 5 (e+ 3p)—(p+e)u, x, 


whence the negative character of this quantity is obvious. The 
same is valid also for the energy-momentum tensor of the elec- 
tromagnetic field [T; = 0, T? = —(E? + H?)/8z]. 


Rn { i 
0 Soe 4 wont = MST; <0 (2) 


(all the notation is the same as in I and II), and 
with the aid of the algebraic inequality 


we have 


9 j@) I 1 
atta ral oe a 98) or (3) 
's f 


For example, let Ke > 0 at some instant of time. 
Then, upon decrease in t, the quantity t/nn falls 
off, having always a finite (non-vanishing) deriv- 
ative; it therefore must vanish (from the positive 
side) over a finite time interval. In other words, 
KG goes to + and, inasmuch as k@ = 0 In(—g)/dat 
[see I, (1.8)], then this means that the determinant 
—g vanishes [but not more rapidly than t®, from 
the inequality (3)]. If now «& < 0 at the initial mo- 
ment, then this same result is obtained for increas- 
ing time. 

We note that the presence of matter is not es- 
sential in this derivation: a zero on the right hand 
side of Eq. (2) (in the case of empty space) is 
sufficient to obtain the inequality (3). 

However, this result still in no way proves the 
necessity of the existence in the metric of a real 
(physical) singularity that is not eliminated by a 
transformation of the reference frame. The sin- 
gularity can be shown to be nonphysical, fictitious, 
associated simply with the character of the refer- 
ence frame selected. The geometrical considera- 
tions given below show that this singularity, which 
is inescapable in the synchronous system, is actu- 
ally fictitious in the general case. 

In the synchronous reference frame, the time 
lines are goedesics in four-space. Actually, the 
four-vector ul = dxi/ds tangent to the cele line 


1 
xe Ae x? = const has the components u@ = 0 and 
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w= 1, and automatically satisfies the geodesic 
equations 


duilds + Tyu* ui = TY, = 0, (4) 


inasmuch as the Christoffel symbols I$, PO in 
the conditions (1) are identically equal to zero. It 
is also easy to see that these lines are normal to 
the hypersurfaces t = const. Actually, the four- 
vector normal to such a hypersurface nj = — dt/ax! 
has the covariant components Ng = 0 and ny = -1. 
The corresponding contravariant components for 
the conditions (1) are n® = 0 and n° = 1, i.e., they 
are identical to the components of the four-vector 
ul tangent to the time lines. 

Conversely, these properties can be used for 
the geometrical construction of a synchronous ref- 
erence frame in an arbitrary space-time. For this 
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From the analytic point of view, this means that 
in the synchronous reference frame the equations 
of gravitation have a general solution with a ficti- 
tious time singularity. Such a solution (for empty 
Space) must contain eight arbitrary functions of 
the three space coordinates: 1) four ‘‘physically 
different’’ functions that are necessary to specify 
the gravitational field at some initial moment 
(see II, Sec. 1), 2) a single function which deter- 
mines the initial hypersurface in the geometric 
construction described above, 3) three functions 
associated with the fact that the conditions (1) 
still permit arbitrary transformations of the space 
coordinates not involving the time. 

The character of the singularity in the metric 
is already clear from geometric considerations. 
Above all, the caustic hypersurface must be time- 


purpose, we choose as a reference any spatial hyper- like, inasmuch as it in any event includes time- 


surface, i.e., a hypersurface the normal to which at 


each point has a time-like direction (lying within 
the light cone with vertex at this same point); all 
the interval elements on such a hypersurface are 
space-like. We then construct a family of geodesic 


like intervals in itself—elements of length of the 
geodesics at points of their tangency with the 
caustic.* 

Furthermore, one of the principal values of 
the metric tensor vanishes on the caustic, corre- 


lines normal to this hypersurface. If we now choose sponding to the fact that the distance between two 


these lines as the coordinate time lines, and define 
the time coordinate t as the length of the geodesic 
line measured from the original hypersurface, we 

obtain a synchronous reference frame. 

It is clear that such a construction, and thereby 
the choice of the synchronous reference frame, is 
always possible in principle. 

But the geodesic lines of an arbitrary family 
generally intersect one another on certain envel- 
oping hypersurfaces—the four-dimensional ana- 
logs of the caustic surfaces of geometrical optics. 
In other words, there is a geometrical reason for 
the appearance of the singularity, connected sim- 
ply with the specific properties of the synchronous 
reference frame; obviously, therefore, it has no 
physical character. 

An arbitrary metric of four-space also gener- 
ally allows the existence of non-intersecting fami- 
lies of geodesics. On the other hand, the property 
of the curvature of the real space-time, which is 
expressed by the inequality R$ <= 0, shows that 
the metric allowed by the gravitational equations 
generally excludes the existence of such families, 
so that the time lines in any synchronous system 
of reference must necessarily intersect.* 


*We naturally avoid the trivial exception — that of pencils 
of parallel lines in flat four-space. We note, however, that in 
the arbitrary selection of an initial hypersurface, the family of 
geodesic lines normal to it intersects also in the flat four- 
space. This circumstance reveals with particular clarity the 
fictitious character of the resultant singularity. 


neighboring geodesics (which intersect each other 
at their point of tangency to the caustic) vanishes 
(the corresponding principal direction obviously 
lies along the normal to the caustic). This dis- 
tance vanishes as the first power of the distance 
to the point of intersection. Therefore, the prin- 
cipal value of the metric tensor, and with it the 
entire determinant —g, vanishes as the square 

of the distance just mentioned. 

The method of analytic determination of the 
form of the general solution under study, close to 
a singularity, is described in the Appendix. One 
can make use of the arbitrariness in the selection 
of the spatial coordinates to write the first terms 
of the expansion of the metric in the neighborhood 
of the singularity in a form for which the spatial 
element of length d is given by the formula 


dl? = gapdxtdx® = agydx%dx? -- (t — @) *aggdx3 
OP —p)? Gagaxtde® . (5) 


Here the indices a, b run over the values 1, 2; 
the quantities agp, 3g, 433, are functions of all 
three coordinates. This form still permits an 
arbitrary transformation x®’ = x®’(x!, x?, x9), 
which reduces to the transformation of the quanti- 
ties ag3, 433, and the first terms of the expansion 


*A hypersurface is called time-like when the normal to it 
lies outside the light cones. The elements of the interval in 
such a hypersurface can lie both inside and outside the light 
cones, i.e., they can be both time- and space-like. 
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of the components gah. For example, one can use 
them to cause the function y, which gives the 
shape of the caustic hypersurface, to be @ = x3, 
After all this, only the transformations of the two 
coordinates x! and x* into one another remain. 
Therefore, only five arbitrary functions should 
remain in the metric (three coordinates), so that 
the six functions agp, a3, 433 must be related, as 
the consequence of the equations of gravitation, by 
a single equation. 

The singularity in the metric (5) is not simul- 
taneous—different space points achieve it at differ 
ent moments of time. However, it is easy to see 
that one can always construct such a synchronous 
reference frame in which the singularity (ficti- 
tious) will be reached simultaneously throughout 
the entire space. It is clear that such a singular- 
ity cannot be located on the hypersurface tangent 
to the time lines at the points of their intersection, 
since the existence of time-like intervals at these 
points excludes beforehand the simultaneity of the 
singularity. Therefore, the time lines must inter- 
sect at a ‘‘manifold of points,’’ which has a smaller 
number of dimensions than the hypersurface, i.e., 
which is a certain two-dimensional surface in four- 
space; it can be called the focal surface of the cor- 
responding family of geodesics. By selecting an 
arbitrary focal surface, constructing all possible 
directions of normals to it from each of its points 
(all directions in the two-dimensional plane nor- 
mal to the focal surface), and drawing geodesics 
in these directions, we at the same time construct 
a synchronous reference frame possessing the re- 
quired property. 

Thus the general solution of the gravitational 
equations can also be represented (by correspond- 
ing choice of a synchronous reference frame) ina 
form in which the singularity is simultaneous for 
the entire space. Of course, in such a form it con- 
tains the same four physically different arbitrary 
functions (three space coordinates) which suffice 
to specify the arbitrary initial distribution of the 
gravitational field. In comparison with the solution 
in the form (5), it contains one less arbitrary func- 
tion: if we construct a synchronous reference 
frame, beginning with some initial hypersurface, 
then nowhere can an arbitrary hypersurface lead 
to the focusing of the geodesic lines constructed 
along the normals to it.* 

*In a certain sense, this solution corresponds to a zero 
value of the function ¢ in the solution of (5); in this case the 
Square of the interval ds’ = dt? — dl? reduces at the singular- 
ity (t = 0) to the quadratic form ds? = —aapdx*dx” of only 
two differentials. We emphasize, however, that it is not at all 
impossible to obtain the expansion of the metric in the neigh- 
borhood of such a singularity simply by setting y= 0 in the 
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As has already been mentioned, the fictitious 
nature of the singularity in the solutions consid- 
ered is already obvious from its mode of construc- 
tion; the singularity can be removed by transfor- 
mation of the coordinates, but only at the price of 
foregoing synchronism of the reference frame. 
One can also establish directly the fact that, for 
example, the scalar component of the curvature 
tensor RitimRike™ has no singularity. 

The introduction of matter does not change the 
qualitative character of the considered solutions, 
and the density of matter remains finite. This 
becomes evident, in particular, if we note that 
matter moves (in the synchronous reference 
frame) along world lines that do not coincide 
with the time lines, and are, generally speaking, 
not even geodesics. 

Only the case of ‘‘dust-like’’ matter is an ex- 
ception (the equation of state is p=0). Such 
matter moves along geodesic lines. Therefore, 
the condition of synchronism of the reference 
frame in this case does not contradict the condi- 
tion of its ‘‘accompaniment’’ of matter (which 
means that the matter moves along time lines), 
so that the reference frame can be chosen to be 
not only synchronous but at the same time ac- 
companying (in the general case of an arbitrary 
equation of state, this is of course impossible ). 
The density of matter then becomes infinite on 
the caustic simply as the result of the intersection 
of the trajectories of the particles. However, it 
is clear that this singularity of the density has no 
physical character, and is removed by the intro- 
duction of a conveniently small, but non-zero, 
value of the pressure of the matter. 


2. GENERAL CONCLUSIONS 


The geometric considerations set forth in the 
previous section essentially solve the problem of 
obtaining for the gravitational equations a general 
solution that has a singularity in the time—a solu- 
tion the existence of which in the synchronous ref- 
erence frame follows, as we have seen, from the 
inequality (3). However, the singularity in this 
solution is shown to be not physical but connected 
only with the specific properties of the reference 
frame employed. 


formulas which refer to the solution of the form (5). We also 
point out that such a reference frame does not include all of 
space-time. This is clear from the fact that all the points of 
each hypersurface t = const lie in it at the same time-distance 
from the spatial focal surface, i.e., these hypersurfaces as a 
whole are located in regions of absolute future or absolute 
past relative to the focal surface. 
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By the same token, any basis vanishes for the 
existence of a solution in addition to this one which 
would possess a real singularity and would also be 
general. In fact, an investigation, carried out by 
two of us, of the possible forms of such singulari- 
ties has shown that the broadest solution with a 
real singularity is the solution found in II, with 
the metric 


Gap = tPlglg + t?Pmyimg + t2Psngng , 

Ae (6) 
However, it contains one less arbitrary function 
of the coordinates then would be required for the 
general solution. Therefore, this solution also is 
only a special case, in spite of its broadness.* 

Such a solution is unstable; there exists a type 
of small perturbations whose action destroys the 
state described by this solution. Inasmuch as the 
singularity in the synchronous system cannot van- 
ish in general, this means that it goes over into a 
fictitious singularity under the action of the pertur- 
bation. If in the transformation process one sees 
to it that the singularity is simultaneous (which 
is always possible), then the process must termi- 
nate in a transition to the solution described in 
Sec. 1, with a simultaneous singularity for all 
space. 

It is interesting to note that a solution of the 
form (6) exists even in the absence of matter, i.e., 
for empty space (and it then contains three phys- 
ically different arbitrary functions—see II). The 
geometric constructions given in Sec. 1 also do 
not depend on the presence or absence of matter. 
All this supports the idea that the most general 
properties of cosmological solutions relative to 
the singularities in time appear already in the 
case of empty space, and matter does not change 
these properties in any qualitative fashion. This 
result is natural if we note that the gravitational 
properties of a set of short-wave gravitational 
waves chosen in appropriate fashion can imitate 
the gravitational properties of matter (with an 
equation of state p = €/3). The isotropic ( Fried- 
mann) solution occupies an exceptional position 
in this sense, as does its generalization, consid- 
ered in I; these solutions exist only for a space 
filled with matter. However, this exception is 
connected with the high symmetry (homogeneity ) 


2 


Pi + po+ ps = pi + p2- 


*The systematic construction of all possible types of so- 
lutions with real singularities will be given in a subsequent 
paper. We take this opportunity to correct two errors which ap- 
pear in II, in the formulas referring to the solution of (6). In 
Eq. (2.16) for Pi, Pe end P® the factor t—2P3 is omitted. 
On the right hand side of Eq. (3.6) of II, he should appear 
instead of u0, 
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of the distribution of matter peculiar to this solu- 
tion, a distribution which cannot be realized in the 
imitation shown. 

All the foregoing leads to the fundamental con- 
clusion that the presence of a time Singularity is 
not an essential property of the cosmological 
model of the general theory of relativity, and the 
general case of an arbitrary distribution of matter 
and gravitational field does not lead to the appear- 
ance of such a singularity. 

We have referred constantly (here and in I, IZ) 
to the direction of approach to the singularity as 
being one wherein the time is decreased. In actu- 
ality, in view of the symmetry of the gravitational 
equations relative to time reversal, one could 
speak with equal success of the approach to the 
singularity in the direction of increasing time. 
Physically, however, in view of the physical non- 
equivalence of future and past, there is an essen- 
tial difference between the two cases relative to 
the very statement of the problem. A singularity 
in the future can have physical meaning only if it 
is attainable under completely arbitrary conditions 
given at some previous instant of time; it is clear 
that there is no basis for maintaining that the dis- 
tribution of matter and field, attained at some 
given moment in the process of evolution of the 
universe, corresponds to the specific conditions 
required for the realization of some particular 
solution of the equations of gravitation which pos- 
sess a real singularity. Furthermore, if sucha 
distribution is attained for any reason at some 
instant of time it will be inevitably destroyed sub- 
sequently, at least by the inevitable thermodynamic 
(or quantum ) fluctuations. Therefore, the results 
that have been set forth exclude the possibility of 
the existence of a singularity in the future, and 
mean that the contraction of the world (if it should 
occur in general) should in final analysis alternate 
with its expansion. As to the past, a consideration 
based only on gravitational equations can only 
superimpose definite limitations on the attainable 
forms of the initial conditions, the full explanation 
of the character of which is impossible on the 


basis of the existing theory. 
Finally, let us make one remark. All the pre- 


vious study has been based on Einstein’s general 
equations of gravitation in the form in which they 
follow logically from the general theory of rel- 
tivity. At the present time there exist no astro- 
nomical or theoretical grounds for introducing an 
additional ‘‘cosmological term’’ in these equations. 
This applies even more strongly to the completely 
arbitrary and groundless changes introduced into 
the gravitational equation by F. Hoyle. 
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In conclusion, we express our sincere gratitude 
to L. D. Landau for numerous stimulating discus- 
sions. We also thank L. P. Pitaevskii for discus- 
sion of a number of questions. 


APPENDIX 


ANALYTIC CONSTRUCTION OF A GENERAL 
SOLUTION WITH FICTITIOUS SINGULARITY 


By choosing the space coordinates in the fashion 
shown in the text (we designate them as x! =x, 
x? =y, x? =z), we seek the first terms of the ex- 
pansion of the components of the metric tensor in 
the form 


sc = 5) = I 
Zap = AUqyt War, By, =VGas, L33 = T” (ag3-+ TOss), 


where T=t-—z, and the indices, which are denoted 
by the Latin letters (a, b, c,...), take on the val- 
ues 1 and 2 everywhere. All the coefficients of the 
expansion are functions of x, y, and t (for rea- 
sons which are made clear below, such an expan- 
sion is more convenient than one in 7 for given 

xX, y, and z). The components of the correspond- 
ing contravariant tensor are: 

ge — qab = TH, ge ail gq, ge — T2 (aes aay tb?) 
Here a2) is a two-dimensional tensor inverse to 
the tensor agp and a*® = 1/a33. All the operations 
of raising and lowering of indices for the other 
quantities are carried out with the help of agp and 
a33; thus, 


b 
bY = aX aqhth.y, a% = ar% a¥a,, etc. 


The components of the tensor kKqg are computed, 
by definition, as 


; é : : 
%ap = Lap, Xe = O° hay, * = — gus 


(the dot denotes everywhere differentiation with 
respect to t). 

We carry out all the calculations below for the 
case of an empty space, and accordingly we use 
Eqs. (2.1) — (2.3) of II. First we find 


Oped saree eS ae! ; 
Rab i8 +4 ora (bat ds) = 0 


whence b33 = —a33. Further, simple calculation 
yields 


Rea bap/2T?Ag5 = OF 


whence bap = 0, i.e., there are no terms linear 

in T in the expansion of Sap (this circumstance 
naturally simplifies the subsequent calculations, 
including the advantage of an expansion for given 
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x, y, and t). The remaining equations do not give 
anything new in the approximations used. 
Taking these results into account, we now write 


Det = ab 47 Te Cap" dab; 
Zig = ¥ (das-+ tas), 


Ya3 = TV (d33 — Tags + T? Cag). 


(A.1) 


Here we have written out those of the subsequent 
terms of the expansion which are jointly deter- 
mined in the transition to the next approximation 
in the gravitational equations. 

We should now compute the first nonvanishing 
terms in Eqs. (2.1) — (2.3) of Il, which appear upon 
substitution in them of Eqs. (A.1). These rather 
cumbersome computations are materially simpli- 
fied if g33; is represented temporarily in the form 
of an expansion in powers of T for given x, y, 
and z (and not x, y, and t). Carrying out the 
corresponding expansion of the function a33 (x, y, 
z+7T) [in the function c33(x, y, t) it suffices sim- 
ply to replace t by z] we get 


E33 = T [ds (x, Y, 2) + Co (x, y, 2], 


Cs3 = Cg3 (x, Y, 2) — +a, (x, y, 2) 

(’ denotes differentiation with respect to z), i.e., 
the term ~ Tr? drops out of the expansion. Of 
course, application of different expansions for dif- 
ferent components Sap requires a subsequent re- 
reduction to like variables in the final result of the 
calculation; upon calculation of the first nonvanishing 
terms in the equations, however, this reduction is 
seen to amount simply to a replacemeny of z by t. 

The contravariant components of the metric 
tensor will now be* 


6b == 7Aab 2 
ge = qv + 7? ( 


cab a%q3°) ad 
3 

g34 SS = it THs, 

3322) 2, So aeeen aaa 3 q3a 

g 8) (Gx Gear, 


dab as 636 rae), 
(A.2) 


The determinant is 
— & = Vag3| dav |[1 + 1? (C3 + ct — a8 ays). 


The components of the tensors Kap and Pap 
are computed according to the given metric. The 
left sides of Eqs. (2.1) — (2.3) of IL are then com- 
puted. We write down only the final result here 
of the rather involved calculations [after which 


we again return to the expansion of £33 in the 
form (A.1)]: 


‘If 8a = Ea +h, g (where h,, are small), then gh 
a 
= (0) nS shh, In the given case, we mean by g(°) 


ap 
the tensor with components EE gf) =0, gS = 7a 4 
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Siren as nee ; 

Bp CCI a?* Agq + i (Gap a?) 
ies 

Si 4 Gac Aba ge act 1). (A.3) 


1 
Ta33 


Ro = [Ras aia Gs aia 3ba3 a Aap ay a5 A33Rq| = 0, (A.4) 


0 Tv (pte fe ab a 3 ‘ Ors v 
R3 = 5) [3aq3 6°? + ag c™ — 3da — aap a3 aso — 20a 


=F Qa3 GaP =F ky Ags a") = 0, (A.5) 
b 4 b ay ey rete) ct : 
Ra = 2733 [Ca Ry + 3da + gq’ + A3:q — Ugg Carlie 0; 
(A.6) 
3 1 b ayaa b b 7 5 
Inez ae 27a33 [— Domp Oren } Ca ky Cb Ra i 3A3q 
a 3ba3 = Aa ay =p Aye ae Aza] = Ur (A.7) 


Here we use the notation 


Ry = (In 33) 5 Ra = 0 In Geel Osa 


and the operations of covariant differentiation are 
carried out over the two-dimensional tensor cap 
and the vector a3, in the two-dimensional space 
with metric g,p = aap- 

So far as the component R3 is concerned, it is 
identical in its principal terms with the sum Ré. 
Therefore, to obtain one additional relation it is 
necessary to compute the first nonvanishing terms 
in the difference Re _— Re; in this case, it is conve- 
nient to subtract 1a from it; this term is of the 
same order of magnitude. As a result of the cal- 
culation, we obtain 


ab cd 


ae (oa ae ‘ 
Ri = K-4 ~ (Gav a”)? — | Gac Maa” a 


RoR: 


ee Bde a (ene —(c,)*| = 0, 
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where K is the two-dimensional scalar curvature 
derived from the metric gap = agp (the two di- 
mensional analog Kap of the tensor Tj, reduces, 
as is well known, to a scalar: Kab = $Kgah). 

Equations (A.4) determine the coefficients ba3 
(for the given functions agp, ag3, and a33). Then, 
eliminating ab from Eqs. (A.5) and (A.6), we ob- 
tain the single equation 


Agy CO” +65 Ry — Wg a” = — 203,44 dyg 0” dap + ha Gs, 
which, together with the two equations of (A.7), 
b b b b : eas 
2Cb:a — 2Carb + Cay — Cy Rg = — 2Agq — Ape a” Agq 


+ Ry Gas + Ra A335 
determines the three quantities c,p. The quantity 
C33 is determined from Eq. (A.3) and dah from 
Eq. (A.6). Equation (A.8) can then be considered 
as the relation connecting the quantities agg with 
one another. 

Thus, all the coefficients of the expansion (A.1) 
are determined from the six coefficients agp, 493, 
and a33, which are connected with one another by 
a Single relation. In other words, the metric (A.1) 
contains five arbitrary functions. 


1m. M. Lifshitz and I. M. Khalatnikov, JETP 39, 


149 (1960), Soviet Phys. JETP 12, 108 (1961). 

2%. M. Lifshitz and I. M. Khalatnikov, JETP 39, 
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31,. D. Landau and E. M. Lifshitz, Teopus nossa 
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SCATTERING OF K MESONS ON NUCLEONS AT LARGE ORBITAL MOMENTA 
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Peripheral KN scattering is investigated by taking into account only two-pion exchange. The 
KN-scattering phase shifts are expressed in terms of the Km coupling constant. A phase- 
shift analysis of experimental data on KN scattering, in which high phase shifts (1 22) are 
taken into account, can yield in principle information on the magnitude of the Kz interaction. 
The contribution of the single-hyperon diagram to the KN-scattering phase shift is discussed. 


Oxon > and Pomeranchuk! have shown that in 
KN scattering with large orbital momenta the 
principal role is played by the two-pion diagram 
shown in Fig. 1. The scattering phase shifts at 
large orbital momenta are determined by the ab- 
sorptive part of the amplitude in the vicinity of 
the nearest singularity of the transferred momen- 
tum q? (cf. reference 2). In this case the nearest 
singularity is located at q* = 4u2, and the next 
singularity is only at q? = 16u?. The large dis- 
tance between these nearest singularities gives 
grounds for hoping that the two-pion diagram will 
make the main contribution to the phase shift of 
the KN scattering even when the orbital momenta 
are not very large. 

According to the unitarity relation, the absorp- 
tive part of the diagram of Fig. 1 is determined by 
the amplitudes of the 7N and Km scattering. The 
general expression for the amplitude of the Kz 
scattering is 


Fag (ky, ky, ks, Ry) = 1G 628 -- lapy a i (1) 


where F“) and F®) are invariant functions of the 
scalar products of the momenta ky, ky, ks, and ky; 
q@ and f are the isotopic variables of the pion; 
TK is the isotopic spin of the kaon. The following 
symmetry conditions apply: as k3; — k, we have 
FY — FY and F? ——F@); ko and k, are the 
pion momenta before and after scattering. 

The amplitude of the 7N scattering near the 
point Q? = 4u? has been calculated by Galanin et 
al.? and has the form 


A 


Pee GPs vise se Oe 5 NL alt k 
faa p, Pp; ko 2? k $\=g u(p’) 1% Ue 2 — g?/ 2— 2p 


k gone 
N +N 
aS u 2 — g?/ 2 + 2kp mm Sapy u (p). (2) 


The notation in (2) is as follows: kz; =k + q/2; ky 
= kq/2 — k; p and p’ are the nucleon momenta be- 
fore and after scattering; TN is the isotopic spin 


vd 
» 
ve 2s 


FIG. 1. Principal diagram of KN scat- 
tering at large orbital momenta. 


of the nucleus; u(p’) and u(p) are four-compo- 
nent spinors describing the initial and final spin 
states of the nucleus, respectively; g? = 14.5 and 
62 ey haran 

The absorptive part of the amplitude of the KN 
scattering in the two-pion approximation, with al- 
lowance for Eqs. (1) and (2), can be readily calcu- 
lated: 


A(E, 2) = EHP — 1) x45 tan], (3) 

where x® = q?/4y*—1, ¢€ =p/m (wp is the pion 

mass and m the nucleon mass), w is the kaon 

energy in the c.m.s., and E is the nucleon energy. 
In the derivation of (3) it was assumed that the 

amplitudes of the Km scattering are smooth func- 

tions of k in the region |k&sp| < u2/L (cf. refer- 

ences 2 and 3), and terms which are small near 

q? = 4u2 were disregarded. The amplitude F°) 

=) was taken out at the point q? = 4u2 and k* = 0 

(see also reference 3), and the amplitude F? 

was discarded in view of the oddness in k. If we 

use for the Km interaction the Lagrangian ¢ 

= -—4ThoKy_ yy, then A is the constant of the 

mK interaction. If the functions F“) and F®) 

are not sufficiently smooth near this point, the 

expression (3) changes appreciably. 


FIG. 2. Single-hyperon diagram of KN ed 
scattering. iho 
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The phase shifts of the KN scattering are ex- 
pressed in terms of the absorptive part (3) as 
follows:® 


Ca doe — 1d) 2uE ; ae - = : 
Zu te Qi] 2§”) \ dx*e te Ay (x*), 
EO, — 07) VAN VA oe a 
ee ES: mines asian 3 
gS areas =O 282) \ dx? Ce Ae") 


0 (4) 


where — =p/p, L=(1+1)&/V1+é, Qy(1+2¢?) 
is the Legendre function of the second kind, A, 
and A, are the absorptive parts of the KN scat- 
tering amplitude without and with spin flip, re- 
spectively, 67+ and 67- are the KN-scattering 
phase shifts, corresponding to a total momentum 
ja=ls vB . Formulas (4) are valid for L >1. We 
note that by virtue of the assumed smooth behav- 
ior of the amplitude of the Kz scattering, the 
phase shifts are independent of the isotopic vari- 
ables: oj+ = SP : 

If we are interested in orbital momenta that 
are not very large, L « 4m?/y* = 180, we readily 
obtain from (3) and (4) 


(CAMS, 4 16) 


2i-+ 1 


a (142 == (i 2 
o gee! ac |l— =e}! 
4V nL? (E+ o) et! v7) 
1 (6,, —6,-) 3g” AweQ, (1 + 2?) VIn® ee 
ha AV aL? (E+ m)(E +o) 
Ae 
MS Vine | i ie (5) 
+ Vat (1-72) 


where ¢ = €L'/?/2 «1 and1«L«<« 180. 

It follows from (5) that in the approximation 
which is nonrelativistic with respect to the nu- 
cleon, p <m, but p~ yp and /> 1, the ratio is 


5p + =O 1 u\? 
ww, aa j Sa, = 6 6 
‘meee Vo ( } 1.2. Ope = 0; (6) 


m 


This conclusion is also the consequence of the as- 
sumed smooth behavior of the amplitude of the Km 
scattering. We note that by virtue of this assump - 
tion the peripheral phases of the elastic KN scat- 
tering are also calculated by formula (5) (K is 
the symbol for the anti-kaon). 
In the analysis of the 7N scattering? it was 

found that at small orbital momenta, J ~ 2, an 
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important role may be played by the single-nucleon 
pole diagram, and therefore the two-pion approxi- 
mation is not suitable for such small orbital mo- 
menta. 

In the case of KN scattering, even a rough es- 
timate* of the contribution of the single-hyperon 
states (Fig. 2) shows that regardless of the type 
of the KNY coupling (Y stands for the hyperon), 
the two-pion D phases predominate (accurate to 

10—15%) over the single-hyperon phases in the 
kaon energy region wae £180 Mev, while the F 
phases predominate in the region cof ab < 400 Mev. 
The calculated values of the phase shifts (for A < 5) 
do not exceed the experimental errors.° 

Thus, the phase-shift analysis of the KN scat- 
tering, with allowance for the large phases (1 2 2), 
can in principle yield information on the magni- 
tude of the Km interaction, and also throw light on 
the limits of applicability of the two-pion approxi- 
mation and its practical significance. 

The author is grateful to I. Ya. Pomeranchuk 
for suggesting the topic and for guidance, and also 
to A. D. Galanin and A. F. Grashin for many use- 
ful advices and a discussion of the results. 
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*For a rough estimate we used the KNY coupling con- 


stants given by Matthews and Salam,* and the Kz interaction 


constant was estimated at A~(mx + 1) Vox,/47, where ox, 
is the Kz-scattering cross section at low energies (it was 


assumed that og,~ Vi: 
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We consider the absorption of ultrasound and of electromagnetic waves in ARIE shai 
conductors at absolute zero at frequencies close to the threshold frequency (w ~ 10° to 10 
sec~!). We show that the threshold frequency depends on the direction of propagation of the 


waves. The absorption near threshold is in the acoustic case proportional to (w—{)) 


1/2 


(Qo is the threshold frequency). There is an essential difference in the electromagnetic 
case for the absorption in Pippard, London, or intermediate superconductors. If one aver- 
ages over the direction, one obtains the linear increase of the absorption near threshold, 
as predicted for the isotropic model by the BCS theory,'»? only for intermediate supercon- 


ductors. 
INTRODUCTION 


Usine the conservation laws for energy and mo- 
mentum we get for the absorption of a phonon (or 
photon) combined with the dissociation of a Cooper 
pair 


P(p, q) = &p + &p—4q 


= Se as 


(we use throughout the notation introduced earlier?). 
The threshold frequency is determined by the mini- 
mum value of (p,q) for fixed q. In the isotropic 
case, A=const and the minimum which is equal 

to 2A is attained on the line 6 = 7/2 (@ is the 

angle between v and q). The absorption of ultra- 
sound and electromagnetic waves near threshold 

in the isotropic model was considered in a number 
of papers!»?»4>5 and their results lead to the follow- 
ing conclusions. 

The absorption of ultrasound® near threshold 
increases from zero to a magnitude of the order 
of c/v, where c is the sound velocity (strictly 
speaking this increase occurs over an exponen- 
tially small region of frequencies ). 

The absorption of electromagnetic waves!»2»4 
near threshold increases linearly as ~ w—2A. 

We shall show in the following that the aniso- 
tropy of a superconductor changes the frequency 
dependence of the absorption fundamentally. This 
is caused by two circumstances: 

1) The minimum of the left-hand side of (1) 
occurs for anisotropic superconductors not on the 


vq)? + Ap-q =o 


(1) 


line 6 = 7/2 as in the isotropic case, but in sepa- 
rate points on the Fermi surface. Because of this 
there is near threshold a contribution to the ab- 
sorption from an appreciably smaller part of the 
Fermi surface than in the isotropic case. 

2) In the electromagnetic case the decrease 
in the region of allowed dissociation of a pair is 
accompanied by an appreciable increase in the 
probability for dissociation and this leads to an 
increase in the absorption in the region immedi- 
ately adjoining the threshold as compared to the 
absorption in isotropic superconductors. 


ABSORPTION OF ULTRASOUND 


We use a diagram technique for our calcula- 
tions. To find the absorption it is necessary to 
evaluate the imaginary part of the polarization 
operator II(q, w). We have shown earlier® that 
one can perform the calculation in the weak coup- 
ling approximation and that the results remain 
qualitatively correct also in the strong coupling 
approximation, which in actual fact occurs in 
superconductors. It is therefore sufficient to 
take into account the diagrams of Fig. 1 to calcu- 
late Im II. Apart from numerical factors we then 
get (see reference 3) 


AA’ 


ImT1(q, o) ~\é p[ ute” eg sar |e gid (e + 2” —o), 


(2) 
where g =g(p) is a dimensionless function which 
characterizes the anisotropy of the electron-phonon 
interaction while the rest of the notation is the 
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same as the one used before.’ The primed quan- 
tities are here functions of the argument p—q. 
Assuming q «K py we can in the following put 

A’ =A, g’ xg. It is, however, impossible to put 
€ and é’, and € and e’ equal to one another as 
near threshold the quantities &, vq, and A may 
be of the same order of magnitude. We have 


E’ = § — vq cos 8, 6’ = oe Ae (3) 


Owing to the 6-function, the integration in (2) is 
performed over a thin layer of thickness ~ A near 
the Fermi surface. This enables us to reduce the 
integration over momentum space to an integra- 
tion over & and over the unit sphere which is the 
stereographic projection of the Fermi surface (see 
reference 3). 

We get thus 


_ (54 sin 6 d6 de 
ImII (q, 0) ~\\ gt P94 


2 
e 


Mm [ort 

eae) 

fap] 

& | & 
i) 


(the direction of q is chosen as the polar axis); 
K(6, @) is the Gaussian curvature of the Fermi 
surface. 

The roots of the equation € + «’— A=0 are 
determined by the equation 


(5) 


@? — v2g? cos? § — 4A? (6, @) lis 
w? — vg? cos? § i. 


be=F5 {29 cos 6 + o| 


For real phonons (q = w/c) this equation can 
be transformed to 


Ey = > [wuc) cos 6 + V wo — Q2(6, @)], (6) 
where 


QO? (0, p) = 4A? (0, p)/(1 — v?c? cos? 4). (7) 


The quantities &, and & obviously satisfy the 
relations 


S Sa Ee, s a aa ei e = Eo, a = €), (8) 
the geometric meaning of which is clear from 
Fig. 2. 


If we perform the integration over ¢ and use (8) 
we get 


sin § d0 dp gs (E1 + &1) (E2 + &2) + A? 


Im II (q, o) ~ \\ in — (9) 


The domain of integration in (9) is limited by the 
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conditions that the roots &, and é, be real 
wo? — Q2 (6, @) > 0, (10) 
from which we get the inequality 
|cos 0 <c Vw? — 4A?/vo. (11) 


The threshold frequency () is determined by the 
minimum value of 2(06, yg). Since the ratio c/v 
(c/v ~ 107? to 1078) is small, it follows from (11) 
that the minimum of 2( 6, gy) occurs near the 
line 6 = 7/2. We expand A? in a power series in 
xX =cos 8 and ~—@p, where gy, is the point where 
A*(1/2, ¢) is a minimum: 


A? (x, p) = Ao Ll + ax +6 (p — @,)?1, (12) 
where A? = min (A?(0, @)), and. a and. bis 14 
Near this point we have 
Q2 (x, p) = 4A2 [1 + ax +6 (p— 9,)2/(1 — ve x°). (13) 


If we minimize this expression with respect to 
x we get at the minimum 


+(2 2 
Z \Vo : 


Near threshold we have 


ye Q? = 402 [! = +(2)| ~~ 4A2, (14) 


Gree Oia, ence (15) 


Using (10) and (13) we find that the domain of 
integration in the x, y-plane is the interior of the 
ellipse 


i267 (4 -—=%,)* 0) Gy) a0 (16) 
Evaluating the integral in (9) up to terms of 
order ~a'/* we get 
Im IL = Ac (o — Q,)'#/v, A ~ g6/Kyup 20°. (17) 
It was shown earlier? that the damping of ultra- 
sound is determined by the equation 
a(n) = 7 (n)o Im II, (18) 
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where y(n) is some experimentally immeasurable 
function of the direction. We have thus near 
threshold 


a, (n) = B (n) c (@ — Q,)"/4,  —-B (n) = ¥ (2) AQ). (19) 


The minimum of the quantity 2? (6, gy) occurs in 
the isotropic case everywhere along the line 0 

= 1/2. The integration is in that case performed 
over a “‘ribbon’’ of width ~cVa /vo girdling the 
equator of the unit sphere, and it leads to thesre= 
sult obtained before.° 


ABSORPTION OF ELECTROMAGNETIC WAVES 


The absorption is in this case also determined 
by the imaginary part of the polarization tensor 
Typ: If we restrict our considerations to the dia- 
grams of Fig. 1 we have (apart from numerical 
factors ) 


rar |S (e + €’ —@). 


Im IIa ~\ # pov, [ uo” L yy’? 
(20) 


Changing to‘an integration over & and over the 
unit sphere, we find 


loo) 


Im Tap ~ \\ "59 “2 * 
=e (21) 
In our problem the characteristic dimension is the 
penetration depth 6, which is appreciably less than 
the wavelength in vacuo 27c/w ~ c/A; there is 
thus no dispersion relation of the form w =cq. The 
roots of the equation € + e’— w= 0 are thus deter- 
mined by (5), and the condition that they be real 


assumes the form 


@? — v?q? cos? 6 — 4A? (8, @) > 0. (22) 
If we evaluate the integral over & we get 
(sin § dQ dp €182 + Erb, — A? 
Im Ilag ~ \\ Ko 02Up 1&2 — Exe, ed: 


The magnitude of the integral in (23) depends 
essentially on whether we are considering a 
Pippard, London, or intermediate metal. 

a) Pippard metal, vq >A. The threshold fre- 
quency &») is determined by the minimum value of 
the quantity 22 (4, o)= vq? cos? 6 + 4A2 (6, Q). 
Because of the condition vq >A the minimum 
of 27(6, g) occurs near the line 9 = 7/2. Calcu- 
lations similar to the ones for the acoustic case 
give 


2? (x, ) ra 4A Ul + Ax by (@ 


2 


@y)? + (uq/2A,)?x?], 
9 2 

a (2A zs 2 

rales )| ~ AA? 

(24) 


of = 408] 1 


VaUB ( dé eee tise (6 | ¢’—@). 
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We find from condition (22) that the domain of 
integration is the interior of the ellipse 


(25) 


\2 : 
(SeL) (x — 9)? +51 (@ — Fo)? Sa. 


The absorption is essentially determined by the 

transverse components of the tensor Iq which 

do not contain Fermi-velocity components Vg 

and Vg proportional to the small quantity cos or 
If we evaluate the integral in (23) up to the low- 

est powers of @ and Ay/voq we get 


3 2 A Ne 1 
[are 4 3at (52) ae], 


where Vqo and vgy ~ Vo. There are in the Pippard 
case thus two regions of frequencies near thresh- 
old: 

1)a> (Ag/vuane: In that case we have 


%,0% 0 Ao 
KoUo voq 


(26) 


Im Hap ~ 


Ay ~ va00p0/ K p00 26" 
CD) 


Im Ila = Ay (A,/v09 )(@ at Q,), 


2) oe (Ao/ve: Then 


Im Tag = Ag (Ay/v99)? (@ — Q,)'2, Az = 3A ,a2Qo. (28) 
The minimum of the quantity Q? occurs in the 
isotropic model everywhere along the line 6 = 7/2. 
If the frequency is close to the threshold frequency 
integration leads in that case to the result of ref- 

erences 2 and 4: 


Im Tap ~~ A(@ — Q,)/0q. (29) 


A comparison of Eqs. (27) and (28) with (29) 
shows that the anisotropy reduces the absorption 
in region 1), but enhances it in region 2) which is 
in the immediate vicinity of the threshold. 

Experiments to measure the absorption of elec- 
tromagnetic waves (see, for instance, reference 6) 
are usually performed on polycrystalline super- 
conductors and at various angles of incidence. In 
that case one must average the result (26) over 
the various directions. The role of the threshold 
frequency for such experiments is played by twice 
the absolute minimum of the quantity A. An effec- 
tive contribution to the averaged absorption is 
given near threshold only by those great circles 
on the stereographic projection of the Fermi sur- 
face which pass through a small ellipse (with 
semi-axes ~ Va) which lies near the points 
where A(6, ~) is an absolute minimum. These 
circles occupy a band of width ~ Va on the sphere. 

The averaging thus results in an additional 
small factor Va in Eq. (26). Moreover, in this 
case we must put in that equation a, = 0. The 
experimentally observed absorption must thus 
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for such experiments be proportional to ~ a”. 

b) London metal, vq « A. The point where 
2? (x, @) is a minimum is in that case practically 
the same as the point where the energy gap A(x, 9) 
has its absolute minimum. Near threshold we have 


@? — O? (x, p) =4A7, lo — a, (x — x)? — ba (p — @,) 7) > 0) 
Evaluating the integral in (23) we get 


Im loa ~ Keay (Sar) 830% (30) 

The averaging over directions introduces in this 
case no added small factors. 

c) Intermediate metal, vq ~ A. In this case, 
which is the most interesting from an experimental 
point of view, the quantity Q(x, g) has its mini- 
mum in some point x;, g; which neither lies on the 
line x = 0 nor is the same as the point where 
A(x, ~@) is aminimum. The threshold frequency 
Q 9 =min Q(x, gy) has therefore no simple relation 
with the values of the energy gap. 

The integration is in this case performed over 
the interior of the ellipse 


Gz (Xx — x,)? +b; (9 —@,)? <a. (31) 


The numerator of the integrand in (23) is not small 
(as far as the parameter a is concerned) while 
the denominator is of the order of Va. The ab- 
sorption changes thus in this case, as in the case 
of the London metal, near threshold proportional 
to x?.@/2 but the factor (v9q/{2))? which occurs 

in the expression for Im IIlqg instead of the fac- 
tor (vga/2hm)" in (30) is not small. 

Averaging over the directions gives for inter- 
mediate metals an additional small factor Va. In 
fact, the absolute threshold frequency is in that 
case equal to 2Am and occurs for any directions 
of q which are perpendicular to the Fermi veloc- 
ity in the point where the gap has its absolute min- 
imum. The integration over directions is there- 
fore performed over a narrow band of width ~ Va 
near the line 9g = 7/2 and this leads to the factor 
Va. 

The absorption in polycrystalline samples of in- 
termediate metals is thus proportional to w— 2A. 
We note that the isotropic BCS model also leads to 
the same result (both for intermediate and for 
London metals). We emphasize once again that 
the agreement of qualitative results for the iso- 
tropic and for the averaged anisotropic model oc- 
curs only for the intermediate superconductors. 


CONCLUSION 


There are as yet no experiments on the absorp- 
tion of ultrasound in the threshold region, since 
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the corresponding frequencies cannot yet be at- 
tained. The only experiment we know of, in which 
the frequency dependence of the absorption of 
electromagnetic waves near threshold was meas- 
ured at low temperatures, is described by Rich- 
ards and Tinkham.® The total number of experi- 
mental points and the experimental accuracy are 
insufficient to compare theory and experiment. 
Moreover, the majority of the data obtained in 
that paper refer to intermediate metals for which 
the results of the isotropic model are the same as 
those for the averaged anisotropic model. The 
linear increase of the absorption with frequency 
is apparently verified experimentally. 

The fact that the threshold frequencies for In, 
Hg, and Pb measured by the above mentioned 
authors® turned out to be larger than the ones 
predicted by the isotropic theory (Q) = 3.5kT¢) 
is very surprising. Indeed, in a real polycrystal- 
line superconductor the threshold frequency is 
determined by the minimum value of the gap, and 
in the relation A(0) =1.75kT@ of the isotropic 
model A(0) stands for some average over direc- 
tions of the magnitude of the gap. Similar experi- 
ments in a region near the threshold with Pippard 
metals and also with single crystals are thus very 
desirable. 

Experiments with single crystals are moreover 
important for the following reason. A measure- 
ment of the threshold frequency 2) in Pippard 
metals allows us to find the minimum value of 
the energy gap on the great circle of the stereo- 
graphic projection of the Fermi surface perpendi- 
cular to a given direction n (n=q/q). We have 
shown earlier® that one can obtain the same result 
by studying the absorption of ultrasound at frequen- 
cies below the threshold frequency at low tempera- 
tures (T KA). 


There are already experiments about the aniso- 
tropic absorption of ultrasound in that region.’ It 
would be very useful to compare the experimental 
data obtained by Bezuglyi and co-workers! with 
electromagnetic measurements near threshold. 

Pokrovskii and Toponogov® developed a method 
which allows us to construct the energy gap as a 
function of direction (everywhere, except for 
several ‘‘blank spots’’) once we know Aj = Amin(”). 
A study of threshold phenomena for the absorption 
of ultrasound and of electromagnetic waves gives 
thus still another method to construct the energy 
gap. 

In conclusion the authors express their grati- 
tude to L. P. Gor’kov for drawing their attention 
to the problem considered here. 
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The interaction of a charged-particle beam with the low-frequency oscillations of a plasma 
(magnetoacoustic and Alfvén waves) is analyzed in the absence of collisions. It is shown 
that if the thermal velocity spread of the particles in the beam is sufficiently small this in- 
teraction can cause the plasma-beam system to become unstable. 


ie As is well known, a charged-particle beam 
passing through a plasma can excite electromag- 
netic oscillations in the plasma.!»* These can be 
high-frequency oscillations, due to the electrons 
alone, and/or low-frequency oscillations, in which 
both the electrons and ions participate. In general, 
excitation of oscillations is associated with a 
plasma instability. Hence, to clarify the stability 
conditions in a plasma it is important to investi- 
gate the interaction of charged-particle beams 


with all the waves that can propagate in the plasma. 


In the present paper we investigate the interaction 
of a compensated beam of charged particles with 
low-frequency plasma oscillations (primarily the 
magnetoacoustic waves) in the presence of a fixed 
magnetic field parallel to the direction of motion 
of the beam. * 

If the plasma is dilute so that the oscillation 
frequency w is much higher than the collision fre- 
quency 1/7 the kinetic equation must be used to 
analyze the plasma oscillations. If, however, wT 
< 1, the plasma can be treated as a hydrodynamic 
system. We consider the case wt > 1, which is 
of greatest interest. 

2. The general dispersion equation for plasma 
oscillations in an external magnetic field, with an 
arbitrary particle velocity distribution, can be 
written in the form 


*The excitation of acoustic oscillations that result from the 
motion of the plasma electrons relative to the ions in a highly 
nonisothermal plasma with no magnetic field has been studied 
by Gordeev’ (cf. also references 4 and 5). The same problem, 
but with a magnetic field, has been investigated by Bernstein 
and Kulsrud® for the case in which the Alfvén velocity is large 
compared with the acoustic velocity. Analyses of the excitation 
of magnetohydrodynamic waves in which the thermal motion of 
the plasma particles is neglected have been carried out by a 


8 
number of authors.°’”’ 


Age 4 bye s.C = ©, (1) 


where n=kc/w, k is the wave vector and the 
quantities A, B and C are expressed in terms of 
the components of the dielectric tensor €ij- 

We assume that the following conditions are 
satisfied: 


OOH, hv; Koni, 


where wyj is the ion gyromagnetic frequency, vj 
= (Tj/M)}/2 is the mean thermal velocity of the 
ions (Tj; is the ion temperature and M is the ion 
mass), and vy is the beam velocity. In this case, 
as an approximation the general dispersion equa- 
tion (1) can be separated into two equations 


RU) K Oni; (2) 


(kc/w)? cos? 6 — g,, = 0, (3) 
(ke/w)? ——- Eno = Snlere = 0, (4) 


which describe respectively the Alfvén and mag- 
netoacoustic waves (the 3 axis is along the exter- 
nal magnetic field Hj, the wave vector k lies in 
the 1-3 plane and @ is the angle between k and Hp). 

We assume that the equilibrium velocity distri- 
butions of the plasma electrons and ions are Max- 
wellian with characteristic temperatures Te and 
Tj; the velocity distribution of the particles in the 
beam is assumed to be 


of Wig NIP | 
eer Wises exp —; (5) 
Fe, : 0 lene i } Ze. nh 


(ng is the number density of the beam particles, 
Tg and T; are the temperatures of the electrons 
and ions in the beam, Me =M, Mj = M). In this 
case the components of the tensor €jj are given 
by? 
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> i S mt ree) he = ae 9 9 9 HE 
A ea te a Vi =2 WA +8 41(V% +5"? —4V4s? cos’a]""}, (9) 
FAA Aa ieee 9iV nsin? 0z,w (Za), where s = (Te /M)¥?. We note that when VA ~s 
ie Cire the quantities V, are also of order s. In this 
Q Siyes case the condition w >> ky; is satisfied only for a 
a9 = 14+ Di R mo ee Vata Xan), highly nonisothermal plasma (Tg > Tj); when 
: . : Tei 1; the magnetoacoustic waves are strongly 
yee be ee), (6)* damped. 
pose In addition to assuming kvj « w « kve we as- 
where sume that the condition |w—k)vy| > kve is satis- 


@—k ih 0a 


w (za) =e “*(+1 re \ STN V 2h 0, 


0 


9 2 
Q8 = 4ne?Nye/tta, Va = Tafa, 


Ona — Cali fic, ky =Rcost 


(the upper sign is taken in the expression for 
w(Zq) when kj > 0 and the lower sign is taken 
when kj < 0; the subscript @ indicates the kind 
of particle for both the plasma and beam ). 

3. Using Eq. (6) and the dispersion equation (3), 
we find the following expression for the frequency 
of the Alfvén wave as modified by the presence of 
the beam:7 

vo? + [(QF + 


2 2 
Gey 


'2) 22, "2,2 y%2 
Q;7) ¢ OF; aa Qi Q; v9 | 


(7) 


Owe \| 


We see that the plasma-beam system is unstable 
against the excitation of Alfvén waves if the follow- 
ing condition is satisfied? 

w>Va+Va, 
where Va = Ho)/V4m)M , Via = Hy /V 409M . 

It follows from Eq. (8) that Alfvén waves cannot 
be excited at sufficiently low beam densities. How- 
ever, this result has been obtained neglecting the 
coupling between the Alfvén waves and the magneto- 
acoustic waves. When this coupling is taken into 
account it is found that an instability also arises 
at densities for which the relation in (8) is not sat- 
isfied. In this case the growth cles for Va & Vj 
is found to be at least (wy; /w)* times smaller 
than the growth factor for the magnetoacoustic 
waves. For this reason we shall not investigate 
this question in any greater detail. 

4. We now consider the interaction of the beam 
with the magnetoacoustic waves, assuming that the 
beam density is small compared with the plasma 
density. If kvj«xw«<« Kv,, in the absence of the 
beam, the solution of the dispersion equation (4) is? 


(8) 


*te = tan. 
THereinafter quantities pertaining to the beam are denoted 
by primes. 


tThe condition (8) is given by Dokuchaev’ (cf. also refer- 
ence 9), 


fied; this means that the thermal spread of the 
electrons in the beam is small. With these as- 
sumptions the solution of the dispersion equation 
can be written in the form 


oO = ky 0, + &, (10) 
where |€| «<|kjvol. It follows from Eqs. (4) and 
(6) that 
€ = (M/m)'e, 

nM (v2 cos*Q@ — Ve, 4) cos? 9 ds _— 
= +h | Vo ES cos29 — V2 ) (02 cos? 29 a2 2) @ cle ti) 
ee z (11) 
V3, — v2 cos? 
i ye a i sin? 6 +- 2 (12) 


(the upper sign in (12) corresponds to kj < 0 and 
the lower sign to kj > 0). 

The quantity € is given by Eq. (11) if the ther- 
mal motion of the electrons in the beam can be 
neglected. If Va ~ s it is legitimate to neglect 
this motion if the inequality nyTg <« njTe is satis- 
fied. Furthermore, the condition |¢| « kjvg must 
be satisfied. Thus, when Va ~ S, Eq. (11) is valid 
when Te/Te «K np /ny K m/M. 

We see that the plasma-beam system is unstable 
against the excitation of magnetoacoustic waves for 
the conditions being considered here. If the veloc- 
ity Vo does not lie in the interval s < vo < Va the 
instability arises even if the quantity n(|n| <« 1) 
is neglected. Even when vo lies within the inter- 
val s < vo < Va, however, the imaginary part of ¢€ 
is proportional to 7. 

The frequency increment ¢€, given by (11), be- 
comes infinite when vj cos 0 — V,. In this case 
Eq. (11) does not apply and must be replaced by 
the expression 


ore & ys ec 
oO, m o, : 
ae at (13) 


Thus, for the strongest interaction (resonance), 
i.e., Vi = Vg cos 0, the growth factor for the os- 
cillations is proportional to (nj/ng)'/* rather 
than (nj/ny)¥?. 


nyM cos*gs® (V2.—V%) |" 
nomV >. (V2. =i) 


—1+iV3 


9*/s 
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5. The solutions in (10) — (13) for the dispersion 
equation (4) apply for a highly nonisothermal 
plasma. When |w —kyvo | > kvg, however, Eq. (4) 
admits of a solution of the form (10) when tse bis 
too. In this case, if the thermal motion of the beam 
electrons is neglected (|w—kjvo| > kvo) the fol- 
lowing expression is obtained for e: 


One ew) he 


M\"? 
oo (=) Eo = == ’ (14) 


eg =a 
where the «{*) are the components of the plasma 
dielectric tensor in the absence of the beam for w 
= Ky|Vo- 

Since «{!) has a nonvanishing imaginary part, 
it follows from (14) that an instability arises for 
Te S Tj in which the characteristic oscillations 
of the plasma are highly damped. The growth 
factor Im «€ is proportional to (nj/n))¥? in this 
case. In order of magnitude terms Im ¢€ ~ Re € 
~ (npM/ngm)¥? for vy ~ vi ~ s~ Va. This esti- 
mate holds, obviously, if the condition kvg « | «| 
<«< |kjvo| is satisfied, i.e., when To/Te « nj/ny 
«<m/M. If Te > Tj, Eq. (14) goes over to Eq. 
(11); 

6. If the inequality kvj « |w—-—kyvg| «kvo 
holds, the thermal motion of the electrons in the 
beam must be taken into account. In this case the 
solution of (4) is of the form 


© = kj) + &, (15) 


| €0|<|R ye, 


where € 9 is given by Eq. (14). As a rough approxi- 


mation, we have Im €9 ~ Re €) ~ (nj/my) kv; 


for Te ~ Tj and vo~ s~ Va. In this case Eq. (15) 


applies if the inequalities Tj /T « nj/ny Kk MTe/ 
mTe are satisfied. 

If kVp is close to the characteristic frequency 
of the magnetoacoustic waves in a nonisothermal 
plasma kV, then 


o = kVi4+ 2%, |k (vp cos 6 — Va) |<le|, (16) 


where €, is given by Eq. (13). As a rough approxi- 
mation €) ~ (nj/n)”?kVsz when vy ~ s ~ Va. The 
expression in Eq. (16) applies if Tj /T; « (ng/no) 
<«< MTe/mTe (it is assumed that v»)~ s ~ Va). 

7. The preceding expressions are valid if the 
temperature of the ions in the beam is low enough 
so that |w—kjvpg| > kv’. Since € is proportional 
to the small parameter (nj (85) 4 2 the inequality 
indicated above is not satisfied for sufficiently 
small values of nj/np. In this case the solution 
of (4) is of the form 
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®©= 0s + ifs, (17) 
where w, is given by Eq. (9) 
V mo, sin? § (E, +E, + €)) é 
iene WE, Tos? § — a Ke Eye C.= | a 5 RCES) 


Here, the quantity — (é,. >0) determines the 
Cerenkov damping of the magnetoacoustic waves: 


Ey [cos =e) 4 Clo. 


k \| | Ve. 


(19) 


The quantities & and é{ determine the damping 
(or growth) of the magnetoacoustic waves due to 
the Cerenkov absorption (or emission) of these 
waves by the electrons and ions of the beam: 


cae ns (T25/2 ; Ale Oe PW 
22 figs”? {Fr (ee eae | r ca} Te * 
Dr me nee a 20 
P | V 2k, 0, (f oe) 
2 y) 2 == 
oe | (cost — £4) —22| Pye yar tect 
nov? | #) V2 | ey le, 
is OO. Sk 120 a) 
exp Vn oe (21) 


Equations (17) — (21) show that a low-density 
beam with large thermal spreads in the ion and 
electron velocities will in general not excite 
magnetoacoustic oscillations in a plasma. 


1a. 1. Akhiezer and Ya. B. Fainberg, Doklady 
Akad. Nauk SSSR 68, 555 (1949); JETP 21, 1262 
(GIO). 

2D. Bohm and E. P. Gross, Phys. Rev. 75, 1851 
(1949), ibid. 75, 1864 (1949). 

3G. V. Gordeev, JETP 27, 19, 24 (1954). 

41. M. Kovrizhnykh, JETP 37, 1692 (1959), 
Soviet Phys. JETP 10, 1198 (1960). 

5M. S. Kovner, JETP 40, 527 (1961), Soviet 
Phys. JETP 13, 369 (1961). 

67. B. Bernstein and R. M. Kulsrud, Phys. 
Fluids 8, 937 (1960). 

Ty. P. Dokuchaev, JETP 39, 413 (1960), Soviet 
Phys. JETP 12,.292 (1961). 

8k. N. Stepanov and A. B. Kitsenko, J. Tech. 
Phys. (U.S.S.R.) 31, 167 (1961), Soviet Phys.-Tech. 
Phys. 6, 120 (1961). 

9K. N. Stepanov, Ukr. Phys. Journ. 6, 678 (1959). 


Translated by H. Lashinsky 
314 


SOVIE LD PHYS [Cord Exe 


Letters to the Editor 


ASYMMETRY OF THE BETA RADIATION 
OF Co® NUCLEI POLARIZED IN A 
COBALT-IRON ALLOY 


B. N. SAMOILOV, V. V. SKLYAREVSKII, 
V. D. GOROBCHENKO, and E. P. STEPANOV 


Submitted to JETP editor April 3, 1961 


J. Exptl. Theoret. Phys. (U.S.S.R.) 40, 1871-1874 
(June, 1961) 


W: reported earlier! on the results of investi- 
gating the asymmetry of beta radiation from Co. 
nuclei polarized in Permendur (a ferromagnetic 
alloy containing 50% Co and 50% Fe). From the 
experimentally determined sign of the asymmetry 
we established that the effective magnetic field at 
the cobalt nuclei is directed oppositely to the ex- 
ternal, magnetizing field. Hanna and his co-work- 
ers arrived at similar conclusions? as a result of 
investigating by the Méssbauer method the hyper- 
fine splitting of levels of the Fe°’ nucleus in me- 
tallic iron and of measuring the dependence of 
this splitting on the added external field. Dash and 
co-workers® showed by an indirect method that the 
effective field at Co” nuclei in iron has the same 
direction as the field at Fe” nuclei, i.e., opposite 
to the domain field. This letter presents the final 
results of our investigations of asymmetry of the 
beta radiation of Co®® nuclei polarized in Permen- 
dur. 

The orientation was effected by the ferromag- 
netic method. The sample was cooled by bringing 
it into thermal contact with an adiabatically demag- 
netized block of potassium chrome alum. To mag- 
netize it, a small ( ~ 1000 oe) magnetic field cre- 
ated by coils placed inside the helium Dewar was 
applied. The sample, in the form of a thin plate 
(3 x 1.5 x 0.01 mm), was positioned in such a 
way that its plane made an angle of 30° with the 
direction of the magnetic field. The beta radia- 
tion was counted in the same direction. Sucha 
placement of the sample satisfied at the same 
time two requirements: a small thickness along 
the direction of emission of the recorded beta ra- 
diation and a small angle between the polarization 
axis of the nuclei* and the direction in which the 
counting is performed (the maximum asymmetry 
value corresponds to the zero value of this angle ). 
A diagram of the low-temperature part of the ap- 
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FIG. 1. Diagram of the apparatus: 
1—sample; 2—cold conductor; 3 —cool- 
ing salt with contact plates; 4—insulat- 
ing salt; 5— aluminum foil (thickness 
25); 6—scintillator; 7 —light pipe; 

8 —coils for magnetizing the sample; 
9 —vacuum jacket; 10 — adsorption pump. 


paratus is presented in Fig. 1. The beta radiation 
was registered by a disc of scintillating plastic 
(diameter 9 mm, thickness 1.5 mm). Scintilla- 
tions were led from the scintillator via a methyl 
metacrylate light pipe (~ 1000 mm long) to the 
photocathode of a FEU-13 multiplier tube. Another 
multiplier with a 40 x 40-mm Nal(TI1) crystal re- 
corded the gamma radiation of the sample in a di- 
rection perpendicular to the axis of polarization. 
The remaining devices employed to record radia- 
tion and measure the temperature of the salt, as 
well as the experimental procedure, were the same 
as in our previous experiments.° 

Figure 2 represents the results of one of the 
experiments. Every fifteen minutes the direction 
of the magnetizing field was reversed, and after 
thirty minutes the sample was warmed up to the 
temperature of the surrounding bath. It is evident 
that reversal of the field has no effect on the ani- 
sotropy of the gamma radiation, but that it does 
reverse the direction of preferred emission of 
electrons. Quantitatively, the anisotropy of the 
gamma radiation and the asymmetry of the beta 
radiation may be described by the parameters 


&y = Ny(n/2)/Ny—1, & = [Na(0) — No(a)}/N3, 


where Ny(6) and Ng(6) are the intensities of the 
gamma and beta radiation of the oriented nuclei at 
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FIG. 2. Intensities of gamma and beta radiation of 
of the sample as a function of time. Below is shown 
the dependence of the salt temperature on time; the 
arrow marks the moment at which artificial warming 
of the salt begins. 


an angle @ to the direction of the magnetizing field, 
and Ny and NB are the radiation intensities of the 
warmed-up sample. ¢€,, and €g can be expressed 
in terms of the decay characteristics of the nu- 
cleus and the degree of orientation. For not very 
low temperatures in the case of Co®® decay, we 
can restrict ourselves to the first terms in the 
expansions of Ey and EB in powers of wH/IkT, 
writing the approximate equalities 


evil pe ee 
ey = (ter) ee — gl ) TET) 


where p is the magnetic moment, I is the spin of 
the Co® nucleus, H is the effective field at the 
nucleus, and v is the electron velocity. 
Measurement of beta asymmetry obviously al- 
lows us to determine not only the magnitude but 
also the sign of the product wH, and if the sign of 
one of the factors is known the sign of the other 
can be determined. The sign of the magnetic mo- 
ment of Co® is known, allowing us to determine 
the sign of the effective field at the nucleus. Tak- 
ing into account corrections for the imperfect co- 
incidence between the directions of polarization 
and counting of beta radiation, as well as for the 
gamma background in the beta count, and adopting 
an average v/c value for the recorded part of the 
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spectrum of ~ 0.6, we obtained for the effective 
field strength at the nucleus the value H = —2 
x 10° oe; this agrees with the magnitude | H| 
= 2.8 x 10° obtained from ¢, and with the value 
| H| = 2.5 x 10° reported by us earlier.® 

The experimentally obtained negative sign of 
the effective magnetic field at the cobalt nuclei 
can be explained by assuming that the contact in- 
teraction between the nucleus and the polarized 
inner s electrons determines the principal con- 
tribution to the field.{ However Goodings and 
Heine’ and also Freeman and Watson® have shown 
that, for the case of the free atom or ion electron 
configuration, such a mechanism cannot explain 
the large size of the negative field found at the nu- 
clei in metal. The latter authors presented the in- 
teresting results of calculations of the dependence 
of the effective field at the nucleus on the position 
of the maximum of the density distribution of 3d 
electrons in the atom. They also suggested that 
the magnitude of the effective magnetic field at 
the nuclei of ferromagnetic atoms would appar- 
ently be explained if allowance were made for the 
real distribution of 3d electrons in the metal. 

The authors sincerely thank E. K. Zavoiskii 
and L. V. Groshev for their constant attention to 
the work, V. N. Agureev, N. V. Razzhivin and I. B. 


1316 


Filippov for their help in preparing the apparatus 
and carrying out the experiments, and also N. E. 
Yukovich, V. A. Drozdov and V. D. Sheffer for fur- 
nishing the liquid helium. 


*The axis of polarization of the nuclei, in our opinion, lay 
in the plane of the sample because of the considerable differ- 
ence between longitudinal and transverse demagnetizing fac- 
tors of the thin plate. 

t This mechanism was also considered in Marshall’s work,’ 
but his calculations did not lead to the correct sign for the 
resulting field. 
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TEMPERATURE DEPENDENCE OF HYPER- 
FINE SPLITTING OF Dy*®! LEVELS IN 
PARAMAGNETIC DYSPROSIUM OXIDE 


V. V. SKLYAREVSKII, B. N. SAMOILOV, and 
E. P. STEPANOV 


Submitted to JETP editor April 3, 1961 


J. Exptl. Theoret. Phys. (U.S.S.R.) 40, 1874-1876 
(June, 1961) 


We have investigated spectra of the resonant 
absorption of Dy gamma rays of energies 26 
and 75 kev. The source used was Gd#®°0, (97% 
Gd!6°) in which Gd!*! is formed by irradiation in 
a reactor and then goes over (Ty. = 3.7 min) to 
ps (Ty = 7.15 days). The Dy!*! gamma rays 
are emitted upon beta decay of the Tp eine 
compound Dys-0, (90% Dy'*') was used as the 
absorber. 

The dependence of the intensity of the gamma 
rays passing through the absorber on the rate of 
motion of the absorber toward the stationary 
source was measured. The absorber was set in 
motion by a mechanical system that converts (by 
means of a suitably shaped cam) rotary motion 
into reciprocating motion with constant speed. 
Different rates were obtained by changing the rate 
of rotation of the cam. The gamma rays were reg- 
istered by a scintillation spectrometer using a 
crystal of Nal(T1). 

For the 26-kev gamma rays it turned out that 
the magnitude of the resonance absorption depended 
weakly on the temperature. This allowed the meas- 
urement of spectra at a series of temperatures: 80, 
300, 400, 510, 640, and 840°K. In all cases the 
Dy3®°!03 absorber had a thickness of 15 mg/cm?. 
Thicker absorbers gave a larger effect, but poorer 
resolution. 

Figure 1 shows three of the spectral measure- 
ments. It can be seen that in all cases five almost 
equidistant peaks appear (besides the fundamental 
one at v= 0). Such a spectrum indicates that one 
of the levels of Dy'®! between which the 26-kev 
gamma transition occurs (7 —/*) is split into 
six magnetic sublevels, such that the magnitude of 
the splitting is approximately the same for emit- 
ting and absorbing nuclei, but the splitting of the 
other level is significantly less and apparently is 
responsible for the width of the peaks. These 
splittings are caused by the interaction of the nu- 
clear magnetic moment of Dy!*! with the magnetic 
field produced at the nucleus by the electron shell. 

The observed equal separation of the hfs (hy- 
perfine splitting) levels is apparently associated 
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FIG. 1. Resonance absorption spectra of Dy*** gamma rays 
with energy of 26 kev at different temperatures: A—80°K, 
B—300°K, C—640°K (temperature of source and absorber the 
same). On the ordinate axis the quantity € = [N(|v|) 

—N(v = ~)]/N(v =~) is plotted in percent; N(|v|) is the 
count intensity of gamma rays passing through the absorber 
moving at the rate |v|. On the abscissa axis (the same for all 
three curves) AE = (|v|/c)E,y is plotted, as well as |v|. 


with the presence of a quadrupole interaction be- 
tween the electron shells of the Dy atoms and the 
internal electric field, leading to a removal of the 
degeneracy in Jz. This interaction is caused by 
the characteristics of the Gd,O3; and Dy,20O3 lat- 
tices: the atoms of Gd or Dy are located at the 
centers of slightly distorted cubes in all corners 
of which, except the two on the diagonal, lie O 
atoms. Besides the spectra of €(|v|) at T = 300°K, 
a spectrum was measured with separate registra- 
tion of €(+v) and €(-—v). In this spectrum there 
also appeared five peaks on each side of the cen- 
tral one, but the center of symmetry was shifted 
relative to v = 0 by a small amount correspond- 
ing to AE & 4 x 10-8 ey. This asymmetry is 
caused by the different disposition of the levels 

of the emitting and absorbing nuclei on account of 
the different crystalline lattices of the source and 
absorber. 

From Figs. 1 and 2 it is seen that AE = wHy/I 
(the hfs of Dy!*!) and consequently Hy (the mag- 
netic field at the nucleus) depend significantly on 
the temperature. 

This dependence of Hy on temperature is de- 
termined by the temperature dependence of the re- 
laxation time Tye] of the spin of the electron shell 
that creates the field at the nucleus. It is known 
that in such strong paramagnetic substances as 
Gd,O; and Dy,03 the time Tye] is very short and 
decreases with increasing T. For a sufficiently 
small Tre], when Trel K Tprec, where Tprec 
= h/AE, is the time of precession of the nuclear 
spin in the field of the electrons, the mean values 
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FIG. 2. The dependence of AE = pHp/I and Hp on T. 
The values of AE were found from the mean separation be- 
tween the peaks of the curves in Fig. 1, and Hy, was determined 
from AE, with the assumption that the observed AE belongs 
to the ground level of Dy***, for which p is known. 


of Hy and AE are equal to zero. For Tre] suffi- 
ciently large AE = AEp. In intermediate cases, 
which, evidently, correspond to the temperature 
region we have investigated, AE < AE, and de- 
creases with increasing T. 

Evidently, measurements of curves of AE(T) 
make it possible to obtain the dependence Tyg](T). 
For this, our results need to be augmented by 
measurements in the low-temperature region. 
From the curve AE(T) obtained we estimate 
Trel ~ 10r. esec. 

In the spectrum of the resonance absorption of 
Dy! gamma rays of energy 75 kev (transition 
¥, —/,) the hfs AE™ ~ wH,)/I = 27 x 107" ev is 
six times greater than AE (80°K) = 4.8 x 107! ev. 
From this it follows that the observed AE” is 
created by a splitting of the 75 kev levels. From 
a comparison of the values we have measured for 
AE™(80°K) and AE®*(80°K) with the known quan- 
tity = Oe n.m.,! we find that the magnetic mo- 
ment of the Dy 75 kev levels is ee AS 18} tan,,. 
which is in agreement with the shell model.” 

The 26-kev gamma radiation of Dy*®! is one of 
those rare cases in which the study of resonant ab- 
sorption is possible even at high temperatures of 
the order of 1000°K. As Yu. Kagan (private com- 
munication) has shown, one can expect such an 
unusually weak dependence of the resonance ab- 
sorption on temperature for lattices in which the 
atoms differ greatly in mass. In this case, the 
usual Debye temperature no longer characterizes 
the phenomenon, and it should be replaced by a 
much higher ‘‘effective’’ Debye temperature. 

The Méssbauer effect in Dy'®! has been inves- 
tigated by Ofer et al.,? who obtained the spectrum 
for the 26-kev gamma rays at T = 300°K, also 
with Gd,O3; and Dy,O3 as source and absorber. 
Our spectrum at T = 300°K agrees with Ofer’s 
results as far as the half-widths and magnitude 
of the effect is concerned. However, they did not 
notice the peaks we found, apparently on account 
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of using an absorber of unseparated Dy203. 

The authors deeply thank E. K. Zavoiskii, L. V. 
Groshev, D. P. Grechukhin, Yu. M. Kagan, ‘Sole 
Belyaev, and D. F. Zaretskii for numerous dis- 
cussions, I. B. Filippov, K. P. Aleshin, G.P. 
Mel’nikov for taking part in the experiment, and 
Vv. S. Zolotarev for the gift of the separated iso- 
topes. 
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3 Ofer, Avivi, Bauminger, Marinov, and Cohen, 
Phys. Rev. 120, 406 (1960). 
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PARAMAGNETIC RESONANCE IN METAL- 
LIC ALUMINUM 


A. A. GALKIN and V. P. NABEREZHNYKH 


Physico-Technical Institute of Low Tempera- 
tures, Academy of Sciences, Ukrainian S.S.R. 


Submitted to JETP editor April 12, 1961 


J. Exptl. Theoret. Phys. (U.S.S.R.) 40, 1876-1877 
(June, 1961) 


A number of experimental and theoretical 
papers!~® have been devoted to paramagnetic 
resonance in the conduction electrons of a metal. 
However, most of the investigations have been 
made on alkali metals where the electron reso- 
nance line is sufficiently narrow, due to the weak 
spin-orbit interaction. The difficulty of observ- 
ing paramagnetic resonance in ‘‘classical’’ met- 
als, in which the spin-orbit interaction is strong, 
is increased because impurities can lead to a 
sharp reduction in the spin relaxation time and 
thus to a broadening of the absorption curve. 

In this note we describe experiments on the 
observation of electron paramagnetic absorption 
in single crystal aluminum with a residual resist- 
ance of 6.7 x 107°,* corresponding to an electron 
mean free path ~ 2 x 107% cm. 

The specimen, in the form of a 10 mm diameter 
disc of thickness ~ 3 mm, was electropolished and 
served as the base of a cylindrical resonance cav- 
ity in which Ho; mode oscillations were excited. 
The perfection of the surfaces was such that at T 


THE) DEGOR 


= 4,2°K several cyclotron resonance oscillations 
were fairly clearly observed. 

The dependence of absorption on magnetic field 
was studied with a high sensitivity spectrometer, 
working at a frequency of 3.6 x 10!° cps in the tem- 
perature range 300 —4.2°K. 

A broad symmetrical line was visible at tem- 
peratures of 300 and 77°K. The intensity of the 
line depended weakly on temperature, indicating 
the electronic character of the absorption. At hy- 
drogen temperatures the absorption line has pro- 
nounced asymmetry which increases somewhat as 
the temperature is reduced to 4.2°K. 

Figure 1 shows the dependence of the deriva- 
tive of the surface impedance, dR/dH, on mag- 
netic field H at T=4.2°K. The results of the 
investigation refer to a specimen in which the 
fourfold axis was perpendicular to the surface of 
the specimen. The line width, determined at the 
half height of the derivative, does not change over 
the interval 20 — 4°K and equals 140 oe, corre- 
sponding to a spin relaxation time Tsp © hee 10a 
sec. 
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One can deduce from the fact that the line width 
is weakly dependent on temperature, while accord- 
ing to B. I. Aleksandrov’s measurements an appre- 
ciable change in the de resistance of aluminum is 
still observed, that the .,in relaxation time is de- 
termined by impurities with strong spin-orbit 
coupling. This deduction is also confirmed by 
measurements on aluminum with a large impurity 
content, for which the value Tsp © 5 Xx 107" sec 
was found. 

The absence of anisotropy in the line width and 
g-factor (equal to 2.06) can also be explained by 
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the strong line broadening produced by impurities. 

The shape of the absorption line, which has been 
studied very thoroughly by other authors,” is not 
understood. It was shown for the alkali metals 
that the positive part of the derivative dR/dH is 
considerably larger than the negative. 

Examination of the shape of the absorption 
curve shows that for aluminum and copper the 
negative part of the derivative is considerably 
greater than the positive. This can be explained 
formally by particles with opposite sign of spin 
taking part in the paramagnetic resonance. It 
seems likely that Dyson’s theory’® is not fully ap- 
plicable to our case, since wHX kT and Tgp is 
of the same order of magnitude as the collision 
time. 

Since the electron mean free path is greater 
than the radius of the electron orbit in the mag- 
netic field, a dependence of the signal strength 
on the inclination of the magnetic field relative 
to the specimen surface is observed in the experi- 
ments. The change in signal amplitude is in quali- 
tative agreement with the theory of Azbel’, Gera- 
simenko, and Lifshitz.’ 


*We are grateful to B. I. Aleksandrov for providing the 
initial specimen, prepared in his laboratory. 
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SMALL-ANGLE SCATTERING OF 0.8- AND 
2.8-Mev NEUTRONS 


Yu. A. ALEKSANDROV, G. V. ANIKIN, and A. S. 
SOLDATOV 


Submitted to JETP editor April 15, 1961 


J. Exptl. Theoret. Phys. (U.S.S.R.) 40, 1878-1879 
(June, 1961) 


Wuen studying the scattering of neutrons with 
an average energy of about 2 Mev in the region of 
angles smaller than 8 — 10°, we discovered, be- 
sides Schwinger scattering,! an additional contri- 
bution to the scattering cross section of U and Pu 
nuclei.*»? In this work we have tried to establish 
the energy dependence of the indicated effect in 
the angle interval of 3 to 25°. The work was car- 
ried out with a fast-neutron reactor. Measure- 
ments were made in two energy intervals with 
average energies of 0.8 and 2.8 Mev. The neu- 
trons, with an average energy of 0.8 Mev, were 
separated out of a broad spectrum of reactor neu- 
trons by radiotechnical collimation of the recoil 
protons. The measurements at an average energy 
of 2.8 Mev were made with a threshold detector 
(as was done in references 2 and 3). The perform- 
ance of the collimation system used for the meas- 
urements is presented in Fig. 1. 
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Measurements were made in the 3 — 8° interval 
both to the left and to the right of the neutron 
beam; agreement of the two measurement results 
was observed. Figures 2 and 3 present the results 
of the measurements. The quantity y* cot? (6/2), 
which is the cross section for Schwinger scatter- 
ing, was computed from the experimental points; 
y= Y, un(h/me )(ze*/hic ), Hy = 1.91. As is evident 
from the graphs, the results of the measurements 
for neutrons of about 0.8 Mev agree with the theory 
of Schwinger scattering within the limits of error. 
At an energy of ~ 2.8 Mev, as was also reported in 
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references 2 and 3, a sharp increase in the scat- 
tering cross section of U and Th nuclei is ob- 
served in the region of angles smaller than 10°, 
in spite of allowances made for Schwinger scatter- 
ing. 

It must be observed that the detected phenome- 
non has not yet been satisfactorily explained.® 

The authors are grateful to Professors A. I. 
Leipunskii and I. I. Bondarenko for their attention 
to the work. 
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5v. M. Koprov and L. N. Usachev, Proceed- 
ings of the Conference on Nuclear Reactions at 
Low and Medium Energies, Moscow, July 1960, 
in press. 
6 vy. M. Agranovich and D. D. Odintsov, ibid. 
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PRODUCTION OF NEGATIVE-TEMPERATURE 
STATES IN P-N JUNCTIONS OF DEGEN- 
ERATE SEMICONDUCTORS 


N. G. BASOV, O. N. KROKHIN, and Yu. M. POPOV 


P. N. Lebedev Physics Institute, Academy of 
Sciences, U.S.S.R. 


Submitted to JETP editor April 18, 1961 


J. Exptl. Theoret. Phys. (U.S.S.R.) 40, 1879-1880 
(June, 1961) 


Ir a p-n junction in a semiconductor is biased 

in the forward direction, then there will be a de- 
crease in the potential barrier due to space charge 
in the p-n junction, and the concentration of mi- 
nority carriers near the junction will increase. 
The concentration of these carriers reaches a 
maximum once the potential barrier is completely 
removed by the applied field. This maximum 
value is about equal to the concentration of the 
carriers in a region of the crystal where they are 
the majority carriers (we assume the p-n junc- 
tion to be abrupt). A negative temperature can 
arise in a junction only when the Fermi quasi- 
levels corresponding to the non-equilibrium con- 
centrations of electrons and holes satisfy the re- 
lation! 


Me + Pp > A, (1) 


where pe and Mp are the Fermi quasi-levels for 
electrons and holes, and A is the width of the for- 
bidden band. If the p-n junction is now biased in 
the forward direction, the Fermi quasi-level of 
the minority carriers near the junction will be 
close to the Fermi level in that part of the crystal 
where these carriers are the majority ones. From 
equation (1) it then follows that in this case in at 


least some part of the p-n junction the carriers 
must be degenerate. 
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Semiconductors with such p-n junctions are 
tunnel diodes;? however, this mechanism for ob- 
taining negative temperatures corresponds to the 
diffusion, rather than the tunnel, part of the volt- 
age-current characteristic of the tunnel diode. 

If the p-n junction is ina strongly degenerate 
semiconductor, negative temperatures can arise 
even before the potential barrier is completely 
destroyed so that quantitative estimates can be 
obtained with the aid of the theory of the diffusion 
of current through a p-n junction. 

It can be easily shown that the minimum value 
of the external voltage at which a negative tem- 
perature can occur is given by* 


nit = A/e (2) 


where —e is the electron charge. The current 
density I (of the electronic component, for ex- 
ample) is, in order of magnitude, 


I = —(eDn,/L)exp(eU/RT), (3) 


where D is the diffusion coefficient, L is the dif- 
fusion length, and Np is the electron density in the 
p part of the semiconductor. From formula (3) it 
can be shown that the current density decreases 
with increasing degeneracy and decreasing sample 
temperature. A steady state with negative temper- 
ature can thus be obtained. However, the absorp- 
tion coefficient for radiation in the semiconductor 
becomes negative at fairly high (~ 10> em7*) non- 
equilibrium concentrations of the minority car- 
riers,® and as a consequence it is impossible to 
work at very low current densities. 

The negative temperature occurs in a thin layer 
near the p-n junction, the thickness of the layer 
being about a diffusion length. In a degenerate 
semiconductor the high density of the majority 
carriers surrounding the region of negative tem- 
perature can, apparently, serve as reflecting sur- 
faces, i.e., a ‘‘resonating cavity’’ is formed. 

It should be noted that lower current densities 
can be used if the semiconductors forming the p-n 
junction have forbidden bands of different widths. 

Pankove’ has observed recombination radiation 
from p-n junctions in degenerate semiconductors. 
In a negative temperature state, the concentration 
of current carriers is lower than in the state hav- 
ing negative absorption coefficient, so that to ob- 
serve a negative temperature state one should 
look for changes in the voltage-current character- 
istic when the sample is illuminated with light of 
suitable frequency. 

*In the case of indirect transitions’ at low temperatures, 


the quantity A in formula (2) should be replaced by Ie; 
where € is the energy of the radiated phonon. 
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1 Basov, Krokhin, and Popov, Usp. Fiz. Nauk 72, 
161 (1960), Soviet Phys.-Uspekhi 3, 702 (1961). 

*L. Esaki, Phys. Rev. 109, 603 (1958); I. L. 
Ivanchik, ®y3uxa rBepgoro rena 8, 103 (1961), Soviet 
Phys. Solid State 8, 75 (1961). 

3 Basov, Krokhin, and Popov, JETP 40, 1203 
(1961), Soviet Phys. JETP 18, 845 (1961). 

e deet: Pankove, Phys. Rev. Lett. 4, 20 (1960). 
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RAREFACTION SHOCK WAVES IN IRON 
AND STEEL 


A. G. IVANOV and S. A. NOVIKOV 
Submitted to JETP editor April 25, 1961 


J. Exptl. Theoret. Phys. (U.S.S.R.) 40, 1880-1882 
(June, 1961) 


In the case of a medium with a Poisson adiabat 
some part of which has a curvature of sign other 
than the usual one (d*p/av? <0), a rarefaction 
jump must be introduced in order to construct the 
rarefaction wave in this region of pressures, 
whereas a compression jump is impossible.! The 
kink in the shock-compressibility curve in iron at 
an (a —y) phase-transition pressure of 132,000 
atm, noted by Bancroft,” is a limiting case of such 
an anomalous part of the Poisson adiabat.* That 
a rarefaction jump can in principle be produced in 
iron was pointed out by Drummond.’ It is obvious 
that when rarefaction shock waves interact, de- 
structive stresses will be reached in a very nar- 
row zone, determined by the width of the front of 
these waves, and this should lead to the appearance 
of fractures with much smoother surface than in 
the case when simple rarefaction waves interact. 
We have investigated fracture phenomena in 
cylindrical specimens of steel on whose surfaces 
explosive charges were detonated. The diameter 
of the charge was equal to approximately half its 
length and to the diameter of the specimen. In all 
cases where the specimens were damaged, frac- 
tures were produced near the contact with the 
charge, in the form of cores of regular geometric 
shape with smooth surfaces (Fig. la and b). In 
experiments with steel specimens made in the 
form of rectangular and triangular right prisms, 
the lower part of each core, as in experiments 
with cylindrical specimens, was in the form of a 
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convex spherical surface, while the lateral sur- 
face was similar to that of a rectangular and tri- 
angular pyramid. Fractures in the form of cores 
bounded by a convex spherical surface (Fig. la) are 
formed in experiments with specimens whose 
heights exceed a certain value for the given charge. 
As the original height of the specimen is reduced 
below this value, a new phenomenon is observed: 
the lower part of the core appears to be cut off 

in a plane perpendicular to its axis. In the re- 
maining part, the cut cores do not differ at all 
from the cores with spherical surface ( ‘‘full’’ 
cores). The cut surface is much smoother than 
the lateral surface of the core. It has the finish 
produced by a fine cut on a lathe. A second core 
with a cut (Fig. 1b) is produced in the lower part 
of the specimen, instead of the usual rear fracture. 
It should be noted that the ‘‘full’’ cores had ap- 
proximately half the height of the point where the 
cut appeared in the specimen. It follows therefore 
that the spherical core surface is formed some 
distance behind the front of the compression wave 
propagating in the specimen. 

Similar experiments were also made with copper, 
brass, and aluminum. None however disclosed 
fracture phenomena similar to those described 
above. 

The very fact of formation of smooth fractures 
‘in steel, the adiabat of which has an anomalous 
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Fractures in the form of cores, obtained in experi- 
ments with cylindrical specimens of ‘‘Z’’ steel. Charge 
of TG 50/50 alloy, 65 mm high. a — ‘‘Full”’ cores. 
Specimens were 100 mm high and 80 mm in diameter 
(left) or 120 mm in diameter (right). The base of the 
cores was in contact with the explosive; b — cut cores. 
The height of specimen 60 mm, diameter 120 mm. 

1 — Cut surface of lower core, 2 — cut surface of upper 
core (base of upper core was in contact with the explo- 
sive). 


bend at the phase-transition point, enables us to 
relate the appearance of such fractures with the 
existence of rarefaction shock waves. From this 
point of view, the most obvious explanation can be 
offered for the appearance of cut cores. The cut 
is produced at the place where the rarefaction 
jumps meet; one of these jumps occurs in the 
specimen following the compression shock wave 
due to the explosion, and the other is produced 
when this compression wave is reflected from the 
free surface of the base of the specimen. Calcula- 
tions carried out by the method of characteristics 
in the two-dimensional case, using the experimen- 
tal shock adiabat of iron,” are in satisfactory agree- 
ment with experiment. On the basis of these experi- 
mental data it is natural to attribute the formation 
of the lateral surface of the core to the interaction 
between the rarefaction jump in the lateral unload- 
ing wave in the specimen and the rarefaction jump 
that follows the compression wave. Since these 
Jumps collide at a certain angle, it is clear that 
the zone in which destructive stresses are reached 
will be broader than in normal collision of the 
jumps, and consequently the fracture surface will 
be less smooth than in normal collision. This is 
in good agreement with experiment. 

The mechanism of formation of the spherical 
surface of the core is still not perfectly clear. The 
experimental data point to the existence of a con- 
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nection between the formation of this surface and 
the rarefaction jump propagating in the specimen 
behind the front of the compression shock wave. 

In the opinion of the authors, these fracture 
phenomena serve as an experimental proof of the 
existence of rarefaction shock waves in substances 
that experience a polymorphic transition under 
shock loading. 

The authors are grateful to Yu. I. Tarasov for 
participating in the discussion of the results and 
for his calculations of the collision between 
rarefaction jumps, and also to Academician Ya. 

B. Zel’dovich and Professor L. V. Al’tshuler for 
interest in the work and for valuable hints. 

*Since the iron is not greatly heated by shock compression 
in the pressure interval under consideration,’ it can be as- 
sumed that the expansion of the iron from the compressed state 


will follow a curve which differs only slightly from the shock 
adiabat. 


*Ya. B. Zel’dovich, Teopus yqapHbix BowH 
wv BBeseHKe B rasogqMunamMuKy (Theory of Shock Waves 
and Introduction to Gas Dynamics), AN SSSR, 
1946. 

? Bancroft, Peterson, and Minshall, J. Appl. 
Phys. 27, 291 (1956). 

3W. E. Drummond, J. Appl. Phys. 28, 999 
(1957). 
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N. G. BASOV, B. D. OSIPOV, and A. N. KHVO- 
SHCHEV 


P. N. Lebedev Physics Institute, Academy of 
Sciences, U.S.S.R. 


Submitted to JETP editor April 27, 1961 


J. Exptl. Theoret. Phys. (U.S.S.R.) 40, 1882 
(June, 1961) 


A number of investigations of the behavior of 
indium antimonide crystals in strong electric 
fields have established that at field strengths of 
~ 200 v/cm the carrier concentration starts to 
increase rapidly, owing to the impact ionization 
of valence band electrons (avalanche break- 
down ).1~8 
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We have observed infrared luminescence radia- 
tion from n type indium antimonide crystals with 
small impurity concentrations, when pulses with 
current densities of up to 100 amp/mm? were ap- 
plied. At these current densities the resistance 
of the specimen was more than an order of magni- 
tude smaller than the resistance at small currents 
(voltages ), which can be ascribed to avalanche 
breakdown. To avoid heating the specimen, current 
pulses not more than 3 usec long were used with 
repetition frequency 50 cps. The luminescent ra- 
diation was observed at a temperature of 78°K, 
and disappeared when the specimen was warmed 
up to 120—180°K. The rise and decay times of 
the light pulse did not exceed 1 psec, so that the 
observed radiation was not associated with heat- 
ing of the crystal lattice. The spectrum of the 
radiation, with a maximum at A = 5.3y and half- 
width 0.25, allows it to be assumed that it is re- 
combination radiation.* The effective temperature 
at the maximum of the spectrum was evaluated by 
comparison with black body radiation, and was 
5007, 

The authors are grateful to D. N. Nasledov and 
his co-workers for their interest in the work. 


‘1M. Glicksman and M. C. Steele, Phys. Rev. 
110, 1204 (1958). 

2M. C. Steele and M. Glicksman, J. Phys. 
Chem. Solids 8, 242 (1959). 

3A.C. Prior, J. Electr. and Control 4, 165 
(1958). 

4T. S. Moss, Optical Properties of Semiconduc- 
tors, (Butterworth, London; Academic Press, New 
York, 1959). 
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Sorokin, A. I. Popov, V. E. Storizhko, and A. Ya. 
Taranov — 883. 

Interaction of 14.1-Mev Neutrons with Be’. S. A. 
Myachkova and Perelygin — 876. 

Measurement of Angular Distributions in the Reaction 
AL(p, p’) AP™ at 616 Mev with a Magnetic Analyzer. 
S. 8. Vasil’ev, E. A. Romanovskii, and G. F. 
Timushev — 678L. 

Neutron Polarization in the Reaction Cann n) Nie 
I. I. Levintov and I. S. Trostin — 1102. 

Neutron Yield of the Reaction between Tritons and 
Fluorine and Aluminum Nuclei. A. K. Val’ter, P. I. 
Vatset, L. Ya. Kolesnikov, S. G. Tonapetyan, K. K. 
Chernyavskii, and A. I. Shpetnyi — 871. 

Neutrons from the C!?(t, n) Reaction. P. 1. Vatset, 
L. Ya. Kolesnikov, and S. G. Tonapetyan — 886. 

Small-Angle Scattering of 0.8- and 2.8-Mev Neutrons. 
Yu. A. Aleksandrov, G. V. Anikin, and A. S. Soldatov 
= ILS; 

Stripping Reactions on the Zr*® and Zr* Nuclei. 

N. 1. Zaika and O. F. Nemets — 716. 

The Cen n, p) Reaction and Neutron Resonance 
Parameters of Chlorine. Yu. P. Popov and F. L. 
Shapicor— al 322 

Nuclear Reactions, Disintegrations, Scattering (Theory) 

A Note on the Anisotropy in the Angular Distribution of 
Particles from Nuclear Interactions at 10! ev. 

M. Votruba, J. Pernegr, M. Suk, and V. Shimak — 681L. 

Analysis of the Angular Distribution of Reaction 
Products in Light Nuclei. B. L. Birbrair — 626. 

Angular Correlations in Inelastic Scattering of High- 
Energy Nucleons. G. L. Vysotskii — 983. 

Angular Correlations in Statistical Nuclear Reactions. 
V. M. Strutinskii — 1261. 

Calculation of the Elastic Scattering Cross Sections 
for 5.45 Mev Protons According to the Optical Model 
of the Nucleus. R. A. Vanetsian, A. P. Klyucharev, 
G. F. Timoshevskii, and E. D. Fedchenko — 842. 

Dispersion Formulas which Take into Account the 
Optical Interaction. V. 1. Serdobol’skii — 413. 

Energy Dependence of Cross Sections Near the 
‘Threshold’ for Unstable Particle Production. A. I. 
IBiew,” — IOGNy 

On Neutron Transfer in Nuclear Collisions. T. L. 
Abelishvili — 1010. 

Relative Probabilities of Alpha Decay to Rotational 
Levels of Nonaxial Even-Even Nuclei. V. 8S. Rostov- 
Sion — Qik. 

Relativistic General Theory of Reactions of the a+ b 
—-¢+tdtet+... Type. M. 1. Shirokov — 975. 

Nuclear Reactions on Multiply Charged Ions 

Investigation of the ere on) Cu Reaction. A. S. 
Karamyan and A. A. Pleve — 1081. 

Neutron Emission from Strongly Excited Nuclei. A. S. 
Karamyan, G. A. Dorofeev, and D. S. Klochkov — 705. 

Nuclear Spectra (a, 8, y) (Experiment) 

A Study of Low-Lying Excited States in Mn and 
Ho! by Measuring Cascade Quantum Coincidences. 
A. S. Melioranskii, I. V. Estulin, and L. F. Kalinkin 
— 43. 
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Alpha Decay of the Bi2t9M Tsomer. L. I. Rusinov, Yu. N. 
Andreev, S. V. Golenetskii, M. I. Koslov, and Yu. if 
Filimonov — 707. 

Circular Polarization of Gamma Quanta in the Reaction 
B'°(d, py) B!’. J. Zimanyi, J. Ero, L. Pocs, and 
J. Szentpeteryi — 496L. 

Circular Polarization of the y Rays Accompanying the 
B Decay of Nd!4", A, A. Petushkov and I. V. Estulin 
— 50. 

Decay Scheme of Te!3iM_ A. Badescu, O. M. Kalinkina, 
K. P. Mitrofanov, A. A. Sorokin, N. V. Forafontov, 
and V. S. Shpinel’ — 65. 

Gamma Transitions in the Sm!4° Nucleus. E. E. 
Berlovich, V. N. Klement’ev, L. V. Krasnov, and 
M. K. Nikitin — 256L. 

Investigation of the Radiation from Zn”, S. S. Vasil’ev, 
No Hsieng Ch’ang, and L. Ya. Shavtvalov — 331. 

On the 892.4-kev Gamma Transition in W!®’. Vv. D. 
Vitman, N. A. Voinova, B. S. Dzhelepov, and A. A. 
Karan — 335. 

On the Level Scheme of Eu!*. L. 1. Rusinov, R. L. 
Aptekar’, V. S. Gvozdev, S. L. Sakharov, and Yu. L. 
Khazov — 55. 

Radiations from Eul#?, Eul46, and Eu!4’, N. M. 
Anton’eva, A. A. Bashilov, B. S. Dzhelepov, K. G. 
Kaun, A. F. A. Meyer, and V. B. Smirnov — 15. 

Short-Lived Isomers of Ga, Ge, and As Produced by 
19.2-Mev Protons. A. M. Morozov — 72. 

Nuclear Structure (Theory) 

An Investigation of the Properties of Transuranium 
Elements Based on the Superfluid Model of the 
Nucleus. V. G. Solov’ev —456. 

Calculation of Probabilities of M3 Transitions and 
Second-Forbidden Beta Transitions in the Nilsson 
Model. D. Bogdan — 563. 

Correction to the Article by D. P. Grechukhin ‘‘Some 
Experimental Possibilities for Verification of the 
Model of Nonaxial Nuclei with a Rotational Spectrum,’’ 
JETP 38, 1891 (1960), Soviet Phys. JETP 12, 1359 
(1960) — 261L. 

Magnetic Dipole Transitions in Even-Even Nuclei with 
Quadrupole Collective Excitations. D. P. 

Grechukhin — 1219. 

On the E2 Transition Probability from the First 2* 
Level in Spherical Nuclei. Yu. T. Grin’ — 550. 

On the Problem of Computing Moments of Inertia of 
Nuclei. S. T. Belyaev — 470. 

Pair Correlation Effects near Closed Shells. S. I. 
Drozdov and D. F. Zaretskii — 194. 

Pairing Forces and Pair Correlations in the Nuclei 
T1965 and Bi!’ L. A. Sliv, G. A. Sogomonova, and 
Yu. I. Kharitonov — 661. 

Pairing Forces and Pair Correlations in the Pb?”® 
Nucleus. V. N. Guman, L. A. Sliv, and G. A. Sogo- 
monova — 232. 

Rotational States of Odd Nuclei with Small Nonaxiality. 
A.S. Davydov and R. A. Sardaryan — 1003. 

Single-Particle Excitations and Superfluidity in Systems 
Consisting of Fermi Particles with an Arbitrary Inter- 
action. Application to the Nucleus. A. B. Migdal — 478, 

Superfluidity of Nuclear Matter. L. P. Rapoport and 
S. G. Kadmenskii — 127. 


The Dynamic Effect of the Nuclear Volume in Conver- 
sion M1 Transitions in Even-Even Nuclei for the 
Nonaxial Rotator Model and for the Vibrational Model 
of the Nucleus. D. P. Grechukhin — 832. 

The g-Factors for Collective and Internal Motion in 
Tb!*? and Yb! Nuclei. E. E. Berlovich, M. P. 
Bonitz, and M. K. Nikitin — 525. 

The Properties of Some Strongly Deformed Nuclei. 
Liu Yuan, N. 1. Pyatov, V. G. Solov’ev, I. N. Silin, 
and V. I. Furman — 1052. 

Phase Transformations 

Modifications of Beryllium and Iron in Films Con- 
densed onto Cold Substrates. B. G. Lazarev, E. E. 
Semenenko, and A. I. Sudovtsov — 75. 

On the Shape of the Critical Isotherm Near the Critical 
Point. A. V. Voronel’ — 1062. 

Sound Absorption in Rochelle Salt Close to its Lower 
Curie Point. O. A. Shustin, T. S. Velichkina, K. N. 
Baranskii, andI. A. Yakovlev — 683L. 

Photonuclear Reactions 

A Method for the Measurement of Photoproduction of 
m™ Mesons on Hydrogen Close to Threshold. M. I. 
Adamovich, PAG. Gorzhevskaya, V..M. Popova, and 
bk, Yagudina —-60 i: 

An Investigation of the Sn’°“(y, n) and Sn’“"(y, n) 
Reactions. Kuo Ch’i-Ti, B. S. Ratner, and B. V. 
Sergeev — 60. 

Double Dispersion Relations and the Photoproduction 
of Pions. II. N. F. Nelipa and V. A. Tsarev — 1205. 

Equations for Photoproduction of Pions on Nucleons 
with Effects due to a Pion-Pion Interaction taken into 
Account. L. D. Solov’ev, G. Bialkowski, and A. 
Jurewicz — 589. 

Neutron Polarization in the Disintegration of Be?® 
Nuclei by Circularly Polarized Gamma Quanta. 

I. Sh. Vashakidze, T. I. Kopaleishvili, and G. A. 
Chilashvili — 343. 

On the Mechanism of Photonuclear Reactions. A. M. 
Badalyan and A. I. Baz’ — 383. 

Photoproduction of Neutrino-Antineutrino Pairs on 
Electrons. Wang Jung, J. Fischer, I. Ciulli, and 
S. Ciulli — 478. 

Photoproduction of Pions on Pions. L. D. Solov’ev 
— 418. 

Plasma (Theory) (see also Magnetohydrodynamics) 

A Kinetic Examination of Some Equilibrium Plasma 
Configurations. A. I. Morozov and L. S. Solov’ev 
= O27. 

Accuracy of Adiabatic Invariant of a Particle ina 
High-Density Plasma. A. M. Dykhne — 605. 

Change in the Momenta of Charges Colliding in a 
Magnetic Field. Yu. N. Barabanenkov — 1034. 

Collision Integral for Charged Particles. V. P. Silin 
— 1244, 

Concerning Disturbances Produced by a Body Moving 
ina Plasma. L. P. Pitaevskii and V. Z. Kresin — 185. 

Dispersion Equation for an Ordinary Wave Moving ina 
Plasma Perpendicular to an External Magnetic Field. 
Yu. N. Dnestrovskii and D. P. Kostomarov — 986. 

Electromagnetic Properties of a Relativistic Plasma. 
I. V. P. Silin — 430. 


Instability of Low-Frequency Electromagnetic Waves 
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ina Plasma Traversed by a Beam of Charged Parti- 
cles. M. S. Kovner — 369. 

Interaction of Charged Particles Beams with Low Fre- 
quency Plasma Oscillations. A. I. Akhiezer, A. B. 
Kitsenko, and K. N. Stepanov — 1311. 

Peculiarities of the Behavior of Multicharged Ions ina 
Plasma. A. V. Gurevich — 1282. 

Plasma Turbulence in a Magnetic-Mirror System. 

B. B. Kadomtsev — 223. 

Quantum Theory of Acoustic Oscillations of an Electron- 
Ion Plasma in a Magnetic Field. P. S. Zyryanov 
— Cee 

Quantum Theory of the Spectrum of Excitations of an 
Electron Gas in a Magnetic Field. P. S. Zyryanov 
== (5b 

Spatial Dispersion ina Relativistic Plasma. V. N. 
Tsytovich — 1249. 

Stability Conditions on the Electron Distribution Func- 
tion for a Plasma. A. I. Akhiezer, G. Ya. Lyubarskii 
and R. V. Polovin — 673. 

Stability of a Plasma Pinch with Anisotropic Particle 
Velocity Distribution and Arbitrary Current Distri- 
bution. V. F. Aleksin and V. I. Yashin — 787. 

Structure of the Transition Layer between a Plasma 
and a Magnetic Field. V. P. Shabanskii — 746. 

The Interaction of Fast Electron Beams with Longitu- 
dinal Plasma Waves. Yu. A. Romanov and G. F. 
Filippov — 87. 

Theory of the Interaction of a Charged Particle witha 
Plasma ina Magnetic Field. I. A. Akhiezer — 667. 

Plasma, Gas-Discharge (Experiment) 

Channel Expansion in Small Intense Sparks. B. A. 
Demidov, Yu. F. Skachkov, and S. D. Fanchenko — 263. 

Loss of Plasma from a Magnetic-Mirror System. II. 

M. S. loffe, R. I. Sobolev, V. G. Tel’kovskii, and E. E. 
Yushmanov — 27. 

On the Temperature of Lightning and Force of Thunder. 
Yu. A. Zhivlyuk and S. L. Mandel’shtam — 338. 

Plasma Confinement in a Trap with a Magnetic Field 
that Increases toward the Periphery. S. Yu. Luk’yanov, 
I. M. Podgornyi, and V. N. Sumarokov — 308. 

Polarization, Nuclear 

Asymmetry of Beta Radiation from Co* Nuclei Polar- 
ized in a Cobalt-Iron Alloy. B. N. Samoilov, V. V. 
Sklyarevskii, V. D. Gorobchenko, and E. P. Stepanov 
— 13140; 

Investigation of Reorientation of the Guanidinium Ion in 
the Ferroelectric C(NH»2)3-Al(SO4),-6H,O by the 
Nuclear Magnetic Resonance Method. A. G. Lundin, 
G. M. Mikhailov, and S. P. Habuda — 903. 

Nuclear Magnetic Resonance in Elastically Deformed 
Rock Salt. V. V. Lemanov — 543. 

Nuclear Resonance of Sn!!° in Metallic Tin. Yu. S. 
Karimov and I. F. Shchegolev — 908. 

Polarization of Some Radioactive Isotopes in Alloys. 

A. V. Kogan, V. D. Kul’kov, L. P. Nikitin, N. M. 
Reinov, I. A. Sokolov, and M. F. Stel’makh — 78. 
Positrons 

Positron Annihilation in Sulphur, Selenium, and Silicon. 
K. A. Baskova, B. S. Dzhelepov, and Z. A. Komissa- 
rova — 703. 
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Quantum Electrodynamics 

Asymptotic Form of the Vertex Part in Electrody- 
namics. V. G. Vaks — 961. 

Behavior of the Cross Section of Electromagnetic 
Production of Particles. V. N. Baier and S. A. 
Kheifets — 500L. 

Branching of Electron and Photon Green’s Functions. 
ViaGe Vialkis slo 

Bremsstrahlung from a Longitudinally Polarized 
Electron with Account of the Finite Size of the 
Nucleus. B. K. Kerimov and F. S. Sadykhov — 387. 

Electrodynamics of a Zero Mass Spinor Particle. 

V. G. Vaks — 556. 

Higher Moments of the Charge and Magnetic Moment 
Distributions of Nucleons. V. B. Berestetskii and 
M. V. Terent’ev — 220. 

On Relativistic Perturbation Theory for a Coulomb 
Field. V. G. Gorshkov — 1037. 

On the Polarization of Recombination Radiation. B. A. 
Lysov, L. P. Belova, and L. I. Korovina — 816. 

On the Use of an Arbitrary Gauge of the Electromag- 
netic Potentials in the Dispersion Method. V. D. Mur 
and V. D. Skarzhinskii — 759. 

The Weizsdcker-Williams Reactionfor Matrix Elements. 
A. M. Badalyan and Ya. A. Smorodinskii — 865L. 

Variation of the Adiabatic Invariant of a Particle ina 
Magnetic Field. Il A. M. Dykhne and A. V. Chaplik 
— 465. 

Quantum Field Theory, Theory of Strong Interactions 

A Dressed-Particle Analysis of the 7+ d= 2N 
Reaction. M. A. Braun — 828. 

A Model of Local Field Theory with Finite Charge 
Renormalization. B. M. Barbashov and G. V. Efimov 
= OLD), 

Antiprotonium Level Shifts for Large Orbital Angular 
Momerta. A. F. Grashin — 455. 

Causality Conditions in Quantum Theory. V. Ya. 
Fammberg — 1237. 

Commutation Function of a Nonlinear Meson Field. 

D. Ivanenko and D. F. Kurdgelaidze — 756. 

Complete Set of Experiments for Determination of 
Relations between the Amplitudes for Pion Production 
by Nucleons in Various Isotopic Spin States. K. 8. 
Marish and L. M. Soroko — 423. 

Dispersion Relations for Vertex Parts. Yu. M. Malyuta 
— 795. 

Double Dispersion Relations and Photoproduction of 
Pions. N. F. Nelipa — 766. 

Equations for the Spectral Functions of Charged Pions. 
Yu. A. Simonov and K. A. Ter-Martirosyan — 824. 

Integral Equation for Pion-Nucleon Scattering at Low 
Energies. Chou Hung-Yuian — 156. 

Method of Successive Extension of the Spectral Func- 
tions in the Mandelstam Representation. F. M. Kuni 
and I. A. Terent’ev — 607. 

Nature of the Amplitude Singularities in Quantum Field 
Theory. A. P. Rudik — 1032. 

Nucleon-Nucleon Interaction at an Energy of 9 Bev. 

I. M. Gramenitskii, 1. M. Dremin, V. M. Maksimenko, 
and D. 8S. Chernavskii — 771. 

Nucleon-Nucleon Interactions at E © 10! 6v., TAME 

Dremin and D. S. Chernavskii — 938. 
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On Gauge Transformations of Green’s Functions. Wo dle 
Ogievetskii and I, V. Polubarinov — 647. 

On Nonlinear Quantization of a Spinor Equation. D. S. 
Chernavskii — 957. 

On the Application of the Methods of Superconductivity 
Theory to the Problem of the Masses of Elementary 
Particles. V. G. Vaks and A. I. Larkin — 192. 

On the Asymptotic Behavior of Green’s Functions in 
Quantum Field Theory. V. P. Gachok — 616. 

On the Mandelstam Representation in Perturbation 
Theory for an Anomalous Mass Relation. V. N. Gribov, 
M. V. Terent’ev, and K. A. Ter-Martirosyan — 229. 

On the Participation of a Mesons in Electromagnetic 
Processes. V. N. Baier and V. V. Sokolov — 866L. 

On the Thirring Model. F. A. Berezin — 620. 

Positions of the Singularities of Certain Feynman Dia- 
grams. V. A. Kolkunov — 474. 

Recoil Effect for the Two-Particle Interaction in Non- 
relativistic Quantum Field Theory. A. V. Tulub 
— 341" 

Relation between the Equations for Partial Amplitudes 
and for Spectral Functions. Yu. A. Simonov — 436. 
Singularities of the Scattering Amplitude in Perturba- 
tion Theory. A. Z. Patashinskii, A. P. Rudik, and 

V. V. Sudakov — 201. 

Some Isotopic Relations for Reactions of the Type 7N 
— TN. V. N. Strel’tsov — 802. 

Suppression of Two-Meson Annihilation in Antiproton- 
Proton Interaction. E. O. Okonov — 1216. 

Symmetric Composite Model of Strongly Interacting 
Elementary Particles. Ya. B. Zel’dovich — 216. 

The Maximum Charge for Given Mass of a Bound State. 
V.N. Gribov, Ya. B. Zel’dovich, and A. M. Perelo- 
mov — 836. 

The Particle Mass in the One-Dimensional Model with 
Four-Fermion Coupling. V. G. Vaks and A. 4. Larkin 
= ON), 

The Racah Method in the Theory of Relativistic Equa- 
tions. L. A. Shelepin — 963. 

Twisted Space and Nonlinear Field Equations. V. I. 
Rodichev — 1029. 

Unstable Particle in the Lee Model. Ya. B. Zel’dovich 
= Gils}, 

Quantum Mechanics (Various Problems) 

Contribution to the Theory of Localized Perturbations 
in Large Systems. V. I. Osherov — 820. 

Electron Terms in the Field of Two Different Coulomb 
Centers. S.S. Gershtein and V. D. Krivchenkov — 1044. 

Excitation Spectrum of a Particle System in an External 
Field. V. M. Eleonskii — 804. 

Normalization of the Wave Functions of Quasistationary 
States. A. M. Dykhne and A. V. Chaplik — 1002. 

On Superbarrier Reflection of High Energy Particles. 
V. L. Pokrovskii and I. M. Khalatnikov — 1207. 

On the Physical Meaning of Negative Probabilities. 

J. P. Vigier and Ya. P. Terletskii — 356. 

On the Three-Body Problem with Short-Range Forces. 
G. S. Danilov — 349. 

Quasiclassical Particles in a One-Dimensional Periodic 
Potential Field. A. M. Dykhne — 999, 

Transformations of the Inhomogeneous Lorentz Group 
and the Relativistic Kinematics of Polarized States. 


Vee Rituss— 92205 
Radiation, Electromagnetic 

Emergence into Vacuum of the Cerenkov Radiation Pro- 
duced from Longitudinal Waves ina Medium. B. L. 
Zhelnov — 117. 

Resonance Diffraction of Waves in Lamellar Inhomog- 
eneous Media. L. V. Iogansen — 1291. 

Scattering (General Theory) 

A Functional Expansion of the Scattering Matrix in Nor- 
mal Products of Asymptotic Fields. B. V. Medvedev 
— 580. 

Asymptotic Behavior of the Scattering Amplitude at 
Infinite Energies. L. A. Khalfin — 345. 

Double Dispersion Relations for Potential Scattering. 
V. 1. Mal’chenko — 381. 

On the Energy Dependence of the Scattering Cross Sec- 
tion at Small Energies. S. M. Bilen’kii — 499L. 

Relativistically Covariant Relations Between Polariza- 
tion Effects in the Scattering of Spin '/, Particles. 

Ge Veet OlOve-1609) 
Scattering and Absorption in Crystals 

Effect of Diffusion on the Scattering of Neutrons and 
Photons by Crystal Imperfections and on the Moss- 
bauer Effect. M. A. Krivoglaz — 1273. 

Effect of Temperature on Hyperfine Structure of 
Gamma Radiation. V. S. Shpinel’, V. A. Bryukhanov, 
and N. N. Delyagin — 1068L. 

Energy Shifts of Gamma Transitions Observed in Reso- 
nance Absorption of Gamma Quanta in Crystals. V. A. 
Bryukhanov, N. N. Delyagin, B. Zvenglinskii and V. 8S. 
Shpinel’ — 499L. 

Observation of Resonance Absorption of Gamma Rays 
int Zn ese Aksenov, V. P. Alfimenkov, V. I. 
Lushchikov, Yu. M. Ostanevich, F. L. Shapiro, and 
Yen Wu-Kuans— "62% 

Observation of Resonance Absorption of the 23.8-kev 
Gamma Rays of Sn!!* by Using the Conversion Elec- 
trons. K. P. Mitrofanov and V. S. Shpinel’ — 686L. 

Polarization Resulting from Scattering of Neutrons by 
Ferromagretic Substances. S. V. Maleev — 860. 

Temperaiu:. - nendence of Hyperfine Splitting of 
Dy'®! Levels in Paramagnetic Dysprosium Oxide. 

V. V. Sklyarevskii, B. N. Samorlov, and E. P. 
Stepanov — 1316L. 

Theory of Inelastic Scattering of Neutrons by Imperfect 

Crystals. M. A. Krivoglaz — 397. 
Scattering of Electrons and Gamma Quanta 

Emission of Low Energy y Quanta by Electrons Scat- 
tered on Protons. S. M. Bilen’kii and R. M. Ryndin 
—omoe 

High Energy Electron-Electron Scattering. V. N. 
Baier and S. A. Kheifets — 428. 

High Energy Electron Scattering at Low Energies. 
Chou Hung-Yuian — 156. 

Resonance Scattering of Gamma Rays by Te!”4 Nuclei. 
A. F, Akkerman, D. K. Kaipov, and Yu. K. Shubnyi 
= 2B. 

Scattering of Low-Energy Photons on a System with 
Spin oe V. A. Petrun’kin — 808. 

Semiconductors 

On the Theory of the Electrical Conductivity of Semi- 

conductors in a Magnetic Field. I. V. L. Gurevich 


and Yu. A. Firsov — 137. 

Production of Negative-Temperature States in p-n 
Junction of Degenerate Semiconductors. N. G. Basov, 
O. N. Krokhin, and Yu. M. Popov — 1320L. 

Recombination Radiation of Indium Antimonide in Ava- 
lanche Breakdown. N. G. Basov, B. D. Osipov, and 
A. N. Khvoshchev — 1323L. 

The Dependence of the Hall Constant of p-Type Gera- 
nium on the Magnetic Field Strength. E. A. Zavadskii, 
Yu. T. Kovrizhnykh, and I. G. Fakidov — 864L. 

Use of Indirect Transitions in Semiconductors for the 
Determination of States with Negative Absorption 
Coefficients. N. G. Basov, O. N. Krokhin, and Yu. M. 
Popov — 845. 

Strange Particles 

A Note Concerning tA Resonance. A. L. Lyubimov 
— 1065L. 

Coulomb Excitation of A Particles. B. N. Valuev 
= 2S. 

Determination of the Parities of Strange Particles by 
Means of Dispersion Relations. Ya. I. Granovskii and 
V.N. Starikov — 375. 

Integral Equations for KN Scattering. J. Wolf and 
W. Zoellner — 112. 

Isotopic Invariance in Processes Involving Anti- 
hyperons. V. A. Lyul’ka — 176. 

Lepton Decay of the A -Hyperon and the Probability for 
Ky2 and Ke3 Processes. G. M. Gandel’man — 1179. 

On the Experimental Verification of the AI = '/, Selec- 
tion Rule for Lepton Decay of K Mesons. D. V. 
Neagu, BO, Okonoy, N. I. Petrov, A. M. Rozanova, 
and V. A. Rusakov — 1138. 

Production of A’(=°) Hyperons and K® Mesons in 
mT p Interactions at 6.8 + 0.6 Bev/c. Wang Kang- 
Ch’ang, Wang Ts’u-Tseng, V. I. Veksler, J. Vrana 
Ting T’a-Tsao, V. G. Ivanov, E. N. Kladnitskaya, 

A. A. Kuznetsov, Nguyen Dinh Tu, A. V. Nikitin, M. I. 
Solov’ev, and Ch’eng Ling-Yen — 323. 

Production of =~ Hyperons by 7- and 8-Bev/c 1 
Mesons. Wang Kang-Ch’ang, Wang Ts’u-Tseng, N. M. 
Viryasov, Ting Ta-Ts’ao, Kim Hi In, E. N. Kladnit- 
skaya, A. A. Kuznetsoy, A. Mikhul, Nguyen Dinh Tu, 
A. V. Nikitin, and M. I. Solov’ev — 512. 

Production of Y°(A, ae) and K" -Particles on Light 
Nuclei by 2.8-Bev/c Pions. Ya. Ya. Shalamov, V. A. 
Shebanoy, and A. F. Grashin — 917. 

Scattering of K Mesons on Nucleons at Large Orbital 
Momenta. Yu. P. Nikitin — 1304. 

Transverse Polarization of A Hyperons, Generated by 
2.8-Bev/c Pions on Xenon Nuclei. I. A. Ivanovskaya, 
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Destruction of Superconductivity in Thin Tin Films. 

A. M. Kolchin, Yu. G. MikhaYlov, N. M. Reinov, A. V. 
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Expression in curly brackets 
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Add factor C}.) to right-hand side 
of first equation 


fs Q —(n' — n) —Y2(m—n')*q,4+42/2x 
Q — (n' —n) + V2 (ny —1')2q, + q?2/2 


Q— (n’ —n) + V2 (mp — n)'"2q,— G2 / 2 
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Q — (n' — n) — V2 (nm —n)'2q,—q?/ 2 
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